UCID-19631,19632,19633

SLATEC2 (AAAAAA through DOUPAK)

SLATEC2 (AAAAAA through DOUPAK) - 1



Preface

Table of Contents

Introduction

Using SLATEC Documentation
Loading SLATEC Under UNICOS

Subroutine Descriptions
AAAAAA

ACOSH

Al

AlE

ALBETA

ALGAMS

ALI

ALNGAM

ALNREL

ASINH

ATANH

AVINT

BAKVEC

BALANC

BALBAK

BANDR

BANDV

BESI

BESIO

BESIOE

BESI1

BESI1E

BESJ

BESJI0

BESI1

BESK

BESKO

BESKOE

BESK1

BESK1E

BESKES

BESKNU

BESKS

BESY

BESYO

BESY1

BETA

BETAI

SLATEC2 (AAAAAA through DOUPAK) - 2

= © © ©O©



BFQAD 63
BI 65
BIE 66
BINOM 68
BINT4 69
BINTK 71
BISECT 73
BLKTRI 75
BNDACC 79
BNDSOL 83
BQR 87
BSKIN 89
BSPDOC 91
BSPDR 9
BSPEV 08
BSPPP 100
BSPVD 102
BSPVN 104
BSQAD 106
BVALU 107
BVSUP 109
COLGMC 116
CACOS 117
CACOSH 118
CAIRY 119
CARG 122
CASIN 123
CASINH 124
CATAN 125
CATAN2 126
CATANH 127
CAXPY 128
CBABK2 129
CBAL 131
CBESH 133
CBES| 136
CBESJ 139
CBESK 142
CBESY 145
CBETA 148
CBIRY 149
CBLKTR 152
CBRT 156
CCBRT 157
CCHDC 158
CCHDD 160

SLATEC2 (AAAAAA through DOUPAK) - 3



CCHEX

CCHUD

CCOPY

CCOSH

CCOT

CDCDOT

CDOTC

CDOTU

CDRIV1

CDRIV2

CDRIV3

CEXPRL

CFFTB1

CFFTF1

CFFTI

CFFTI1

CG

CGAMMA
CGAMR

CGBCO

CGBDI

CGBFA

CGBMV

CGBSL

CGECO

CGEDI

CGEEV

CGEFA

CGEFS

CGEIR

CGEMM

CGEMV

CGERC

CGERU

CGESL

CGTSL

CH

CHBMV

CHEMM

CHEMV

CHER

CHER?2

CHER2K

CHERK

CHFDV

CHFEV

SLATEC2 (AAAAAA through DOUPAK) - 4

163
166
168
169
170
171
172
173
174
179
185
198
199
201
203
204
205
207
208
209
212
213
215
218
220
222
224
226
228
230
232
235
237
239
241
243
245
247
250
253
255
257
259
262
265
267



CHICO

CHIDI

CHIEV

CHIFA

CHISL

CHKDER
CHPCO

CHPDI

CHPFA

CHPMV

CHPR

CHPR2

CHPSL

CHU

CINVIT

CLBETA

CLNGAM
CLNREL

CLOG10

CMGNBN
CNBCO

CNBDI

CNBFA

CNBFS

CNBIR

CNBSL

COMBAK
COMHES
COMLR

COMLR2

COMQR

COMQR2
CORTB

CORTH

COSDG

COSQB
COSQF

COSQI

COST

COSTI

COoT

CPBCO

CPBDI

CPBFA

CPBSL

CPOCO

SLATEC2 (AAAAAA through DOUPAK) - 5

269
271
273
275
277
279
281
283
285
287
289
291
293
295
296
298
299
300
301
302
306
309
310
312
315
318
320
322
324
326
328
330
332
334
336
337
339
341
342

345
346
348
349
351
353



CPODI

CPOFA

CPOFS

CPOIR

CPOSL

CPPCO

CPPDI

CPPFA

CPPSL

CPQR79

CPS|

CPTSL

CPZERO

CQRDC
CQRSL

CROTG

CSCAL

CSEVL

CSICO

CSIDI

CSIFA

CSINH

CSISL

CSPCO

CSPDI

CSPFA

CSPSL

CSROT

CSSCAL
CSvDC

CSWAP

CSYMM
CSYR2K
CSYRK

CTAN

CTANH

CTBMV

CTBSV

CTPMV

CTPSV

CTRCO

CTRDI

CTRMM
CTRMV

CTRSL

CTRSM

SLATEC2 (AAAAAA through DOUPAK) - 6

355
357
358
360
362
364
366
368
370
372
373
374
375
376
378
381
382
383
384
386
388
390
391
393
395
397
399
401
402
403
405
406
409
412
414
415
416
419
422
424
426
428
430
433
435
437



CTRSV

CcVv

DIMACH

D9PAK

DOUPAK

Disclaimer

Structural Keyword Index
Date and Revisions

SLATEC2 (AAAAAA through DOUPAK) - 7

440
442

446
447
448
449
454



Scope:

Availability:

Consultant:

Printing:

Preface

SLATEC2 contains brief descriptions ("prologues') for the SLATEC (version 4.1)
mathematical library subroutines with names from AAAAAA through DOUPAK.

The SLATEC library is downloadable through LINMath (URL:
http://www.lInl.gov/L Cdocs/nmgl) and can be run on all LC production computers.

For help contact the L C customer service and support hotline at 925-422-4531 (open
e-mail: Ic-hotline@lInl.gov, secure e-mail: Ic-hotline@pop.scf.cln).

The print file for this document can be found at:

on the OCF: http://www || nl.gov/LCdocs/ sl atec2/ sl atec2. pdf
on the SCF: https://lc.llnl.gov/LCdocs/ sl atec2/sl atec2_scf. pdf
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Introduction

Using SLATEC Documentation

Over 1600 pages of online documentation describe the 902 user-call able subroutines availablein version
4.1 of the SLATEC library. Because of thisunwieldy bulk, the documentation is published in five separate,
but interrelated, volumes:

SLATEC1

SLATEC?

SLATEC3

SLATECA

SLATECS

providesintroductory information on thewholelibrary, explainsthe subject categories
into which the SLATEC routines are grouped, and includes short descriptions of all
routines (al phabetical within each subject category). Every category codeisalso a
link (keyword) for retrieving the brief descriptions of theincluded routines. SLATEC1
provides the only way to compare related routines by the tasks they perform, rather
than just by name.

(THISDOCUMENT) contains the calling sequence and usage details for each of the
225 subroutinesfrom AAAAAA through DOUPAK, arranged alphabetically by name.
Every subroutine name is aso alink (keyword) for retrieving the corresponding
description if you start at the index.

contains the calling sequence and usage details for each of the 225 subroutines from
DACOSH through DS2Y, arranged al phabetically by name. Every subroutine name
isasoalink (keyword) for retrieving the corresponding description if you start at the
index.

contains the calling sequence and usage details for each of the 226 subroutines from
DSBMYV through RD, arranged alphabetically by name. Every subroutine nameis
also alink (keyword) for retrieving the corresponding description if you start at the
index.

contains the calling sequence and usage details for each of the 226 subroutines from
REBAK through ZBIRY, arranged alphabetically by name. Every subroutine name
isasoalink (keyword) for retrieving the corresponding description if you start at the
index.

Y ou can consult any of these documents from any open machine by running your choice of WWW
client and selecting the document you want from the descriptive LC collection directory available at . Or
you can specifically request the URL

http://ww. | I nl.gov/LCdocs/ sl atecn

where datecn is any one of slatecl through slatec5, depending on which volume you want.

Loading SLATEC Under UNICOS

On LC machines, the SLATEC math library fileiscalled LIBSLATEC.A and has the full pathname
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/usr/local/lib/libslatec.a
Theroutinesin LIBSLATEC.A may use externalsin LIBSCI for optimization, and that library ison the

default search path (loaded automatically) under UNICOS.
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Subroutine Descriptions
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AAAAAA

SUBROUTI NE AAAAAA ( VER)
***BEG N PROLOGUE AAAAAA
***PURPOSE SLATEC Conmon Mat hemati cal Library disclainmer and version
***] | BRARY  SLATEC
*** CATEGORY Z
*** TYPE ALL ( AAAAAA- A)
*** KEYWORDS DI SCLAI MER, DOCUMENTATI ON, VERSI ON
*** AUTHOR SLATEC Conmon Mat hemati cal Library Committee
*** DESCRI PTI ON

The SLATEC Comon Mat hematical Library is issued by the foll ow ng

Air Force Wapons Laboratory, Al buquerque

Lawr ence Livernore National Laboratory, Livernore

Los Al anbs National Laboratory, Los Al anps

National Institute of Standards and Technol ogy, Washi ngton
Nat i onal Energy Research Superconputer Center, Livernore
Cak Ridge National Laboratory, Gak Ridge

Sandi a National Laboratories, Al buguerque

Sandi a National Laboratories, Livernore

Al'l questions concerning the distribution of the library should be
directed to the NATI ONAL ENERGY SOFTWARE CENTER, 9700 Cass Ave.
Argonne, Illinois 60439, and not to the authors of the subprograns.

* * *x *x % I\btice*****

This material was prepared as an account of work sponsored by the
United States Governnent. Neither the United States, nor the
Departnent of Energy, nor the Departnent of Defense, nor any of

t heir enpl oyees, nor any of their contractors, subcontractors, or

t heir enpl oyees, makes any warranty, expressed or inplied, or
assumes any legal liability or responsibility for the accuracy,
conpl et eness, or useful ness of any information, apparatus, product,
or process disclosed, or represents that its use would not infringe
upon privately owned rights.

*Usage:
CHARACTER * 16 VER
CALL AAAAAA (VER)
*Argunent s:
VER QUT will contain the version nunber of the SLATEC CM..
*Descri ption:

This routine contains the SLATEC Cormon Mat hemati cal Library
di scl ai mer and can be used to return the library version nunber.

*** REFERENCES Kirby W Fong, Thomas H. Jefferson, Tokihi ko Suyehiro
and Lee Walton, Guide to the SLATEC Conmobn Mat hena-
tical Library, April 10, 1990.

*** ROUTI NES CALLED ( NONE)
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***REVI SI ON HI STORY ( YYMVDD)

800424
890414
890713
900330
920501
921215
930701

DATE WRI TTEN

REVI SI ON DATE from Version 3.2

Routine nodified to return version nunber. (WRB)
Prol ogue converted to Version 4.0 format. (BAB)
Ref ornmatt ed t he REFERENCES section. (WRB)
Updated for Version 4.0. (WRB)

Updated for Version 4.1. (WRB)

END PROLOGUE
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ACOSH

FUNCTI ON ACOSH ( X)
***BEG N PROLOGUE ACCSsH
***PURPOSE Conpute the arc hyperbolic cosine.
***| | BRARY  SLATEC ( FNLI B)
*** CATEGORY C4C
*** TYPE SI NGLE PRECI SI ON (ACOSH S, DACCSH D, CACCsH- Q)
*** KEYWORDS ACOSH, ARC HYPERBOLI C COSI NE, ELEMENTARY FUNCTI ONS, FNLI B,
I N\VERSE HYPERBCLI C COSI NE
*** AUTHOR Ful l erton, W, (LANL)
*** DESCRI PTI ON

ACOSH( X) conputes the arc hyperbolic cosine of X

*** REFERENCES  ( NONE)

***ROUTI NES CALLED R1MACH, XERMSG

***REVI SI ON HI STORY ( YYMVDD)
770401 DATE WRI TTEN
890531 Changed all specific intrinsics to generic. (WRB)
890531 REVI SI ON DATE from Version 3.2
891214 Prol ogue converted to Version 4.0 format. (BAB)
900315 CALLs to XERROR changed to CALLs to XERVBG  (THJ)
900326 Renpved duplicate infornmation from DESCRI PTI ON secti on.

(VRB)

END PROLOGUE
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Al

FUNCTI ON Al ( X)
***BEG N PROLOGUE Al
***PURPOSE Eval uate the Airy function.

*** || BRARY

SLATEC (FNLI B)

*** CATEGCRY Cl10D

*%* TYPE

SI NGLE PRECI SION (Al -S, DAI-D)

*** KEYWORDS Al RY FUNCTI ON, FNLI B, SPECI AL FUNCTI ONS
*** AUTHOR Ful l erton, W, (LANL)
*** DESCRI PTI ON

Al (X) conputes the Airy function A (X)
Series for AF on the interval -1.00000D+00 to 1.00000D+00

with weighted error 1. 09E-19
| og weighted error 18.96
significant figures required 17.76
deci mal places required 19.44

Series for AIG on the interval -1.00000D+00 to 1.00000D+00

with weighted error 1.51E- 17
| og weighted error 16.82
significant figures required 15.19
deci mal places required 17.27

*%* REFERENCES ~ ( NONE)
*++* ROUTI NES CALLED AIE, CSEVL, INITS, RLMACH, ROAI MP, XERVSG
*+* REVI S| ON HI STORY  ( YYMVDD)

770701
890531
890531
891214
900315
900326

920618

DATE VWRI TTEN

Changed all specific intrinsics to generic. (WRB)

REVI SI ON DATE from Version 3.2

Prol ogue converted to Version 4.0 format. (BAB)

CALLs to XERRCR changed to CALLs to XERMBG  (THJ)
Renoved duplicate information from DESCRI PTI ON secti on.
(VRB)

Renoved space fromvariable names. (RWC, WRB)

END PROLOGUE
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AlE

FUNCTI ON Al E ( X)

***BEA N PROLOGUE Al E

***PURPOSE Cal culate the Airy function for a negative argunment and an
exponentially scaled Airy function for a non-negative
argunent .

***| | BRARY  SLATEC ( FNLI B)

*** CATEGORY C10D

***TYPE SINGLE PRECI SI ON (Al E-S, DAI E-D)

*** KEYWORDS EXPONENTI ALLY SCALED Al RY FUNCTI ON, FNLI B,
SPECI AL FUNCTI ONS

*** AUTHOR Ful lerton, W, (LANL)

*** DESCRI PTI ON

Al E(X) conputes the exponentially scaled Airy function for
non-negative X. It evaluates AI(X) for X .LE. 0.0 and
EXP(ZETA) *Al (X) for X .GE. 0.0 where ZETA = (2.0/3.0)*(X**1.5).

Series for AIF on the interval -1.00000D+00 to 1.00000D+00
with weighted error 1. 09E-19

| og weighted error 18.96

significant figures required 17.76

deci mal places required 19.44

Series for AIG on the interval -1.00000D+00 to 1.00000D+00
with weighted error 1.51E- 17

| og weighted error 16.82

significant figures required 15.19

deci mal places required 17.27

Series for AP on the interval O. to 1.00000D+00
with weighted error 5. 10E- 17

| og weighted error 16.29

significant figures required 14.41

deci mal places required 17.06

*** REFERENCES ( NONE)
***ROUTI NES CALLED CSEVL, INITS, R1LMACH, R9AI MP
***REVI SI ON HI STORY ( YYMVDD)
770701 DATE WRI TTEN
890206 REVI SI ON DATE from Version 3.2
891214 Prol ogue converted to Version 4.0 format. (BAB)
920618 Renopved space fromvariable nanmes. (RWC, WRB)
END PROLOGUE
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ALBETA

FUNCTI ON ALBETA (A, B)
***BEA N PROLOGUE ALBETA
***PURPOSE Conpute the natural |ogarithmof the conplete Beta
functi on.
***| | BRARY  SLATEC ( FNLI B)
*** CATEGORY C7B
*** TYPE SI NGLE PRECI SI ON (ALBETA-S, DLBETA-D, CLBETA-CQ)
*** KEYWORDS FNLI B, LOGARI THM OF THE COVPLETE BETA FUNCTI ON,
SPECI AL FUNCTI ONS
*** AUTHOR Ful l erton, W, (LANL)
*** DESCRI PTI ON

ALBETA conputes the natural |og of the conplete beta function.

| nput Par anet ers:
A real and positive
B real and positive

*** REFERENCES ( NONE)
***ROUTI NES CALLED ALNGAM ALNREL, GAMVA, RIOLGVC, XERMSG
***REVI SI ON HI STORY ( YYMVDD)
770701 DATE WRI TTEN
890531 Changed all specific intrinsics to generic. (WRB)
890531 REVI SI ON DATE from Version 3.2
891214 Prol ogue converted to Version 4.0 format. (BAB)
900315 CALLs to XERROR changed to CALLs to XERVBG  (THJ)
900326 Renpved duplicate infornmation from DESCRI PTI ON secti on.
(V\RB)
900727 Added EXTERNAL statement. (WRB)
END PROLOGUE
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ALGAMS

SUBROUTI NE ALGAMS (X, ALGAM SGNGAM
*** BEGA N PROLOGUE ALGAMS
***PURPOSE Conpute the |ogarithmof the absol ute value of the Ganma
functi on.
***| | BRARY  SLATEC ( FNLI B)
*** CATEGORY C7A
***TYPE SI NGLE PRECI SI ON (ALGAMS- S, DLGAMS- D)
*** KEYWORDS ABSCLUTE VALUE OF THE LOGARI THM OF THE GAMVA FUNCTI ON,
FNLI B, SPECI AL FUNCTI ONS
*** AUTHOR Ful l erton, W, (LANL)
*** DESCRI PTI ON

Eval uates the logarithm of the absol ute value of the gamm
function.

X - i nput argunent
ALGAM - result
SGNGAM - is set to the sign of GAMVA(X) and will

be returned at +1.0 or -1.0.

*** REFERENCES  ( NONE)

*** ROUTI NES CALLED ALNGAM

***REVI SI ON HI STORY ( YYMVDD)
770701 DATE WRI TTEN
890531 Changed all specific intrinsics to generic. (WRB)
890531 REVI SI ON DATE from Version 3.2
891214 Prol ogue converted to Version 4.0 format. (BAB)
END PROLOGUE
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ALI

FUNCTI ON ALl ( X)
***BEA N PROLOGUE ALI
***PURPOSE Conpute the logarithmc integral.
***| | BRARY  SLATEC ( FNLI B)
*** CATEGORY C5
*** TYPE SI NGLE PRECI SI ON (ALI-S, DLI-D)
*** KEYWORDS FNLI B, LOGARI THM C | NTEGRAL, SPECI AL FUNCTI ONS
*** AUTHOR Ful l erton, W, (LANL)
*** DESCRI PTI ON

ALl (X) conmputes the logarithmc integral; i.e., the
integral from0.0 to X of (1.0/In(t))dt.

*** REFERENCES  ( NONE)

***ROUTI NES CALLED EI, XERVSG

***REVI SI ON HI STORY ( YYMVDD)
770601 DATE WRI TTEN
890531 Changed all specific intrinsics to generic. (WRB)
890531 REVI SI ON DATE from Version 3.2
891214 Prol ogue converted to Version 4.0 format. (BAB)
900315 CALLs to XERROR changed to CALLs to XERVBG  (THJ)
900326 Renpved duplicate infornmation from DESCRI PTI ON secti on.

(VRB)

END PROLOGUE
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ALNGAM

FUNCTI ON ALNGAM ( X)
***BEG N PROLOGUE ALNGAM
***PURPOSE Conpute the |ogarithmof the absol ute value of the Ganma
functi on.
***] | BRARY  SLATEC ( FNLI B)
*** CATEGORY C7A
***TYPE SI NGLE PRECI SI ON (ALNGAM S, DLNGAM D, CLNGAM C)
*** KEYWORDS ABSCLUTE VALUE, COVPLETE GAMVA FUNCTI ON, FNLI B, LOGARI THM
SPECI AL FUNCTI ONS
*** AUTHOR Ful l erton, W, (LANL)
*** DESCRI PTI ON

ALNGAM X) conputes the logarithm of the absolute val ue of the
gamma function at X

*** REFERENCES  ( NONE)

*** ROUTI NES CALLED GAMVA, RIMACH, ROLGMC, XERMSG

***REVI SI ON HI STORY ( YYMVDD)
770601 DATE WRI TTEN
890531 Changed all specific intrinsics to generic. (WRB)
890531 REVI SI ON DATE from Version 3.2
891214 Prol ogue converted to Version 4.0 format. (BAB)
900315 CALLs to XERROR changed to CALLs to XERMSG  (THJ)
900326 Renoved duplicate infornmati on from DESCRI PTI ON secti on.

(V\RB)

900727 Added EXTERNAL statenent. (VRB)
END PROLOGUE
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ALNREL

FUNCTI ON ALNREL ( X)
***BEA N PROLOGUE ALNREL
***PURPOSE Evaluate I n(1+X) accurate in the sense of relative error.
***| | BRARY  SLATEC ( FNLI B)
*** CATEGORY C4B
*** TYPE SI NGLE PRECI SI ON (ALNREL- S, DLNREL-D, CLNREL-C)
*** KEYWORDS ELEMENTARY FUNCTI ONS, FNLI B, LOGARI THMV
*** AUTHOR Ful l erton, W, (LANL)
*** DESCRI PTI ON

ALNREL( X) evaluates | n(1+X) accurately in the sense of relative
error when X is very small. This routine nust be used to

mai ntain relative error accuracy whenever X is small and
accurately known.

Series for ALNR on the interval -3.75000D-01 to 3.75000D 01
wi th weighted error 1. 93E-17
| og weighted error 16.72
significant figures required 16.44
deci mal places required 17.40

*** REFERENCES  ( NONE)

***ROUTI NES CALLED CSEVL, INITS, RLMACH, XERMSG

***REVI SI ON HI STORY ( YYMVDD)
770401 DATE WRI TTEN
890531 Changed all specific intrinsics to generic. (WRB)
890531 REVI SI ON DATE from Version 3.2
891214 Prol ogue converted to Version 4.0 format. (BAB)
900315 CALLs to XERROR changed to CALLs to XERMSG  (THJ)
900326 Renoved duplicate infornmati on from DESCRI PTI ON secti on.

(V\RB)

END PROLOGUE
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ASINH

FUNCTI ON ASI NH ( X)
***BEA N PROLOGUE ASI NH
***PURPOSE Conpute the arc hyperbolic sine.
***| | BRARY  SLATEC ( FNLI B)
*** CATEGORY C4C
*** TYPE SI NGLE PRECI SI ON (ASINH S, DASINH D, CASI NH Q)
*** KEYWORDS ARC HYPERBCLI C SI NE, ASI NH, ELEMENTARY FUNCTI ONS, FNLIB
I N\VERSE HYPERBCLI C SI NE
*** AUTHOR Ful l erton, W, (LANL)
*** DESCRI PTI ON

ASI NH( X) conputes the arc hyperbolic sine of X

Series for ASNH on the interval O. to 1.00000D+00
wi th wei ghted error 2. 19E- 17

| og weighted error 16.66

significant figures required 15.60

deci mal places required 17.31

*** REFERENCES  ( NONE)

***ROUTI NES CALLED CSEVL, INTS, R1MACH

***REVI SI ON HI STORY ( YYMVDD)
770401 DATE WRI TTEN
890531 Changed all specific intrinsics to generic. (WRB)
890531 REVI SI ON DATE from Version 3.2
891214 Prol ogue converted to Version 4.0 format. (BAB)
END PROLOGUE
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ATANH

FUNCTI ON ATANH ( X)

***BEA N PROLOGUE ATANH

***PURPOSE Conpute the arc hyperbolic tangent.

***| | BRARY  SLATEC ( FNLI B)

*** CATEGORY C4C

*** TYPE SI NGLE PRECI SI ON (ATANH S, DATANH D, CATANH C)

*** KEYWORDS ARC HYPERBCLI C TANGENT, ATANH, ELEMENTARY FUNCTI ONS,
FNLI B, | NVERSE HYPERBCOLI C TANGENT

*** AUTHOR Ful l erton, W, (LANL)

*** DESCRI PTI ON

ATANH( X) conputes the arc hyperbolic tangent of X

Series for ATNH on the interval O. to 2.50000D 01
with weighted error 6. 70E- 18
|l og weighted error 17.17
significant figures required 16.01
deci mal places required 17.76

*** REFERENCES  ( NONE)

***ROUTI NES CALLED CSEVL, INTS, RLMACH, XERMSG

***REVI SI ON HI STORY ( YYMVDD)
770401 DATE WRI TTEN
890531 Changed all specific intrinsics to generic. (WRB)
890531 REVI SI ON DATE from Version 3.2
891214 Prol ogue converted to Version 4.0 format. (BAB)
900315 CALLs to XERROR changed to CALLs to XERVBG  (THJ)
900326 Renpved duplicate infornmation from DESCRI PTI ON secti on.

(VRB)

END PROLOGUE
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AVINT

SUBROUTI NE AVINT (X, Y, N, XLO XUP, ANS, |ERR
***BEA N PROLOGUE AVI NT
***PURPOSE I ntegrate a function tabulated at arbitrarily spaced
absci ssas usi ng overl appi ng parabol as.
***| | BRARY  SLATEC
*** CATEGORY H2A1B2
*** TYPE SI NGLE PRECI SI ON (AVI NT-S, DAVI NT- D)
*** KEYWORDS | NTEGRATI ON, QUADRATURE, TABULATED DATA
*** AUTHOR Jones, R E., (SNLA)
*** DESCRI PTI ON

Abstract
AVINT integrates a function tabulated at arbitrarily spaced
abscissas. The limts of integration need not coincide
with the tabul ated absci ssas.

A nmethod of overlapping parabolas fitted to the data is used
provided that there are at | east 3 abscissas between the
l[imts of integration. AVINT also handl es two special cases.
If the limts of integration are equal, AVINT returns a result
of zero regardless of the nunber of tabul ated val ues.

If there are only two function val ues, AVINT uses the
trapezoid rul e.

Descri ption of Paraneters

The user nust dinension all arrays appearing in the call i st
X(N, Y(N).
I nput - -
X - real array of abscissas, which nust be in increasing
order.
Y - real array of functional values. i.e., Y(I)=FUNC(X(I)).
N - the integer nunber of function values supplied.
N .CGE. 2 unless XLO = XUP
XLO - real lower limt of integration
XUP - real upper lint of integration.
Must have XLO .LE. XUP
Qut put - -
ANS - conputed approximate val ue of integra

| ERR - a status code
--normal code
=1 nmeans the requested integration was perforned.
--abnornmal codes
=2 nmeans XUP was | ess than XLO
=3 nmeans the nunber of X(I) between XLO and XUP
(inclusive) was |l ess than 3 and neither of the two
speci al cases described in the Abstract occurred.
No i ntegration was perforned.
=4 means the restriction X(1+1) .GI. X(I) was viol ated.
=5 nmeans the number N of function values was .LT. 2.
ANS is set to zero if IERR=2,3,4,0r 5.

AVINT is docunented conpletely in SC M 69-335
Original programfrom"Nunerical Integration" by Davis &
Rabi nowi t z.
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Adapt ati on and nodifications for Sandi a Mat henmatical Program
Li brary by Rondall E. Jones.

***REFERENCES R. E. Jones, Approximate integrator of functions

tabul ated at arbitrarily spaced absci ssas,
Report SC- M 69- 335, Sandi a Laboratories, 1969.

***ROUTI NES CALLED XERMSG
***REVI S| ON HI STORY ( YYMVDD)

690901 DATE WRI TTEN

890831 Modified array declarations. (WRB)

890831 REVI SI ON DATE from Version 3.2

891214 Prol ogue converted to Version 4.0 format. (BAB)

900315 CALLs to XERROR changed to CALLs to XERVMBG  (THJ)

900326 Renoved duplicate infornmation from DESCRI PTI ON secti on.
(VRB)

920501 Reformatted the REFERENCES section. (WRB)

END PROLOGUE
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BAKVEC

SUBROQUTINE BAKVEC (NM N, T, E, M Z, IERR

***BEG N PROLOGUE BAKVEC

***PURPOSE Form the eigenvectors of a certain real non-symetric
tridiagonal matrix froma symretric tridiagonal matrix
output fromFId.

***| | BRARY  SLATEC ( El SPACK)

*** CATEGORY D4AC4

***TYPE SI NGLE PRECI SI ON ( BAKVEC- S)

*** KEYWORDS EI GENVECTORS, El SPACK

*** AUTHOR Smith, B. T., et al

*** DESCRI PTI ON

This subroutine forms the eigenvectors of a NONSYMVETRI C
TRI DI AGONAL matrix by back transform ng those of the
correspondi ng synmetric matrix deternmined by FIG.

On | NPUT

NM nmust be set to the row di mensi on of the two-di nensi onal
array paranmeters, T and Z, as declared in the calling
program di nension statenent. NMis an | NTECGER vari abl e.

Nis the order of the matrix T. N is an | NTEGER vari abl e.
N nust be less than or equal to NM

T contains the nonsymmetric matrix. |Its subdiagonal is
stored in the last N1 positions of the first col umm,
its diagonal in the N positions of the second col um,
and its superdiagonal in the first N1 positions of
the third colum. T(1,1) and T(N,3) are arbitrary.

T is a two-di nensional REAL array, dinensioned T(NM 3).

E contai ns the subdi agonal el enments of the symetric
matrix in its last N1 positions. E(1) is arbitrary.
E is a one-dinensional REAL array, dinmensioned E(N).

Mis the nunber of eigenvectors to be back transforned.
Mis an | NTEGER vari abl e.

Z contains the eigenvectors to be back transforned
inits first Mcolums. Z is a two-dinensional REAL
array, dinmensioned Z(NM M.

On OUTPUT
T is unaltered.

E is destroyed.

Z contains the transformed eigenvectors inits first M col ums.

IERR is an I NTEGER flag set to
Zero for normal return

2% N+| if E(1) is zero with T(I1,1) or T(I-1,3) non-zero.
In this case, the symmetric nmatrix is not simlar

to the original matrix, and the eigenvectors
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cannot be found by this program

Questions and comments should be directed to B. S. Garbow,
APPLI ED MATHENMATI CS DI VI SI ON, ARGONNE NATI ONAL LABORATORY

***REFERENCES B. T. Smith, J. M Boyle, J. J. Dongarra, B. S. Garbow,
Y. Ikebe, V. C Klema and C. B. Mler, Mitrix Eigen-
system Routi nes - ElI SPACK Gui de, Springer-Verl ag,
1976.

*** ROUTI NES CALLED ( NONE)

***REVI SI ON HI STORY ( YYMVDD)

760101 DATE WRI TTEN

890831 Modified array declarations. (WRB)

890831 REVI SI ON DATE from Version 3.2

891214 Prol ogue converted to Version 4.0 format. (BAB)
920501 Reformatted the REFERENCES section. (WRB)

END PROLOGUE
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BALANC

SUBRQOUTI NE BALANC (NM N, A, LOW |1GH, SCALE)

***BEG N PROLOGUE BALANC

***PURPOSE Bal ance a real general matrix and isol ate ei genval ues
whenever possi bl e.

***| | BRARY  SLATEC ( El SPACK)

*** CATEGORY DACLA

*** TYPE SI NGLE PRECI SI ON ( BALANC- S, CBAL- Q)

*** KEYWORDS ElI GENVECTORS, ElI SPACK

***AUTHOR Smith, B. T., et al.

*** DESCRI PTI ON

This subroutine is a translation of the ALGOL procedure BALANCE,
NUM MATH. 13, 293-304(1969) by Parlett and Rei nsch.
HANDBOOK FOR AUTO. COWP., Vol . Il1l-LI NEAR ALGEBRA, 315-326(1971).

Thi s subroutine balances a REAL matri x and i sol ates
ei genval ues whenever possible.

On | NPUT

NM must be set to the row di nension of the two-di nensional
array paraneter, A, as declared in the calling program
dinension statenment. NMis an | NTEGER vari abl e.

Nis the order of the matrix AL N is an | NTEGER vari abl e.
N rmust be less than or equal to NM

A contains the input matrix to be balanced. Ais a
t wo- di mensi onal REAL array, dinensioned A(NMN).

On QUTPUT
A contains the bal anced matri x.

LOWVand I GH are two | NTECGER vari abl es such that A(l,J)
is equal to zero if
(1) | is greater than J and
(2) J=1,...,LON1 or I=IGH1,...,N

SCALE contains information determ ning the pernutati ons and
scaling factors used. SCALE is a one-di nensional REAL array,
di mensi oned SCALE(N)

Suppose that the principal submatrix in rows LOWthrough I GH
has been bal anced, that P(J) denotes the index interchanged
with J during the pernutation step, and that the el enents

of the diagonal matrix used are denoted by D(1,J). Then

SCALE(J) = P(J), for J =1,...,LON1
= D(J,J), J = LOW...,|GH
= P(J J = 1GHL, ... N

The order in which the interchanges are made is Nto | GH1
then 1 TO LOW 1.

Note that 1 is returned for IGCHif IGHis zero formally.
The ALGOL procedure EXC contained in BALANCE appears in
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BALANC in line. (Note that the ALGOL roles of identifiers
K, L have been reversed.)

Questions and comments should be directed to B. S. Garbow,
Appl i ed Mathematics Division, ARGONNE NATI ONAL LABORATORY

***REFERENCES B. T. Snith, J. M Boyle, J. J. Dongarra, B. S. Garbow,
Y. lkebe, V. C Klema and C. B. Mler, Miutrix Eigen-
system Routines - ElI SPACK Gui de, Springer-Verl ag,
1976.

*** ROUTI NES CALLED ( NONE)

***REVI SI ON HI STORY ( YYMVDD)

760101 DATE WRI TTEN

890831 Modified array declarations. (VRB)

890831 REVI SI ON DATE from Version 3.2

891214 Prol ogue converted to Version 4.0 format. (BAB)
920501 Reformatted the REFERENCES section. (WRB)

END PROLOGUE
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BALBAK

SUBRQUTI NE BALBAK (NM N, LOW |CH, SCALE, M 2)
***BEG N PROLOGUE BALBAK
***PURPOSE Form the eigenvectors of a real general matrix fromthe
ei genvectors of matrix output from BALANC.
***| | BRARY  SLATEC ( El SPACK)
*** CATEGORY DACA
*** TYPE SI NGLE PREC!I SI ON ( BALBAK- S, CBABK2- C)
*** KEYWORDS ElI GENVECTORS, ElI SPACK
***AUTHOR Smith, B. T., et al.
*** DESCRI PTI ON

This subroutine is a translation of the ALGOL procedure BALBAK,
NUM MATH. 13, 293-304(1969) by Parlett and Rei nsch.
HANDBOOK FOR AUTO. COWP., Vol . Il1l-LI NEAR ALGEBRA, 315-326(1971).

This subroutine forns the eigenvectors of a REAL GENERAL
matri x by back transforning those of the correspondi ng
bal anced matri x deternined by BALANC.

On | NPUT

NM nmust be set to the row di nension of the two-di nensional
array parameter, Z, as declared in the calling program
di mension statenent. NMis an | NTEGER vari abl e.

N is the nunber of conponents of the vectors in matrix Z.
N is an I NTEGER variable. N nust be less than or equal
to NM

LOWNVand | GH are | NTEGER vari abl es determi ned by BALANC.

SCALE contains information determining the pernutations and
scaling factors used by BALANC. SCALE is a one-dinmensional
REAL array, dinmensioned SCALE(N).

Mis the nunber of colums of Z to be back transforned.
Mis an | NTEGER vari abl e.

Z contains the real and imaginary parts of the eigen-
vectors to be back transforned in its first M col ums.
Z is a two-di mensional REAL array, dinensioned Z(NM M.

On QUTPUT

Z contains the real and imaginary parts of the
transformed eigenvectors in its first Mcolums.

Questions and comments should be directed to B. S. Garbow,
Applied Mathenmatics Division, ARGONNE NATI ONAL LABORATORY

***REFERENCES B. T. Smth, J. M Boyle, J. J. Dongarra, B. S. Garbow,
Y. lkebe, V. C. Klema and C. B. Mdler, Mtrix Eigen-
system Routines - ElI SPACK Gui de, Springer-Verl ag,
1976.

*** ROUTI NES CALLED ( NONE)
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***REVI SI ON HI STORY ( YYMVDD)
760101 DATE WRI TTEN
890831 Modified array declarations. (VRB)
890831 REVI SI ON DATE from Version 3.2
891214 Prol ogue converted to Version 4.0 format. (BAB)
920501 Reformatted the REFERENCES section. (WRB)
END PROLOGUE
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BANDR

SUBROUTI NE BANDR (NM N, MB, A, D, E, E2, MATZ, 2)

***BEA N PROLOGUE BANDR

***PURPOSE Reduce a real synmetric band matrix to symetric
tridiagonal matrix and, optionally, accumnulate
orthogonal simlarity transformtions.

***| | BRARY  SLATEC ( El SPACK)

*** CATEGORY D4Cl1B1

***TYPE SI NGLE PRECI SI ON ( BANDR- S)

*** KEYWORDS EI GENVALUES, EI GENVECTORS, EI SPACK

*** AUTHOR Smith, B. T., et al

*** DESCRI PTI ON

This subroutine is a translation of the ALGOL procedure BANDRD,
NUM MATH. 12, 231-241(1968) by Schwarz.
HANDBOOK FOR AUTO. COWP., VOL.I11-LI NEAR ALGEBRA, 273-283(1971).

Thi s subroutine reduces a REAL SYMVETRI C BAND matri x
to a synmetric tridiagonal matrix using and optionally
accumul ating orthogonal simlarity transformations.

On | NPUT

NM nmust be set to the row di mensi on of the two-di mensional
array paraneters, A and Z, as declared in the calling
program di nension statenent. NMis an | NTECGER vari abl e.

Nis the order of the matrix AL N is an | NTEGER vari abl e.
N nmust be less than or equal to NM

MB is the (half) band width of the matrix, defined as the
nunber of adjacent diagonals, including the principal
di agonal , required to specify the non-zero portion of the
|l ower triangle of the matrix. MB is |less than or equal
to N M is an I NTEGER vari abl e.

A contains the lower triangle of the real symmetric band
matrix. Its | owest subdiagonal is stored in the | ast
N+1-MB positions of the first columm, its next subdiagonal
inthe last N+2-MB positions of the second columm, further
subdi agonal s simlarly, and finally its principal diagona
inthe N positions of the |ast colum. Contents of storage
| ocations not part of the matrix are arbitrary. Ais a
two-di mensi onal REAL array, dinensioned A(NM MB).

MATZ should be set to .TRUE. if the transformation matrix is
to be accunul ated, and to .FALSE. otherwise. MATZ is a
LOAd CAL vari abl e.
On OQUTPUT

A has been destroyed, except for its last two colums which
contain a copy of the tridiagonal matrix.

D contai ns the diagonal elenents of the tridiagonal matrix.
D is a one-di nensional REAL array, dinmensioned D(N).
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E contai ns the subdi agonal el enents of the tridi agonal
matrix inits last N1 positions. E(1) is set to zero.
E is a one-di nensional REAL array, dinmensioned E(N).

E2 contains the squares of the corresponding el ements of E.
E2 may coincide with Eif the squares are not needed.
E2 is a one-dinmensional REAL array, dinensioned E2(N).

Z contains the orthogonal transformation matrix produced in
the reduction if MATZ has been set to .TRUE. Oherwi se, Z
is not referenced. Z is a two-dinensional REAL array,

di mensi oned Z(NM N) .

Questions and comments should be directed to B. S. Garbow,
Applied Mathenatics Division, ARGONNE NATI ONAL LABORATORY

***REFERENCES B. T. Smith, J. M Boyle, J. J. Dongarra, B. S. Garbow,
Y. lkebe, V. C Klem and C. B. Mler, Mitrix Eigen-
system Routines - ElI SPACK Gui de, Springer-Verl ag,
1976.

*** ROUTI NES CALLED ( NONE)

***REVI SI ON HI STORY ( YYMVDD)

760101 DATE WRI TTEN

890531 Changed all specific intrinsics to generic. (WRB)
890831 Modified array declarations. (WRB)

890831 REVI SI ON DATE from Version 3.2

891214 Prol ogue converted to Version 4.0 format. (BAB)
920501 Reformatted the REFERENCES section. (WRB)

END PROLOGUE
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BANDV

SUBROUTI NE BANDV (NM N, MBW A, E21, M W Z, |IERR NV, RV, RV6)

***BEA N PROLOGUE BANDV

***PURPOSE Formthe eigenvectors of a real symmetric band matrix
associated with a set of ordered approxi mate ei genval ues
by inverse iteration

***| | BRARY  SLATEC ( El SPACK)

*** CATEGORY D4C3

***TYPE SI NGLE PRECI SI ON ( BANDV- S)

*** KEYWORDS EI GENVECTORS, ElI SPACK

*** AUTHOR Smith, B. T., et al

*** DESCRI PTI ON

This subroutine finds those eigenvectors of a REAL SYMVETRI C
BAND matri x correspondi ng to specified eigenval ues, using inverse
iteration. The subroutine may al so be used to solve systens

of linear equations with a symetric or non-symmetric band
coefficient matrix.

On | NPUT

NM rmust be set to the row di mensi on of the two-di nensi onal
array paranmeters, A and Z, as declared in the calling
program di nension statenent. NMis an | NTEGER vari abl e.

Nis the order of the matrix AL N is an | NTEGER vari abl e.
N rmust be less than or equal to NM

MBWis the nunber of colums of the array A used to store the
band matrix. |If the matrix is symetric, MBWis its (half)
band wi dth, denoted MB and defined as the nunber of adjacent
di agonal s, including the principal diagonal, required to
specify the non-zero portion of the |lower triangle of the
matrix. |If the subroutine is being used to solve systens
of linear equations and the coefficient matrix is not
symretric, it nust however have the sanme number of adjacent
di agonal s above the nmain diagonal as below, and in this
case, MBWE2*MB-1. MBWis an | NTEGER variable. M nust not
be greater than N

A contains the |ower triangle of the symetric band input
matrix stored as an N by MB array. |Its |owest subdi agona
is stored in the |ast N+1-MB positions of the first colum,
its next subdiagonal in the | ast N+2-MB positions of the
second columm, further subdiagonals simlarly, and finally
its principal diagonal in the N positions of colum M
If the subroutine is being used to solve systens of |inear
equations and the coefficient matrix is not symmetric, Ais
N by 2*MB-1 instead with |lower triangle as above and with
its first superdiagonal stored in the first NN1 positions of
colum MB+1, its second superdiagonal in the first N2
positions of columm MB+2, further superdiagonals simlarly,
and finally its highest superdiagonal in the first N+1-MB
positions of the last colunm. Contents of storage |ocations
not part of the matrix are arbitrary. A is a two-dinmensiona
REAL array, dinmensioned A(NM MBW .
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E21 specifies the ordering of the eigenval ues and contains
0.0EO0 if the eigenvalues are in ascendi ng order, or
2.0EO0 if the eigenvalues are in descendi ng order.

If the subroutine is being used to solve systens of |inear
equations, E21 should be set to 1.0EO0 if the coefficient
matrix is symmetric and to -1.0E0 if not. E21 is a REAL
vari abl e.

Mis the nunber of specified eigenval ues or the nunber of
systens of linear equations. Mis an | NTEGER vari abl e.

Wcontains the M eigenval ues in ascending or descendi ng order.
If the subroutine is being used to solve systenms of |inear
equations (A-WJ)*1)*X(J)=B(J), where | is the identity
matri x, WJ) should be set accordingly, for J=1,2,..., M
Wis a one-di nensional REAL array, dinensioned WM.

Z contains the constant matrix colums (B(J),J=1,2,..., M, if
the subroutine is used to solve systens of |inear equations.
Z is a two-dinmensional REAL array, dinensioned Z(NMM.

NV nust be set to the dinmension of the array paraneter RV
as declared in the calling program di nensi on statenent.
NV is an | NTEGER vari abl e.

On OUTPUT
A and Ware unaltered.

Z contains the associated set of orthogonal eigenvectors.

Any vector which fails to converge is set to zero. |If the

subroutine is used to solve systens of |inear equations,

Z contains the solution matrix colums (X(J),J=1,2,..., M.
IERR is an I NTEGER flag set to

Zero for normal return,

-J if the eigenvector corresponding to the J-th

ei genval ue fails to converge, or if the J-th
system of |inear equations is nearly singular.

RV and RV6 are tenporary storage arrays. |f the subroutine
is being used to solve systens of |inear equations, the
determ nant (up to sign) of AAWM?*I is avail able, upon
return, as the product of the first N elenments of RV
RV and RV6 are one-di nensional REAL arrays. Note that RV
i s dimensioned RV(NV), where NV nust be at |east N*(2*MB-1).
RV6 i s di nensi oned RV6(N).

Questions and comments should be directed to B. S. Garbow,
Applied Mathenmatics Division, ARGONNE NATI ONAL LABORATORY

***REFERENCES B. T. Smth, J. M Boyle, J. J. Dongarra, B. S. Garbow,
Y. lkebe, V. C. Klema and C. B. Mdler, Mtrix Eigen-
system Routines - ElI SPACK Gui de, Springer-Verl ag,
1976.

*** ROUTI NES CALLED ( NONE)

***REVI SI ON H STORY ( YYMVDD)

760101 DATE WRI TTEN
890531 Changed all specific intrinsics to generic. (WRB)
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890831 Modified array declarations. (WRB)

890831 REVI SI ON DATE from Version 3.2

891214 Prol ogue converted to Version 4.0 format. (BAB)
920501 Reformatted the REFERENCES section. (WRB)

END PROLOGUE
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BESI

SUBRQUTI NE BESI (X, ALPHA, KODE, N, Y, N2)
***BEG N PROLOGUE BESI
***PURPOSE Conpute an N menber sequence of | Bessel functions

| / SUB( ALPHA+K-1)/(X), K=1,...,N or scal ed Bessel functions
EXP(-X)*I/SUB( ALPHA+K- 1)/ (X), K=1,...,N for non-negative
ALPHA and X

*%%| | BRARY  SLATEC
*** CATEGORY Cl10B3
* %% TYPE SI NGLE PRECI SI ON (BESI-S, DBESI - D)
*+** KEYWORDS | BESSEL FUNCTI ON, SPECI AL FUNCTI ONS
*** AUTHOR Anmps, D. E., (SNLA)

Daniel, S. L., (SNLA)
*%* DESCRI PTI ON

Abst ract
BESI conmputes an N nenber sequence of | Bessel functions
I/ sub( ALPHA+K-1)/(X), K=1,...,N or scal ed Bessel functions
EXP(-X)*I/sub( ALPHA+K-1)/(X), K=1,...,N for non-negative ALPHA

and X. A conbination of the power series, the asynptotic
expansion for X to infinity, and the uniformasynptotic
expansion for NUto infinity are applied over subdivisions of
the (NU, X) plane. For values not covered by one of these
forrmul ae, the order is incremented by an integer so that one
of these fornulae apply. Backward recursion is used to reduce
orders by integer values. The asynptotic expansion for X to
infinity is used only when the entire sequence (specifically
the | ast nmenber) lies within the region covered by the
expansi on. Leading ternms of these expansions are used to test
for over or underflow where appropriate. |If a sequence is
requested and the | ast nenber would underflow, the result is
set to zero and the next |ower order tried, etc., until a
nmenber comes on scale or all are set to zero. An overflow
cannot occur with scaling.

Descri ption of Arguments

I nput
X - X .G 0.0E0
ALPHA - order of first nmenber of the sequence,
ALPHA . GE. 0.0EO
KODE - a paraneter to indicate the scaling option
KODE=1 returns
Y(K) = | / sub( ALPHA+K- 1)/ ( X)
K=1,...,N
KODE=2 returns
Y(K) =EXP(- X) *I / sub( ALPHA+K- 1) / ( X)
K=1,...,N
N - nunber of nenbers in the sequence, N .GE 1
Qut put
Y - a vector whose first N components contain
val ues for I/sub(ALPHA+K-1)/(X) or scal ed
val ues for EXP(-X)*1/sub( ALPHA+K-1)/ ( X)
K=1, ..., N dependi ng on KODE
NZ - nunber of conponents of Y set to zero due to
under f | ow,
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NZ=0 , hormal return, conputation conpleted
NZ .NE. 0, last NZ conponents of Y set to zero,
Y(K)=0. 0EO, K=N-NzZ+1,...,N.

Error Conditions
| rproper input argunments - a fatal error
Overflow with KODE=1 - a fatal error
Underflow - a non-fatal error (NZ .NE 0)

***REFERENCES D. E. Anpbs, S. L. Daniel and M K Wston, CDC 6600
subroutines | BESS and JBESS for Bessel functions
I(NU, X) and J(NU, X), X .GE. 0, NU.CGE 0, ACM
Transacti ons on Mat hematical Software 3, (1977),
pp. 76-92.
W J. dver, Tables of Bessel Functions of Mderate
or Large Orders, NPL Mat hematical Tables 6, Her
Maj esty's Stationery O fice, London, 1962.
***ROUTI NES CALLED ALNGAM ASYI K, | 1MACH, R1MACH, XERMSG
***REVI SI ON HI STORY ( YYMVDD)

750101 DATE WRI TTEN

890531 Changed all specific intrinsics to generic. (WRB)

890531 REVI SI ON DATE from Version 3.2

891214 Prol ogue converted to Version 4.0 format. (BAB)

900315 CALLs to XERROR changed to CALLs to XERMSG  (THJ)

900326 Renopved duplicate informati on from DESCRI PTI ON secti on.

(VRB)
920501 Reformatted the REFERENCES section. (WRB)
END PROLOGUE
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BESIO

FUNCTI ON BESI 0 ( X)
***BEA N PROLOGUE BESIO
***PURPOSE Conpute the hyperbolic Bessel function of the first kind
of order zero.
***| | BRARY  SLATEC ( FNLI B)
*** CATEGORY Cl10B1
*** TYPE SI NGLE PRECI SI ON (BESI 0-S, DBESI 0- D)
*** KEYWORDS FI RST KI ND, FNLI B, HYPERBOLI C BESSEL FUNCTI ON,
MODI FI ED BESSEL FUNCTI ON, ORDER ZERO, SPECI AL FUNCTI ONS
*** AUTHOR Ful l erton, W, (LANL)
*** DESCRI PTI ON

BESI O( X) conputes the nodi fied (hyperbolic) Bessel function
of the first kind of order zero and real argunent X

Series for BIO on the interval O. to 9.00000D+00
wi th weighted error 2. 46E- 18
| og weighted error 17.61
significant figures required 17.90
deci mal places required 18.15

*** REFERENCES  ( NONE)
***ROUTI NES CALLED BESIOE, CSEVL, INITS, RLMACH, XERMSG
***REVI SI ON HI STORY ( YYMVDD)
770401 DATE WRI TTEN
890531 Changed all specific intrinsics to generic. (WRB)
890531 REVI SI ON DATE from Version 3.2
891214 Prol ogue converted to Version 4.0 format. (BAB)
900315 CALLs to XERROR changed to CALLs to XERMSG  (THJ)
900326 Renoved duplicate infornmati on from DESCRI PTI ON secti on.
(V\RB)
END PROLOGUE
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BESIOE

FUNCTI ON BESI OE ( X)

***BEG N PROLOGUE BESI OE

***PURPOSE Conpute the exponentially scal ed nodified (hyperbolic)
Bessel function of the first kind of order zero.

***] | BRARY  SLATEC ( FNLI B)

*** CATEGORY C10B1

***TYPE SI NGLE PRECI SI ON ( BESI OE-S, DBSI OE- D)

*** KEYWORDS EXPONENTI ALLY SCALED, FI RST KI ND, FNLI B,
HYPERBOLI C BESSEL FUNCTI ON, MODI FI ED BESSEL FUNCTI ON,
ORDER ZERO, SPECI AL FUNCTI ONS

*** AUTHOR Fullerton, W, (LANL)

*** DESCRI PTI ON

BESI OE( X) cal cul ates the exponentially scal ed nodi fied (hyperbolic)
Bessel function of the first kind of order zero for real argunent X
i.e., EXP(-ABS(X))*10(X).

Series for BIO on the interval O. to 9.00000D+00
with weighted error 2. 46E- 18

| og weighted error 17.61

significant figures required 17.90

deci mal places required 18.15

Series for AIO on the interval 1.25000D-01 to 3.33333D-01
with weighted error 7.87E- 17
| og weighted error 16.10
significant figures required 14.69
deci mal places required 16.76

Series for Al02 on the interval O. to 1.25000D 01
with weighted error 3. 79E- 17

| og weighted error 16.42

significant figures required 14.86

deci mal places required 17.09

*** REFERENCES  ( NONE)
*** ROUTI NES CALLED CSEVL, INTS, R1MACH
***REVI S| ON H STORY ( YYMVDD)
770701 DATE WRI TTEN
890313 REVI SI ON DATE from Version 3.2
891214 Prol ogue converted to Version 4.0 format. (BAB)
END PROLOGUE
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BESI1

FUNCTI ON BESI 1 ( X)
***BEA N PROLOGUE BESI1
***PURPOSE Conpute the nodified (hyperbolic) Bessel function of the
first kind of order one.
***| | BRARY  SLATEC ( FNLI B)
*** CATEGORY Cl10B1
*** TYPE SI NGLE PRECI SI ON (BESI 1-S, DBESI 1- D)
*** KEYWORDS FI RST KI ND, FNLI B, HYPERBOLI C BESSEL FUNCTI ON,
MODI FI ED BESSEL FUNCTI ON, ORDER ONE, SPECI AL FUNCTI ONS
*** AUTHOR Ful l erton, W, (LANL)
*** DESCRI PTI ON

BESI 1(X) cal culates the nodi fied (hyperbolic) Bessel function
of the first kind of order one for real argument X

Series for Bl1l on the interval O. to 9.00000D+00
wi th weighted error 2.40E- 17
| og weighted error 16.62
significant figures required 16.23
deci mal places required 17.14

*** REFERENCES  ( NONE)
***ROUTI NES CALLED BESI 1E, CSEVL, INITS, RLMACH, XERMSG
***REVI SI ON HI STORY ( YYMVDD)
770401 DATE WRI TTEN
890531 Changed all specific intrinsics to generic. (WRB)
890531 REVI SI ON DATE from Version 3.2
891214 Prol ogue converted to Version 4.0 format. (BAB)
900315 CALLs to XERROR changed to CALLs to XERMSG  (THJ)
900326 Renoved duplicate infornmati on from DESCRI PTI ON secti on.
(V\RB)
END PROLOGUE
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BESI1E

FUNCTI ON BESI 1E ( X)

***BEG N PROLOGUE BESI 1E

***PURPOSE Conpute the exponentially scal ed nodified (hyperbolic)
Bessel function of the first kind of order one.

***] | BRARY  SLATEC ( FNLI B)

*** CATEGORY C10B1

***TYPE SI NGLE PRECI SI ON ( BESI 1E-S, DBSI 1E- D)

*** KEYWORDS EXPONENTI ALLY SCALED, FI RST KI ND, FNLI B,
HYPERBOLI C BESSEL FUNCTI ON, MODI FI ED BESSEL FUNCTI ON,
ORDER ONE, SPECI AL FUNCTI ONS

*** AUTHOR Fullerton, W, (LANL)

*** DESCRI PTI ON

BESI 1E( X) cal cul ates the exponentially scal ed nodified (hyperbolic)
Bessel function of the first kind of order one for real argunent X;
i.e., EXP(-ABS(X))*I1(X).

Series for Bl1l on the interval O. to 9.00000D+00
with weighted error 2. 40E- 17

| og weighted error 16.62

significant figures required 16.23

deci mal places required 17.14

Series for Al on the interval 1.25000D-01 to 3.33333D-01
with weighted error 6. 98E- 17
| og weighted error 16.16
significant figures required 14.53
deci mal places required 16.82

Series for Al1l2 on the interval O. to 1.25000D 01
with weighted error 3. 55E-17

| og weighted error 16.45

significant figures required 14.69

deci mal places required 17.12

*** REFERENCES ( NONE)

***ROUTI NES CALLED CSEVL, INITS, RLMACH, XERMSG

***REVI S| ON HI STORY  ( YYMVDD)
770401 DATE WRI TTEN
890210 REVI SI ON DATE from Version 3.2
891214 Prol ogue converted to Version 4.0 format. (BAB)
900315 CALLs to XERROR changed to CALLs to XERVMBG  (THJ)
900326 Renoved duplicate infornmati on from DESCRI PTI ON section

(VRB)

920618 Renpved space fromvariable nanmes. (RWC, WRB)
END PROLOGUE
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BESJ

SUBROQUTI NE BESJ (X, ALPHA, N, Y, N2)
***BEG N PROLOGUE BESJ
***PURPOSE Conpute an N menber sequence of J Bessel functions
J/ SUB(ALPHA+K- 1)/ (X), K=1,...,N for non-negative ALPHA
and X
***| | BRARY  SLATEC
*** CATEGORY C10A3
***TYPE SI NGLE PRECI SI ON (BESJ- S, DBESJ- D)
*** KEYWORDS J BESSEL FUNCTI ON, SPECI AL FUNCTI ONS
*** AUTHOR Anps, D. E., (SNLA)
Daniel, S. L., (SNLA)
Weston, M K., (SNLA)
*** DESCRI PTI ON

Abst ract
BESJ conmputes an N nenber sequence of J Bessel functions
J/ sub( ALPHA+K- 1)/ (X), K=1,...,N for non-negative ALPHA and X

A conbi nation of the power series, the asynptotic expansion
for Xto infinity and the uniformasynptotic expansion for

NU to infinity are applied over subdivisions of the (NU, X)

pl ane. For values of (NU X) not covered by one of these
formul ae, the order is incremented or decrenmented by integer
values into a region where one of the formul ae apply. Backward
recursion is applied to reduce orders by integer val ues except
where the entire sequence lies in the oscillatory region. In
this case forward recursion is stable and val ues fromthe
asynptotic expansion for Xto infinity start the recursion
when it is efficient to do so. Leading terns of the series
and uni form expansion are tested for underflow |[If a sequence
is requested and the | ast nenber would underflow, the result
is set to zero and the next lower order tried, etc., until a
nmenber comes on scale or all nenbers are set to zero
Overfl ow cannot occur.

Descri ption of Arguments

I nput
X - X .G 0.0E0
ALPHA - order of first nmenber of the sequence,
ALPHA . GE. 0.0EO
N - nunber of nenbers in the sequence, N .GE 1
Qut put
Y - a vector whose first N conponents contain
val ues for J/sub(ALPHA+K-1)/(X), K=1,...,N
NZ - nunber of conponents of Y set to zero due to
under f | ow,
NZ=0 , hormal return, conputation conpleted
NZ .NE. 0, last NZ conponents of Y set to zero,
Y(K)=0. 0E0, K=N-NzZ+1,...,N.

Error Conditions
| rproper input argunments - a fatal error
Underflow - a non-fatal error (NZ .NE. 0)
***REFERENCES D. E. Anps, S. L. Daniel and M K Wston, CDC 6600
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subroutines I BESS and JBESS for Bessel functions
I(NU, X) and J(NU, X), X .GE. 0, NU.CGE 0, ACM
Transacti ons on Mat hematical Software 3, (1977),
pp. 76-92.
W J. dver, Tables of Bessel Functions of Mderate
or Large Orders, NPL Mathenmtical Tables 6, Her
Maj esty's Stationery Ofice, London, 1962.
***ROUTI NES CALLED ALNGAM ASYJY, |1MACH, JAIRY, RLMACH, XERMSG
***REVI S| ON HI STORY  ( YYMVDD)

750101 DATE WRI TTEN

890531 Changed all specific intrinsics to generic. (WRB)

890531 REVI SI ON DATE from Version 3.2

891214 Prol ogue converted to Version 4.0 format. (BAB)

900315 CALLs to XERROR changed to CALLs to XERVBG  (THJ)

900326 Renoved duplicate infornation from DESCRI PTI ON secti on.

(VRB)
920501 Reformatted the REFERENCES section. (WRB)
END PROLOGUE
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BESJO

FUNCTI ON BESJO ( X)
*** BEGA N PROLOGUE BESJO
***PURPOSE Conpute the Bessel function of the first kind of order

zero.

***L| BRARY  SLATEC ( FNLI B)

*** CATEGORY Cl10A1

***TYPE SI NGLE PRECI SI ON (BESJO-S, DBESJO- D)
***KEYWORDS BESSEL FUNCTI ON, FI RST KIND, FNLIB, ORDER ZERQ,
SPECI AL FUNCTI ONS

*** AUTHOR Ful | erton,

***DESCRI PTI ON

W, (LANL)

BESJO(X) cal cul ates the Bessel function of the first kind of

order zero for real

Series for BJO

Series for BM

Series for BTHO

*%* REFERENCES ~ ( NONE)

argunment X

on the interval O. to 1.60000D+01
wi th weighted error 7.47E-18
| og weighted error 17.13
significant figures required 16.98
deci mal places required 17.68

on the interval O. to 6.25000D- 02
wi th weighted error 4, 98E- 17
| og weighted error 16. 30
significant figures required 14.97
deci mal places required 16.96

on the interval O. to 6.25000D- 02
wi th weighted error 3.67E- 17
| og weighted error 16.44
significant figures required 15.53
deci mal places required 17.13

***ROUTI NES CALLED CSEVL, INITS, RLMACH, XERMSG

***REVI SI ON H STORY

( YYMVDD)

770401 DATE WRI TTEN

890210 REVI SI ON DATE from Version 3.2

891214 Prol ogue converted to Version 4.0 format. (BAB)
900315 CALLs to XERRCR changed to CALLs to XERMSG  (THJ)
900326 Renopved duplicate infornmation from DESCRI PTI ON secti on.

(VRB)
END PROLOGUE
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BESJ1

FUNCTI ON BESJ1 ( X)
***BEG N PROLOGUE BESJ1
***PURPOSE Conpute the Bessel function of the first kind of order one.
***] | BRARY  SLATEC ( FNLI B)
*** CATEGORY Cl10Al
*** TYPE SI NGLE PRECI SI ON (BESJ1-S, DBESJ1-D)
*** KEYWORDS BESSEL FUNCTI ON, FI RST KIND, FNLIB, ORDER ONE,

SPECI AL FUNCTI ONS

*** AUTHOR Ful l erton, W, (LANL)
*** DESCRI PTI ON

BESJ1(X) cal cul ates the Bessel function of the first kind of
order one for real argunent X

Series for BJ1 on the interval O. to 1.60000D+01
with weighted error 4. 48E- 17
| og weighted error 16.35
significant figures required 15.77
deci mal places required 16.89

Series for BML on the interval O. to 6.25000D 02
with weighted error 5.61E-17
| og weighted error 16.25
significant figures required 14.97
deci mal places required 16.91

Series for BTHL on the interval O. to 6.25000D 02
with weighted error 4. 10E- 17
| og weighted error 16.39
significant figures required 15.96
deci mal places required 17.08

*** REFERENCES  ( NONE)

***ROUTI NES CALLED CSEVL, INITS, RLMACH, XERMSG

***REVI SI ON HI STORY ( YYMVDD)
780601 DATE WRI TTEN
890210 REVI SI ON DATE from Version 3.2
891214 Prol ogue converted to Version 4.0 format. (BAB)
900315 CALLs to XERROR changed to CALLs to XERVBG  (THJ)
900326 Renpved duplicate infornmation from DESCRI PTI ON secti on.

(VWRB)

END PROLOGUE
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BESK

SUBRQUTI NE BESK (X, FNU, KODE, N, Y, N2)
***BEG N PROLOGUE BESK
***PURPCSE | npl ement forward recursion on the three termrecursion
relation for a sequence of non-negative order Besse
functions K/ SUB(FNWU+I -1)/(X), or scal ed Bessel functions
EXP(X)*K/ SUB(FNU+I - 1)/ (X), I=1,...,N for real, positive
X and non-negative orders FNU

***| | BRARY  SLATEC

*** CATEGORY C10B3

***TYPE SI NGLE PRECI SI ON ( BESK-S, DBESK- D)
***KEYWORDS K BESSEL FUNCTI ON, SPECI AL FUNCTI ONS

***AUTHOR Anps, D
***DESCRI PTI ON

Abstract

E., (SNLA)

BESK i npl ements forward recursion on the three term

recursion relation for a sequence of non-negative order

Bessel

functions K/ sub(FNU+l-1)/(X), or scal ed Bessel functions
EXP(X)*K/ sub(FNU+I -1)/(X), I=1,...,Nfor real X .GI. 0.0E0 and
non- negative orders FNU. If FNU .LT. NULIM orders FNU and
FNU+1 are obtained fromBESKNU to start the recursion. |If
FNU . GE. NULIM the uniformasynptotic expansion is used for
orders FNU and FNU+1 to start the recursion. NULIMis 35 or
70 dependi ng on whether N=1 or N.GE. 2. Under and overfl ow
tests are made on the | eading termof the asynptotic expansion
bef ore any extensive conputation is done.

Descri ption of

| nput
X -
FNU -
KODE -

CQut put

Argunent s

X .GI. 0.0EO
order of the initial K function, FNU .CE 0.0EO
a paraneter to indicate the scaling option
KODE=1 returns Y(I)= K/ sub( FNU+I - 1) / ( X)
I=1,...,N
KODE=2 returns Y(I)=EXP(X)*K/sub(FNU+l-1)/(X),
| = N

number of menbers in the sequence, N .GE 1

a vector whose first n conmponents contain val ues
for the sequence

Y(1)= K/ sub( FNU+I - 1) / ( X),
Y(1')=EXP(X) *K/ sub( FNU+I - 1) / ( X),
dependi ng on KODE

nunmber of conponents of Y set to zero due to
underfl ow wi t h KODE=1

1,...,N or
1,...,N

NZ=0 , hormal return, conputation conpleted
NZ .NE. 0, first NZ conponents of Y set to zero
due to underflow, Y(1)=0.0EO, I=1,...,NZ

Error Conditions
| rproper input argunments - a fatal error

Overfl ow -

a fatal error

Underflow with KODE=1 - a non-fatal error (NZ .NE 0)

S ATEC2 (AAAAAA through DOUPAK) - 47



***REFERENCES F. W J. dver, Tables of Bessel Functions of Mderate

or Large Orders, NPL Mathematical Tables 6, Her
Maj esty's Stationery Ofice, London, 1962.
N. M Teme, On the nunerical evaluation of the nodified
Bessel function of the third kind, Journal of
Comput ati onal Physics 19, (1975), pp. 324-337.

***ROUTI NES CALLED ASYI K, BESKO, BESKOE, BESK1l, BESK1E, BESKNU,

| IMACH, RIMACH, XERMSG

***REVI S| ON HI STORY  ( YYMVDD)

790201 DATE WRI TTEN

890531 Changed all specific intrinsics to generic. (WRB)

890531 REVI SI ON DATE from Version 3.2

891214 Prol ogue converted to Version 4.0 format. (BAB)

900315 CALLs to XERROR changed to CALLs to XERVBG  (THJ)

900326 Renoved duplicate infornation from DESCRI PTI ON secti on.
(VRB)

920501 Reformatted the REFERENCES section. (WRB)

END PROLOGUE
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BESKO

FUNCTI ON BESKO ( X)
*+*BEG N PROLOGUE BESKO

*** PURPOSE
*** | BRARY

Conmpute the nodified (hyperbolic) Bessel function of the
third kind of order zero.
SLATEC ( FNLI B)

***CATEGORY Cl0B1

* %% TYPE

SI NGLE PRECI SI ON ( BESKO- S, DBESKO- D)

***KEYWORDS FNLI B, HYPERBOLI C BESSEL FUNCTI ON,

*** AUTHOR

MODI FI ED BESSEL FUNCTI ON, ORDER ZERO, SPECI AL FUNCTI ONS,
THI RD KI ND
Full erton, W, (LANL)

***DESCRI PTI ON

BESKO( X) cal cul ates the nodified (hyperbolic) Bessel function
of the third kind of order zero for real argunent X .GI. 0.0.

Series for

BKO on the interval O. to 4.00000D+00
with weighted error 3.57E-19
| og weighted error 18.45
significant figures required 17.99
deci mal pl aces required 18.97

*** REFERENCES ( NONE)
***ROUTI NES CALLED BESI O, BESKOE, CSEVL, INTS, RLMACH, XERM5G
***REVI SI ON HI STORY ( YYMVDD)

770401 DATE WRI TTEN

890531 Changed all specific intrinsics to generic. (WRB)

890531 REVI SI ON DATE from Version 3.2

891214 Prol ogue converted to Version 4.0 format. (BAB)

900315 CALLs to XERROR changed to CALLs to XERVMBG  (THJ)

900326 Renoved duplicate infornmation from DESCRI PTI ON section
(VRB)

END PROLOGUE
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BESKOE

FUNCTI ON BESKOE ( X)
***BEG N PROLOGUE BESKOE
***PURPOSE Conpute the exponentially scal ed nodified (hyperbolic)
Bessel function of the third kind of order zero.

***] | BRARY  SLATEC ( FNLI B)

*** CATEGORY C10B1

***TYPE SI NGLE PRECI SI ON ( BESKOE- S, DBSKOE- D)

*** KEYWORDS EXPONENTI ALLY SCALED, FNLI B, HYPERBOLI C BESSEL FUNCTI ON
MODI FI ED BESSEL FUNCTI ON, ORDER ZERO, SPECI AL FUNCTI ONS
THI RD KI ND

*** AUTHOR Fullerton, W, (LANL)

*** DESCRI PTI ON

BESKOE( X) conputes the exponentially scal ed nodified (hyperbolic)
Bessel function of third kind of order zero for real argunent
X .GI. 0.0, i.e., EXP(X)*KO(X).

Series for BKO on the interval O. to 4.00000D+00
with weighted error 3.57E-19
| og weighted error 18.45
significant figures required 17.99
deci mal pl aces required 18.97

Series for AKO on the interval 1.25000D-01 to 5.00000D 01
with weighted error 5. 34E- 17
| og weighted error 16.27
significant figures required 14.92
deci mal pl aces required 16.89

Series for AKO2 on the interval O. to 1.25000D 01
with weighted error 2. 34E- 17
| og weighted error 16.63
significant figures required 14.67
deci mal places required 17.20

*** REFERENCES ( NONE)
***ROUTI NES CALLED BESIO, CSEVL, INTS, RLMACH, XERMSG
***REVI S| ON HI STORY  ( YYMVDD)
770401 DATE WRI TTEN
890531 Changed all specific intrinsics to generic. (WRB)
890531 REVI SI ON DATE from Version 3.2
891214 Prol ogue converted to Version 4.0 format. (BAB)
900315 CALLs to XERROR changed to CALLs to XERVBG  (THJ)
900326 Renoved duplicate infornation from DESCRI PTI ON secti on.
(VRB)
END PROLOGUE

S ATEC2 (AAAAAA through DOUPAK) - 50



BESK1

FUNCTI ON BESK1 ( X)

***BEA N PROLOGUE BESK1

***PURPOSE Conpute the nodified (hyperbolic) Bessel function of the
third kind of order one.

***| | BRARY  SLATEC ( FNLI B)

*** CATEGORY C10B1

*** TYPE SI NGLE PRECI SI ON ( BESK1- S, DBESK1- D)

*** KEYWORDS FNLI B, HYPERBOLI C BESSEL FUNCTI ON
MODI FI ED BESSEL FUNCTI ON, ORDER ONE, SPECI AL FUNCTI ONS,
THI RD KI ND

*** AUTHOR Fullerton, W, (LANL)

*** DESCRI PTI ON

BESK1( X) conputes the nodified (hyperbolic) Bessel function of third
kind of order one for real argunment X, where X .GI. O.

Series for BKl on the interval O. to 4.00000D+00
with weighted error 7.02E- 18
| og weighted error 17.15
significant figures required 16.73
deci mal places required 17.67

*** REFERENCES ( NONE)
*** ROUTI NES CALLED BESI 1, BESKLE, CSEVL, INITS, RLMACH, XERMSG
***REVI SI ON HI STORY ( YYMVDD)
770401 DATE WRI TTEN
890531 Changed all specific intrinsics to generic. (WRB)
890531 REVI SI ON DATE from Version 3.2
891214 Prol ogue converted to Version 4.0 format. (BAB)
900315 CALLs to XERROR changed to CALLs to XERVMBG  (THJ)
900326 Renoved duplicate infornmation from DESCRI PTI ON section
(VRB)
END PROLOGUE
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BESK1E

FUNCTI ON BESK1E ( X)
***BEG N PROLOGUE BESK1E
***PURPOSE Conpute the exponentially scal ed nodified (hyperbolic)
Bessel function of the third kind of order one.
***] | BRARY  SLATEC ( FNLI B)
*** CATEGORY C10B1
***TYPE SI NGLE PRECI SI ON ( BESK1E-S, DBSK1E- D)
*** KEYWORDS EXPONENTI ALLY SCALED, FNLI B, HYPERBOLI C BESSEL FUNCTI ON
MODI FI ED BESSEL FUNCTI ON, ORDER ONE, SPECI AL FUNCTI ONS,
THI RD KI ND
*** AUTHOR Fullerton, W, (LANL)
*** DESCRI PTI ON

BESK1E( X) conputes the exponentially scal ed nodified (hyperbolic)
Bessel function of third kind of order one for real argunent
X .GI. 0.0, i.e., EXP(X)*K1(X).

Series for BKl on the interval O. to 4.00000D+00
with weighted error 7.02E- 18
| og weighted error 17.15
significant figures required 16.73
deci mal places required 17.67

Series for AKl1 on the interval 1.25000D-01 to 5.00000D 01
with weighted error 6. 06E- 17
| og weighted error 16.22
significant figures required 15.41
deci mal pl aces required 16.83

Series for AK12 on the interval O. to 1.25000D 01
with weighted error 2. 58E- 17
| og weighted error 16.59
significant figures required 15.22
deci mal places required 17.16

*** REFERENCES ( NONE)
***ROUTI NES CALLED BESI1, CSEVL, INTS, RLMACH, XERMSG
***REVI S| ON HI STORY  ( YYMVDD)
770401 DATE WRI TTEN
890531 Changed all specific intrinsics to generic. (WRB)
890531 REVI SI ON DATE from Version 3.2
891214 Prol ogue converted to Version 4.0 format. (BAB)
900315 CALLs to XERROR changed to CALLs to XERVBG  (THJ)
900326 Renoved duplicate infornation from DESCRI PTI ON secti on.
(VRB)
END PROLOGUE
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BESKES

SUBROUTI NE BESKES (XNU, X, NI'N, BKE)
***BEA N PROLOGUE BESKES
***PURPOSE Conpute a sequence of exponentially scal ed nodified Bessel
functions of the third kind of fractional order.

***| | BRARY  SLATEC ( FNLI B)

*** CATEGORY C10B3

*** TYPE SI NGLE PRECI SI ON ( BESKES- S, DBSKES- D)

*** KEYWORDS EXPONENTI ALLY SCALED, FNLIB, FRACTI ONAL ORDER,
MODI FI ED BESSEL FUNCTI ON, SEQUENCE OF BESSEL FUNCTI ONS,
SPECI AL FUNCTI ONS, THI RD KI ND

*** AUTHOR Ful lerton, W, (LANL)

*** DESCRI PTI ON

BESKES conputes a sequence of exponentially scal ed

(i.e., multipled by EXP(X)) nodified Bessel

functions of the third kind of order XNU + | at X, where X .GI. 0,
XNU lies in (-1,1), and I =0, 1, ... , NIN- 1, if NINis positive
and I =0, -1, ... , NN+ 1, if NIle negative. On return, the
vect or BKE( ) contains the results at X for order starting at XNU.

*** REFERENCES  ( NONE)

*** ROUTI NES CALLED RIMACH, ROKNUS, XERMSG

***REVI SI ON HI STORY ( YYMVDD)
770601 DATE WRI TTEN
890531 Changed all specific intrinsics to generic. (WRB)
890911 Renobved unnecessary intrinsics. (\WRB)
890911 REVI SI ON DATE from Version 3.2
891214 Prol ogue converted to Version 4.0 format. (BAB)
900315 CALLs to XERROR changed to CALLs to XERMSG  (THJ)
900326 Renoved duplicate infornmati on from DESCRI PTI ON secti on.

(V\RB)

END PROLOGUE
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BESKNU

SUBROUTI NE BESKNU (X, FNU, KODE, N, Y, N2)
***BEG N PROLOGUE BESKNU
***SUBSI DI ARY
***PURPOSE  Subsi diary to BESK
***L| BRARY  SLATEC
***TYPE SI NGLE PRECI SI ON ( BESKNU- S, DBSKNU- D)
*** AUTHOR Anps, D. E., (SNLA)
***DESCRI PTI ON

Abstract
BESKNU comput es N nenber sequences of K Bessel functions
K/ SUB(FNU+I -1)/(X), 1=1,N for non-negative orders FNU and
positive X. Equations of the references are inplenmented on
smal | orders DNU for K/ SUB(DNU)/(X) and K/ SUB(DNU+1)/ (X)
Forward recursion with the three termrecursion relation
generates higher orders FNWI-1, I=1,...,N The paraneter
KODE permts K/ SUB(FNU+I-1)/(X) val ues or scal ed val ues
EXP(X) *K/ SUB( FNU+I -1)/ (X), 1=1,N to be returned.

To start the recursion FNU is nornmalized to the interval
-0.5.LE.DNU. LT.0.5. A special formof the power series is

i mpl enented on O.LT. X LE. X1 while the MIller algorithmfor the

K Bessel function in ternms of the confluent hypergeonetric

function U(FNU+0. 5, 2*FNU+1, X) is inmplenmented on X1.LT. X LE. X2.

For X GI. X2, the asynptotic expansion for large X is used.
When FNU is a half odd integer, a special fornula for
DNU=-0.5 and DNU+1.0=0.5 is used to start the recursion.

BESKNU assumes that a significant digit SINH(X) function is
avai | abl e.

Description of Argunents

I nput
X - X. GT. 0. OEO
FNU - Oder of initial K function, FNU. GE. 0. 0OEO
N - Nunber of nenbers of the sequence, N GE 1
KODE - A paraneter to indicate the scaling option
KODE= 1 returns
Y(1)= K/ SUB( FNU+I - 1) / ( X)
l=1,...,N
= 2 returns
Y( 1) =EXP( X)*K/ SUB( FNU+I - 1) / ( X)
=1,...,N
CQut put
Y - A vector whose first N conponents contain val ues
for the sequence
Y(1)= K/ SUB( FNU+I - 1)/ (X), I=1,...,N or
Y(1)=EXP(X)*K/ SUB( FNU+I - 1)/ (X), 1=1,...,N
dependi ng on KODE
NZ - Nunber of conponents set to zero due to
under f | ow,
NZ= 0 , Normal return

NZ. NE.O , First NZ conponents of Y set to zero

due to underflow, Y(1)=0.0EO,1=1,...,NZ
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Error Conditions
| mproper input argunents - a fatal error
Overflow - a fatal error
Underflow with KODE=1 - a non-fatal error (NZ NE.O)

***SEE ALSO BESK
***REFERENCES N. M Temme, On the numerical evaluation of the nodified
Bessel function of the third kind, Journal of
Comput ati onal Physics 19, (1975), pp. 324-337.
***ROUTI NES CALLED GAMWA, | 1MACH, RLMACH, XERMSG
***REVI SI ON HI STORY ( YYMVDD)
790201 DATE WRI TTEN
890531 Changed all specific intrinsics to generic. (WRB)
891214 Prol ogue converted to Version 4.0 format. (BAB)
900315 CALLs to XERROR changed to CALLs to XERVBG  (THJ)
900326 Renpved duplicate infornmation from DESCRI PTI ON secti on.
(V\RB)
900328 Added TYPE section. (WRB)
900727 Added EXTERNAL statenent. (WRB)
910408 Updated the AUTHOR and REFERENCES sections. (WRB)
920501 Reformatted the REFERENCES section. (WRB)
END PROLOGUE
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BESKS

SUBRQUTI NE BESKS (XNU, X, NN, BK)
***BEG N PROLOGUE BESKS
***PURPOSE Conpute a sequence of nodified Bessel functions of the
third kind of fractional order.

***| | BRARY  SLATEC ( FNLI B)

*** CATEGORY C10B3

*** TYPE SI NGLE PREC!I SI ON ( BESKS- S, DBESKS- D)

*** KEYWORDS FNLI B, FRACTI ONAL ORDER, MODI FI ED BESSEL FUNCTI ON
SEQUENCE OF BESSEL FUNCTI ONS, SPECI AL FUNCTI ONS
TH RD KI ND

*** AUTHOR Fullerton, W, (LANL)

*** DESCRI PTI ON

BESKS conputes a sequence of nodified Bessel functions of the third
kind of order XNU + | at X, where X .GI. 0, XNU lies in (-1,1),

and 1 =0, 1, ... , NIN- 1, if NNNis positiveand | =0, 1, ... ,
NEIN + 1, if NINis negative. On return, the vector BK(.) Contains

the results at X for order starting at XNU

*** REFERENCES  ( NONE)

***ROUTI NES CALLED BESKES, RIMACH, XERMSG

***REVI SI ON HI STORY ( YYMVDD)
770601 DATE WRI TTEN
890531 Changed all specific intrinsics to generic. (WRB)
890531 REVI SI ON DATE from Version 3.2
891214 Prol ogue converted to Version 4.0 format. (BAB)
900315 CALLs to XERRCR changed to CALLs to XERMSG  (THJ)
900326 Renpved duplicate infornmation from DESCRI PTI ON section

(VRB)

END PROLOGUE
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BESY

SUBROQUTI NE BESY (X, FNU, N, Y)

***BEG N PROLOGUE BESY

***PURPCSE | npl ement forward recursion on the three termrecursion
relation for a sequence of non-negative order Besse
functions Y/ SUB(FNUHI -1)/(X), I=1,...,Nfor real, positive
X and non-negative orders FNU

***| | BRARY  SLATEC

*** CATEGORY C10A3

***TYPE SI NGLE PRECI SI ON ( BESY- S, DBESY- D)

*** KEYWORDS SPECI AL FUNCTI ONS, Y BESSEL FUNCTI ON

*** AUTHOR Anps, D. E., (SNLA)

*** DESCRI PTI ON

Abstract
BESY i npl ements forward recursion on the three term
recursion relation for a sequence of non-negative order Bessel
functions Y/ sub(FNWI-1)/(X), I=1,Nfor real X .GI. 0.0EO0 and
non-negative orders FNU. |If FNU .LT. NULIM orders FNU and
FNU+1 are obtai ned from BESYNU whi ch conputes by a power
series for X .LE. 2, the K Bessel function of an inaginary
argument for 2 .LT. X .LE. 20 and the asynptotic expansion for
X . GT. 20.

If FNU .GE. NULIM the uniform asynptotic expansion is coded
in ASYJY for orders FNU and FNU+1 to start the recursion.
NULIMis 70 or 100 depending on whether N=1 or N.GE. 2. An
overflow test is made on the | eading termof the asynptotic
expansi on before any extensive conputation is done.

Description of Argunents

I nput
X - X .GTI. 0.0EO
FNU - order of the initial Y function, FNU .GE. 0.0EO
N - nunber of menbers in the sequence, N .CGE 1
Qut put
Y - a vector whose first N conponents contain val ues

for the sequence Y(I)=Y/sub(FNU+I-1)/(X), 1=1,N.

Error Conditions
| nproper input argunents - a fatal error
Overflow - a fatal error

***REFERENCES F. W J. O ver, Tables of Bessel Functions of Mbderate
or Large Orders, NPL Mat hematical Tables 6, Her
Maj esty's Stationery Ofice, London, 1962.
N M Teme, On the nunerical evaluation of the npodified
Bessel function of the third kind, Journal of
Comput ati onal Physics 19, (1975), pp. 324-337.
N. M Teme, On the nunerical evaluation of the ordinary
Bessel function of the second kind, Journal of
Comput ati onal Physics 21, (1976), pp. 343-350.
*** ROUTI NES CALLED ASYJY, BESYO, BESY1, BESYNU, | 1MACH, R1MACH,
XERMVSG, YAI RY
***REVI S| ON HI STORY  ( YYMVDD)
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800501 DATE WRI TTEN

890531 Changed all specific intrinsics to generic. (WRB)

890531 REVI SI ON DATE from Version 3.2

891214 Prol ogue converted to Version 4.0 format. (BAB)

900315 CALLs to XERROR changed to CALLs to XERVMBG  (THJ)

900326 Renopved duplicate infornmation from DESCRI PTI ON secti on.
(VRB)

920501 Reformatted the REFERENCES section. (WRB)

END PROLOGUE
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BESYO

FUNCTI ON BESYO ( X)
***BEG N PROLOGUE BESYO
***PURPOSE Conpute the Bessel function of the second kind of order
zero.
***] | BRARY  SLATEC ( FNLI B)
*** CATEGORY Cl10Al
***TYPE SI NGLE PRECI SI ON ( BESYO- S, DBESYO- D)
*** KEYWORDS BESSEL FUNCTI ON, FNLI B, ORDER ZERO, SECOND KI ND,
SPECI AL FUNCTI ONS
*** AUTHOR Ful l erton, W, (LANL)
*** DESCRI PTI ON

BESYO( X) cal cul ates the Bessel function of the second kind
of order zero for real argument X

Series for BYO on the interval O. to 1.60000D+01
wi th weighted error 1. 20E- 17

| og weighted error 16.92

significant figures required 16.15

deci mal places required 17.48

Series for BMD on the interval O. to 6.25000D- 02
wi th weighted error 4, 98E- 17

| og weighted error 16. 30

significant figures required 14.97

deci mal places required 16.96

Series for BTHO on the interval O. to 6.25000D- 02
wi th weighted error 3.67E- 17

| og weighted error 16.44

significant figures required 15.53

deci mal places required 17.13

*** REFERENCES  ( NONE)
***ROUTI NES CALLED BESJO, CSEVL, INTS, RLMACH, XERMSG
***REVI SI ON HI STORY ( YYMVDD)
770401 DATE WRI TTEN
890531 Changed all specific intrinsics to generic. (WRB)
890531 REVI SI ON DATE from Version 3.2
891214 Prol ogue converted to Version 4.0 format. (BAB)
900315 CALLs to XERROR changed to CALLs to XERMSG  (THJ)
900326 Renpved duplicate information from DESCRI PTI ON section
(V\RB)
END PROLOGUE
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BESY1

FUNCTI ON BESY1 ( X)
***BEG N PROLOGUE BESY1
***PURPOSE Conpute the Bessel function of the second kind of order
one.
***] | BRARY  SLATEC ( FNLI B)
*** CATEGORY Cl10Al
***TYPE SI NGLE PRECI SI ON ( BESY1-S, DBESY1- D)
*** KEYWORDS BESSEL FUNCTI ON, FNLI B, ORDER ONE, SECOND KI ND,
SPECI AL FUNCTI ONS
*** AUTHOR Ful l erton, W, (LANL)
*** DESCRI PTI ON

BESY1(X) cal cul ates the Bessel function of the second kind of
order one for real argument X

Series for BY1 on the interval O. to 1.60000D+01
wi th weighted error 1.87E-18

| og weighted error 17.73

significant figures required 17.83

deci mal places required 18.30

Series for BML on the interval O. to 6.25000D- 02
wi th weighted error 5. 61E- 17

| og weighted error 16.25

significant figures required 14.97

deci mal places required 16.91

Series for BTHL on the interval O. to 6.25000D- 02
wi th weighted error 4. 10E- 17

| og weighted error 16.39

significant figures required 15.96

deci mal places required 17.08

*** REFERENCES  ( NONE)
***ROUTI NES CALLED BESJ1, CSEVL, INTS, RLMACH, XERMSG
***REVI SI ON HI STORY ( YYMVDD)
770401 DATE WRI TTEN
890531 Changed all specific intrinsics to generic. (WRB)
890531 REVI SI ON DATE from Version 3.2
891214 Prol ogue converted to Version 4.0 format. (BAB)
900315 CALLs to XERROR changed to CALLs to XERMSG  (THJ)
900326 Renpved duplicate information from DESCRI PTI ON section
(V\RB)
END PROLOGUE
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BETA

FUNCTI ON BETA (A, B)
***BEA N PROLOGUE BETA
***PURPOSE Conpute the conplete Beta function.
***| | BRARY  SLATEC ( FNLI B)
*** CATEGORY C7B
*** TYPE SI NGLE PRECI SI ON (BETA-S, DBETA-D, CBETA- Q)
*** KEYWORDS COVPLETE BETA FUNCTI ON, FNLI B, SPECI AL FUNCTI ONS
*** AUTHOR Ful l erton, W, (LANL)
*** DESCRI PTI ON

BETA conputes the conplete beta function.

| nput Paraneters:
A real and positive
B real and positive

*** REFERENCES ( NONE)
*** ROUTI NES CALLED ALBETA, GAMLIM GAMVA, R1MACH, XERMSG
***REVI SI ON HI STORY ( YYMVDD)
770601 DATE WRI TTEN
890531 Changed all specific intrinsics to generic. (\WRB)
890531 REVI SI ON DATE from Version 3.2
891214 Prol ogue converted to Version 4.0 format. (BAB)
900315 CALLs to XERROR changed to CALLs to XERVMBG  (THJ)
900326 Renoved duplicate infornmati on from DESCRI PTI ON secti on.
(V\RB)
900727 Added EXTERNAL statenent. (VRB)
END PROLOGUE
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BETAI

REAL FUNCTI ON BETAI (X, PIN, QN
***BEA N PROLOGUE BETAI
***PURPOSE Cal cul ate the inconplete Beta function.
***| | BRARY  SLATEC ( FNLI B)
*** CATEGORY C7F
*** TYPE SI NGLE PRECI SI ON ( BETAI - S, DBETAI - D)
*** KEYWORDS FNLI B, | NCOVPLETE BETA FUNCTI ON, SPECI AL FUNCTI ONS
*** AUTHOR Ful l erton, W, (LANL)
*** DESCRI PTI ON

BETAI cal cul ates the REAL inconplete beta function.

The inconplete beta function ratio is the probability that a
random vari abl e froma beta distribution having paranmeters PIN and
QNwIl be less than or equal to X

-- lnput Argunents -- Al argunments are REAL.
X upper limt of integration. X nust be in (0,1) inclusive.
PI N first beta distribution paraneter. PIN nust be .GI. 0.0.
QN second beta distribution paraneter. QN nust be .GTI. 0.0.

***REFERENCES Nancy E. Bosten and E. L. Battiste, Remark on Al gorithm
179, Communi cations of the ACM 17, 3 (March 1974),
pp. 156.
***ROUTI NES CALLED ALBETA, R1MACH, XERMSG
***REVI SI ON HI STORY ( YYMVDD)
770401 DATE WRI TTEN
890531 Changed all specific intrinsics to generic. (VRB)
890531 REVI SI ON DATE from Version 3.2
891214 Prol ogue converted to Version 4.0 format. (BAB)
900315 CALLs to XERROR changed to CALLs to XERVBG  (THJ)
900326 Renoved duplicate infornmation from DESCRI PTI ON secti on.
(V\RB)
920528 DESCRI PTI ON and REFERENCES sections revised. (WRB)
END PROLOGUE
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BFQAD

SUBROQUTI NE BFQAD (F, T, BCOEF, N, K [ID, X1, X2, TOL, QUAD, |ERR
+  WORK)

***BEG N PROLOGUE BFQAD

***PURPOCSE Conpute the integral of a product of a function and a

derivative of a B-spline.

***| | BRARY  SLATEC

*** CATEGORY H2A2A1, E3, K6

***TYPE SINGLE PRECI SI ON (BFQAD- S, DBFQAD- D)

*** KEYWORDS | NTEGRAL OF B- SPLI NE, QUADRATURE

*** AUTHOR Anps, D. E., (SNLA)

*** DESCRI PTI ON

Abstract
BFQAD conputes the integral on (X1, X2) of a product of a
function F and the ID-th derivative of a K-th order B-spline,
using the B-representation (T,BCOEF, N K). (X1,X2) nust be
a subinterval of T(K) .LE. X .le. T(N+1). An integration
routine BSG®B (a nodification
of GAUS8), integrates the product on sub-
intervals of (X1,X2) formed by included (distinct) knots.

Description of Argunents

| nput

F - external function of one argunent for the
i nt egrand BF( X) =F( X) * BVALU( T, BCCEF, N, K, | D, X, | NBV,
WORK)

T - knot array of length N+K

BCCEF - coefficient array of length N

N - length of coefficient array

K - order of B-spline, K.GE 1

ID - order of the spline derivative, 0 .LE. ID .LE K-1
| D=0 gi ves the spline function

X1, X2 - end points of quadrature interval in
T(K) .LE. X .LE. T(N+1)

TOL - desired accuracy for the quadrature, suggest
10.*STOL .LT. TOL .LE. 0.1 where STOL is the single
precision unit roundoff for the machi ne = RLMACH( 4)

Qut put

QUAD - integral of BF(X) on (X1, X2)

IERR - a status code
| ERR=1 normal return

2 sone quadrature on (X1, X2) does not neet
the requested tol erance.

WORK - work vector of length 3*K

Error Conditions
X1l or X2 not in T(K) .LE. X .LE. T(N+l1) is a fatal error.
TOL not greater than the single precision unit roundoff or
less than 0.1 is a fatal error
Some quadrature fails to neet the requested tol erance.

***REFERENCES D. E. Anps, Quadrature subroutines for splines and
B-spli nes, Report SAND79-1825, Sandi a Laboratori es,
Decenber 1979.

*** ROUTI NES CALLED BSG®B, | NTRV, RLMACH, XERMSG
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***REVI SI ON HI STORY ( YYMVDD)

800901 DATE WRI TTEN

890531 Changed all specific intrinsics to generic. (WRB)

890531 REVI SI ON DATE from Version 3.2

891214 Prol ogue converted to Version 4.0 format. (BAB)

900315 CALLs to XERROR changed to CALLs to XERMSG  (THJ)

900326 Renoved duplicate infornmati on from DESCRI PTI ON secti on.
(V\RB)

920501 Reformatted the REFERENCES section. (WRB)

END PROLOGUE
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FUNCTI ON Bl (X)
***BEG N PROLOGUE BI
***PURPOSE Eval uate the Bairy
second ki nd).
***| | BRARY  SLATEC ( FNLI B)
*** CATEGORY C10D

Bl

function (the Airy function of the

*** TYPE SINGLE PRECI SION (BI-S, DBI-D
*** KEYWORDS BAI RY FUNCTI ON, FNLI B, SPECI AL FUNCTI ONS
*** AUTHOR Ful l erton, W, (LANL)

***DESCRI PTI ON

Bl (X) calculates the Airy function of the second kind for real

argunent X

Series for BIF on the
Series for BIG on the i
Series for BIF2 on the
appr ox
Series for BI& on the
appr ox

*+* REFERENCES ~ ( NONE)

***ROUTI NES CALLED BIE, CSEVL,

***REVI S| ON HI STORY (' YYMVDD)
770701 DATE WRI TTEN

nterval -1.00000D+00 to 1.00000D+00
with weighted error 1. 88E-19
| og weighted error 18.72
significant figures required 17.74
deci mal places required 19.20

nterval -1.00000D+00 to 1.00000D+00
with weighted error 2. 61E- 17
| og weighted error 16.58
significant figures required 15.17
deci mal places required 17.03

nterval 1.00000D+00 to 8.00000D+00
with weighted error 1.11E-17
| og weighted error 16.95
significant figures required 16.5
deci mal places required 17.45

nterval 1.00000D+00 to 8.00000D+00
with weighted error 1.19E-18
| og weighted error 17.92
significant figures required 17.2
deci mal places required 18.42

INITS, RIMACH, ROAI MP, XERMSG

890531 Changed all specific intrinsics to generic. (WRB)
890531 REVI SI ON DATE from Version 3.2

891214 Prol ogue converted to Version 4.0 format. (BAB)
900315 CALLs to XERROR changed to CALLs to XERVBG  (THJ)
900326 Renopved duplicate infornmation from DESCRI PTI ON section

(VRB)
END PROLOGUE
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BIE

FUNCTI ON BI E ( X)

***BEG N PROLOGUE BIE

***PURPOSE Cal culate the Bairy function for a negative argunent and an
exponentially scaled Bairy function for a non-negative
argunent .

***| | BRARY  SLATEC ( FNLI B)

*** CATEGORY C10D

***TYPE SINGLE PRECI SI ON (BI E-S, DBIE-D)

*** KEYWORDS BAI RY FUNCTI ON, EXPONENTI ALLY SCALED, FNLI B,
SPECI AL FUNCTI ONS

*** AUTHOR Ful lerton, W, (LANL)

*** DESCRI PTI ON

Eval uat e BI(X) for X .LE. 0 and BI(X)*EXP(ZETA) wher e
ZETA = 2/3 * X**(3/2) for X.CGE 0.0

Series for BIF on the interval -1.00000D+00 to 1.00000D+00
with weighted error 1. 88E-19

| og weighted error 18.72

significant figures required 17.74

deci mal places required 19.20

Series for BIG on the interval -1.00000D+00 to 1.00000D+00
with weighted error 2.61E- 17

| og weighted error 16.58

significant figures required 15.17

deci mal places required 17.03

Series for BIF2 on the interval 1.00000D+00 to 8.00000D+00
with weighted error 1. 11E- 17
| og weighted error 16.95
approx significant figures required 16.5
deci mal places required 17.45

Series for BI& on the interval 1.00000D+00 to 8.00000D+00
with weighted error 1.19E-18
| og weighted error 17.92
approx significant figures required 17.2
deci mal places required 18.42

Series for BIP on the interval 1.25000D-01 to 3.53553D-01
with weighted error 1. 91E- 17

| og weighted error 16.72

significant figures required 15.35

deci mal places required 17.41

Series for BIP2 on the interval O. to 1.25000D 01
with weighted error 1. O5E-18

| og weighted error 17.98

significant figures required 16.74

deci mal places required 18.71

*** REFERENCES ( NONE)
***ROUTI NES CALLED CSEVL, INTS, RLMACH, ROAI MP
***REVI SI ON HI STORY ( YYMVDD)

770701 DATE WRI TTEN
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890206 REVI SI ON DATE from Version 3.2
891214 Prol ogue converted to Version 4.0 format. (BAB)
END PROLOGUE
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BINOM

FUNCTI ON BINOM (N, M
***BEG N PROLOGUE BI NOMV
***PURPOSE Conpute the binom al coefficients.
***| | BRARY  SLATEC ( FNLI B)
*** CATEGORY Cl1
*** TYPE SI NGLE PRECI SI ON ( BI NOM S, DBI NOVt D)
*** KEYWORDS Bl NOM AL CCEFFI Cl ENTS, FNLI B, SPECI AL FUNCTI ONS
*** AUTHOR Ful l erton, W, (LANL)
*** DESCRI PTI ON

BINOM N, M cal cul ates the binonm al coefficient (NN)/((M)*(NM!).

*** REFERENCES ( NONE)

***ROUTI NES CALLED ALNREL, RINMACH, ROLGMC, XERMSG

***REVI SI ON HI STORY ( YYMVDD)
770701 DATE WRI TTEN
890531 Changed all specific intrinsics to generic. (WRB)
890531 REVI SI ON DATE from Version 3.2
891214 Prol ogue converted to Version 4.0 format. (BAB)
900315 CALLs to XERROR changed to CALLs to XERVBG  (THJ)
900326 Renpved duplicate infornmation from DESCRI PTI ON secti on.

(WRB)

END PROLOGUE
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BINT4

SUBROUTI NE BI NT4 (X, Y, NDATA, IBCL, IBCR FBCL, FBCR, KNTOPT, T,

+ BCOEF, N, K,
***BEA N PROLOGUE BI NT4
***PURPOSE Conpute the B-representation of a cubic spline

whi ch interpol ates gi ven data.

***| | BRARY  SLATEC
*** CATEGORY E1A
***TYPE SINGLE PRECI SI ON (BI NT4-S, DBI NT4- D)
*** KEYWORDS B-SPLINE, CUBI C SPLI NES, DATA FITTI NG | NTERPOLATI ON
*** AUTHOR Anps, D. E., (SNLA)
*** DESCRI PTI ON

Abstract
Bl NT4 conputes the B representation (T, BCOEF, N, K) of a
cubic spline (K=4) which interpolates data (X(1)),Y(l1))),
| =1, NDATA. Paraneters |IBCL, |BCR FBCL, FBCR all ow t he
specification of the spline first or second derivative at
both X(1) and X(NDATA). Wen this data is not specified
by the problem it is comobn practice to use a natural
spline by setting second derivatives at X(1) and X(NDATA)
to zero (IBCL=I BCR=2, FBCL=FBCR=0.0). The spline is defined on
T(4) .LE. X .LE. T(N+1) with (ordered) interior knots at X(1))
val ues where N=NDATA+2. The knots T(1), T(2), T(3) lie to
the left of T(4)=X(1) and the knots T(N+2), T(N+3), T(N+4)
lie to the right of T(N+1)=X(NDATA) in increasing order. |If
no extrapol ati on outside (X(1), X(NDATA)) is anticipated, the
knots T(1)=T(2)=T(3)=T(4)=X(1) and T(N+2) =T(N+3) =T(N+4) =
T(N+1) =X(NDATA) can be specified by KNTOPT=1. KNTOPT=2
sel ects a knot placenent for T(1), T(2), T(3) to nake the
first 7 knots symmetric about T(4)=X(1) and simlarly for
T(N+2), T(N+3), T(N+4) about T(N+1) =X(NDATA). KNTOPT=3
allows the user to nmake his own selection, in increasing
order, for T(1), T(2), T(3) to the left of X(1) and T(N+2),
T(N+3), T(N+4) to the right of X(NDATA) in the work array
W 1) through W6). 1In any case, the interpolation on
T(4) .LE. X .LE. T(N+1) by using function BVALU is unique
for given boundary conditions.

Description of Argunents

I nput
X - X vector of abscissae of |ength NDATA, distinct
and in increasing order
Y - Y vector of ordinates of |ength NDATA
NDATA - nunber of data points, NDATA .GE 2
IBCL - selection paraneter for |eft boundary condition
IBCL = 1 constrain the first derivative at
X(1) to FBCL
= 2 constrain the second derivative at
X(1) to FBCL
IBCR - selection paraneter for right boundary condition
IBCR = 1 constrain first derivative at
X(NDATA) to FBCR
I BCR = 2 constrain second derivative at
X(NDATA) to FBCR
FBCL - left boundary val ues governed by |BCL
FBCR - right boundary val ues governed by |IBCR
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KNTOPT - knot sel ection paraneter
KNTOPT = 1 sets knot nultiplicity at T(4) and
T(N+1) to 4
= 2 sets a symmetric placenent of knots
about T(4) and T(N+1)
= 3 sets TNP)=WNP) and T(N+1+l)=w3+l),1=1,3
where WNP),1=1,6 is supplied by the user
W - work array of dinension at |east 5*( NDATA+2)
i f KNTOPT=3, then W1),W?2),W3) are knot values to
the left of X(1) and W4),W5), W6) are knot
val ues to the right of X(NDATA) in increasing
order to be supplied by the user

Qut put
T - knot array of length N+4
BCCEF - B-spline coefficient array of length N
N - nunber of coefficients, N=NDATA+2
K - order of spline, K=4

Error Conditions

I mproper input is a fatal error
Si ngul ar system of equations is a fatal error

***REFERENCES D. E. Anps, Conmputation with splines and B-splines,

Report SAND78-1968, Sandi a Laboratories, March 1979.
Carl de Boor, Package for calculating with B-splines,
SI AM Journal on Nunerical Analysis 14, 3 (June 1977),
pp. 441-472.
Carl de Boor, A Practical Guide to Splines, Applied
Mat henatics Series 27, Springer-Verlag, New York
1978.

*++* ROUTI NES CALLED BNFAC, BNSLV, BSPVD, RLMACH, XERMVSG
*+* REVI S| ON HI STORY  ( YYMVDD)

800901 DATE WRI TTEN

890531 Changed all specific intrinsics to generic. (WRB)

890531 REVI SI ON DATE from Version 3.2

891214 Prol ogue converted to Version 4.0 format. (BAB)

900315 CALLs to XERROR changed to CALLs to XERVBG  (THJ)

900326 Renpved duplicate infornmation from DESCRI PTI ON section
(VRB)

920501 Reformatted the REFERENCES section. (WRB)

END PROLOGUE
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BINTK

SUBRQUTI NE BINTK (X, Y, T, N, K BCCOEF, Q WORK)
***BEG N PROLOGUE BI NTK
***PURPOSE Conpute the B-representation of a spline which interpolates
gi ven dat a.
***| | BRARY  SLATEC
*** CATEGORY E1A
*** TYPE SI NGLE PREC!I SI ON ( BI NTK-S, DBI NTK- D)
*** KEYWORDS B- SPLI NE, DATA FI TTI NG | NTERPCOLATI ON
*** AUTHOR Amps, D. E., (SNLA)
*** DESCRI PTI ON

Witten by Carl de Boor and nodified by D. E. Anos
Abst ract
BINTK is the SPLINT routine of the reference.

Bl NTK produces the B-spline coefficients, BCCEF, of the
B-spline of order Kwith knots T(1), I=1,...,N+K, which
takes on the value Y(I) at X(I), I=1,..., N The spline or
any of its derivatives can be evaluated by calls to BVALU
The I-th equation of the |inear system A*BCOEF = B for the
coefficients of the interpol ant enforces i nterpol ation at
X(r)), 1=1,..., N Hence, B(l) =Y(l), all I, and Ais
a band matrix with 2K-1 bands |f Ais invertible. The matrix
A is generated row by row and stored, diagonal by diagonal,
inthe rows of Q with the main diagonal going into row K
The banded systemis then solved by a call to BNFAC (which
constructs the triangular factorization for A and stores it
againin Q, followed by a call to BNSLV (which then
obtai ns the solution BCOEF by substitution). BNFAC does no
pi voting, since the total positivity of the matrix A makes
this unnecessary. The linear systemto be solved is
(theoretically) invertible if and only if

T(1) .LT. X(I)) .LT. T(I+K), all 1I.
Equality is pernitted on the left for I=1 and on the right
for =N when K knots are used at X(1) or X(N). Oherw se,
violation of this condition is certain to lead to an error.

Description of Argunents

| nput
X - vector of length N containing data point abscissa
in strictly increasing order.
Y - correspondi ng vector of length N containing data
poi nt ordi nat es.
T - knot vector of length N+K
since T(1),..,T(K) .LE. X(1) and T(N+1),.., T(N+K)
.CGE. X(N), this leaves only N-K knots (not nec-
essarily X(l1)) values) interior to (X(1),X(N))
N - nunber of data points, N.CE K
K - order of the spline, K.GE 1
CQut put
BCOEF - a vector of length N containing the B-spline
coefficients
Q - a work vector of length (2*K-1)*N, containing
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the triangular factorization of the coefficient
matrix of the linear system being solved. The
coefficients for the interpolant of an
addi tional data set (X(1)),YY(l)), I=1,...,N
with the sane absci ssa can be obtai ned by | oadi ng
YY into BCOEF and then executing

CALL BNSLV (Q 2K-1, N, K-1, K- 1, BCOEF)

WORK - work vector of length 2*K

Error Conditions

I mproper input is a fatal error
Si ngul ar system of equations is a fatal error

***REFERENCES D. E. Anps, Conputation with splines and B-splines,

Report SAND78-1968, Sandia Laboratories, March 1979.
Carl de Boor, Package for calculating with B-splines,
SI AM Journal on Nunerical Analysis 14, 3 (June 1977),
pp. 441-472.
Carl de Boor, A Practical Guide to Splines, Applied
Mat hematics Series 27, Springer-Verlag, New York,
1978.

***ROUTI NES CALLED BNFAC, BNSLV, BSPVN, XERMSG
***REVI SI ON HI STORY ( YYMVDD)

800901 DATE WRI TTEN

890531 Changed all specific intrinsics to generic. (WRB)

890831 Modified array declarations. (WRB)

890831 REVI SI ON DATE from Version 3.2

891214 Prol ogue converted to Version 4.0 format. (BAB)

900315 CALLs to XERROR changed to CALLs to XERVBG  (THJ)

900326 Renoved duplicate infornmation from DESCRI PTI ON section
(VRB)

920501 Reformatted the REFERENCES section. (WRB)

END PROLOGUE
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BISECT

SUBROUTI NE BI SECT (N, EPS1, D, E, E2, LB, uB, MM M W IND, |ERR
+ RV4, RV5)

***BEG N PROLOGUE BI SECT

***PURPOCSE Conpute the eigenval ues of a symmetric tridiagonal matrix

in a given interval using Sturm sequencing.

***| | BRARY  SLATEC ( El SPACK)

*** CATEGORY D4A5, DAC2A

***TYPE SI NGLE PRECI SI ON (Bl SECT- S)

*** KEYWORDS EI GENVALUES, EI SPACK

*** AUTHOR Smith, B. T., et al

*** DESCRI PTI ON

This subroutine is a translation of the bisection technique
in the ALGOL procedure TRI STURM by Peters and W1 ki nson.
HANDBOOK FOR AUTO. COWP., VOL.II-LI NEAR ALGEBRA, 418-439(1971).

Thi s subroutine finds those eigenval ues of a TRI DI AGONAL
SYMMVETRIC matrix which lie in a specified interval
usi ng bisection.

On | NPUT
Nis the order of the matri x. N is an | NTEGER vari abl e.

EPS1 is an absolute error tolerance for the conputed
ei genvalues. If the input EPS1 is non-positive,
it is reset for each submatrix to a default val ue,
nanely, mnus the product of the relative nachine
preci sion and the 1-norm of the submatrix.
EPS1 is a REAL vari abl e.

D contains the diagonal elements of the input matrix.
D is a one-dinmensional REAL array, dinmensioned D(N).

E contai ns the subdi agonal elenents of the input matrix
inits last N1 positions. E(1l) is arbitrary.
E is a one-di nensional REAL array, dinmensioned E(N).

E2 contains the squares of the corresponding elenments of E
E2(1) is arbitrary. E2 is a one-dinensional REAL array,
di mensi oned E2(N).

LB and UB define the interval to be searched for eigenval ues.
If LBis not less than UB, no eigenvalues will be found.
LB and UB are REAL vari abl es.

MM shoul d be set to an upper bound for the nunber of
eigenvalues in the interval. WARNING - |If nore than
MM ei genval ues are deternmined to lie in the interval
an error return is made with no ei genval ues found.
MM is an | NTEGER vari abl e.

On QUTPUT

EPS1 is unaltered unless it has been reset to its
(last) default val ue.
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D and E are unaltered.

El ements of E2, corresponding to el enents of E regarded
as negligible, have been replaced by zero causing the
matrix to split into a direct sumof subnmatrices.
E2(1) is also set to zero.

Mis the nunber of eigenvalues deternined to lie in (LB, UB).
Mis an | NTEGER vari abl e.

Wcontains the M eigenval ues in ascendi ng order.
Wis a one-di nensional REAL array, dinmensioned WV .

IND contains inits first Mpositions the submatrix indices
associated with the correspondi ng eigenvalues in W--
1 for eigenvalues belonging to the first submatrix from
the top, 2 for those belonging to the second submatrix, etc.
IND i s an one-di nensi onal | NTEGER array, dinensioned | ND(MV) .

|ERR is an I NTEGER flag set to

Zero for normal return,

3*N+1 if Mexceeds MM In this case, Mcontains the
nunmber of eigenvalues determned to lie in
(LB, UB).

RV4 and RV5 are one-di nensi onal REAL arrays used for tenporary
storage, dinmensioned RV4(N) and RV5(N).

The ALGOL procedure STURMCNT contained in TRI STURM
appears in BISECT in-line.

Note that subroutine TQL1l or IMIQL1 is generally faster than
BI SECT, if nore than N 4 ei genvalues are to be found.

Questions and conmments should be directed to B. S. Garbow,
Applied Mathenmatics Division, ARGONNE NATI ONAL LABORATORY

***REFERENCES B. T. Smith, J. M Boyle, J. J. Dongarra, B. S. Garbow,
Y. lkebe, V. C. Klema and C. B. Mler, Mitrix Eigen-
system Routi nes - EI SPACK Gui de, Springer-Verl ag,
1976.

***ROUTI NES CALLED R1MACH

***REVI SI ON HI STORY ( YYMVDD)

760101 DATE WRI TTEN

890531 Changed all specific intrinsics to generic. (WRB)
890831 Modified array declarations. (WVRB)

890831 REVI SI ON DATE from Version 3.2

891214 Prol ogue converted to Version 4.0 format. (BAB)
920501 Reformatted the REFERENCES section. (WRB)

END PROLOGUE
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BLKTRI

SUBROUTI NE BLKTRI (I FLG NP, N, AN, BN, CN, W, M AM BM CM
+ I DI MY, Y, ERROR W
***BEG N PROLOGUE BLKTRI
***PURPOSE Sol ve a bl ock tridiagonal system of |inear equations
(usually resulting fromthe discretization of separable
two-di mensi onal elliptic equations).
***| | BRARY  SLATEC ( FI SHPACK)
*** CATEGORY | 2B4B
***TYPE SINGLE PRECI SI ON (BLKTRI -S, CBLKTR-C)
*** KEYWORDS ELLI PTI C PDE, FI SHPACK, TRI DI AGONAL LI NEAR SYSTEM
*** AUTHOR Adans, J., (NCAR)
Swar ztrauber, P. N., (NCAR)
Sweet, R, (NCAR)
*** DESCRI PTI ON

Subrouti ne BLKTRI Solves a System of Linear Equations of the Form
AN(JI) *X(1,J-1) + AMII)*X(1-1,J3) + (BN(J)+BM1))*X(I,J)
+ CN(J)*X(1,J3+1) + CMI)*X(1+1,J3) = Y(I,J)

for 1 =1,2,...,M and J =1,2,...,N
I+1 and I-1 are evaluated nopdulo Mand J+1 and J-1 nodulo N, i.e.
X(1,0) = X(I,N), X(I,N+1) = X(I,1),
X(0,J3) = X(MJ), X(M1,J) = X(1,J).

These equations usually result fromthe discretization of
separabl e elliptic equations. Boundary conditions may be
Dirichlet, Neumann, or Peri odic.

* * * * * * * *x * % O\I INP[JT * * * *x *x *x *x *x *x %

| FLG
=0 Initialization only. Certain quantities that depend on NP
N, AN, BN, and CN are conmputed and stored in the work
array W
= 1 The quantities that were conputed in the initialization are
used to obtain the solution X(1,J).

NOTE A call with | FLG=0 takes approximately one half the tine
as acall with IFLG=1 . However, the
initialization does not have to be repeated unless NP, N
AN, BN, or CN change.

NP
=0 If AN(1) and CN(N) are not zero, which corresponds to
periodi ¢ boundary conditions.
=1 If AN(1) and CN(N) are zero.
N

The nunber of unknowns in the J-direction. N nust be greater
than 4. The operation count is proportional to MNl og2(N), hence
N shoul d be selected |l ess than or equal to M

S ATEC2 (AAAAAA through DOUPAK) - 75



AN, BN, CN
One-di mensi onal arrays of length N that specify the coefficients
in the linear equations given above.

VP
=0 If AM1) and CMM are not zero, which corresponds to
periodi ¢ boundary conditions.
=1 If AM1) =CMM =0
M

The number of unknowns in the I-direction. Mnust be greater
t han 4.

AM BM CM
One-di mensi onal arrays of length Mthat specify the coefficients
in the linear equations given above.

| DI MY
The row (or first) dinmension of the two-dinensional array Y as
it appears in the programcalling BLKTRI. This paraneter is
used to specify the variable dinmension of Y. [|D M nust be at
| east M

Y

A two-di mensional array that specifies the values of the right
side of the linear system of equations given above. Y nust be
di mensi oned at |east MN.

w
A one-di nmensional array that nust be provided by the user for
wor k space.
If NP=1 define K=INT(log2(N))+1 and set L=2**(K+1) then
W nust have di nmension (K-2)*L+K+5+MAX( 2N, 6M

If NP=0 define K=INT(log2(N-1))+1 and set L=2**(K+1) then
W nust have di nensi on (K-2)*L+K+5+2N+MAX( 2N, 6M

** | MPORTANT** For purposes of checking, the required di nmension
of Wis conputed by BLKTRI and stored in W1)
in floating point format.

* * * * * * *x *x * * O] O.Jt put * * % * * * * *x * *

Y
Contains the solution X

| ERROR
An error flag that indicates invalid input paraneters. Except
for nunber zero, a solution is not attenpted.

No error.

Mis less than 5.

N is less than 5.

IDIMY is |l ess than M

BLKTRI failed while conputing results that depend on the
coefficient arrays AN, BN, CN. Check these arrays.
AN(J)*CN(J-1) is less than O for sone J. Possible reasons
for this condition are

1. The arrays AN and CN are not correct.
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2. Too large a grid spacing was used in the discretization
of the elliptic equation.
3. The linear equations resulted froma partial

differenti al

Contai ns internedi ate val ues t hat

BLKTRI will
number of

*Long Descri ption:

* * * * * * *

D nensi on of
Argunent s

Lat est
Revi si on

Requi red
Subpr ogr ans

Speci al
Condi ti ons

Conmon
Bl ocks

/0
Preci si on
Speci al i st
Language

Hi story

Al gorithm

Space
Requi red

Portability
Requi red
Resi dent

Rout i nes

Ref er ences

be called again with | FLG=1.
| ocations required by Win floating point format.

equation which was not elliptic.

nmust not be destroyed if
W 1) contains the

*x * * * * * * * *x *x * *

Program Speci fications

ANCN) , BNCN) CN(N) AMM, BMM , MM, Y(1 DI WY, N)

WS&emgwmm |sU
June 1979
BLKTRI , BLKTRI , PROD, PRODP, CPROD, CPRCODP, COVPB, | NDXA,

| NDXB, | NDXC, PPADD, PSGF, PPSGF, PPSPF, BSRH, TEVLS,
R1MACH

The Algorithmmay fail if ABS(BM1)+BN(J)) is |ess
than ABS(AM |)) +ABS(AN(J)) +ABS(CM 1)) +ABS( CN( J))
for some | and J. The Algorithmwll also fail if
AN(J)*CN(J-1) is less than zero for sone J.

See the description of the output paraneter |ERROR
CBLKT

None

Si ngl e

Paul Swar ztrauber

FORTRAN

Version 1 Septenber 1973

Version 2 April 1976

Version 3 June 1979

Generalized Cyclic Reduction (See Reference bel ow)

Control Data 7600

Anerican National Standards Institute Fortran.
The machi ne accuracy is set using function RLMACH

None

Swar ztrauber, P. and R Sweet, 'Efficient FORTRAN
Subprograms For The Sol ution O Elliptic Equations'
NCAR TN | A-109, July, 1975, 138 PP
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Swar ztrauber P. ," A Direct Method For The Discrete
Solution O Separable Elliptic Equations', S.1.A M
J. Nuner. Anal.,11(1974) PP. 1136-1150.

***REFERENCES P. N. Swarztrauber and R Sweet, Efficient Fortran
subprograns for the solution of elliptic equations,
NCAR TN/ | A-109, July 1975, 138 pp.
P. N. Swarztrauber, A direct nmethod for the discrete
solution of separable elliptic equations, SIAM Journal
on Nunerical Analysis 11, (1974), pp. 1136-1150.
***ROUTI NES CALLED BLKTR1, COWPB, CPROD, CPRODP, PROD, PRODP
*** COMMON BLOCKS CBLKT
***REVI SI ON HI STORY ( YYMVDD)
801001 DATE WRI TTEN
890531 Changed all specific intrinsics to generic. (WRB)
890531 REVI SI ON DATE from Version 3.2
891214 Prol ogue converted to Version 4.0 format. (BAB)
920501 Reformatted the REFERENCES section. (WRB)
END PROLOGUE
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BNDACC

SUBROUTI NE BNDACC (G, MDG NB, IP, IR M, JT)
*** BEG N PROLOGUE BNDACC
***PURPOCSE Conpute the LU factorization of a banded matrices using
sequential accunul ation of rows of the data matri x.
Exactly one right-hand side vector is permtted.
***| | BRARY  SLATEC
*** CATEGORY D9
*** TYPE SI NGLE PRECI SI ON ( BNDACC- S, DBNDAC- D)
*** KEYWORDS BANDED MATRI X, CURVE FI TTI NG LEAST SQUARES
*** AUTHOR Lawson, C. L., (JPL)
Hanson, R J., (SNLA)
*** DESCRI PTI ON

These subroutines solve the | east squares problem Ax = b for
banded matri ces A using sequential accurulation of rows of the
data matrix. Exactly one right-hand side vector is permtted.

These subroutines are intended for the type of |east squares
systens that arise in applications such as curve or surface
fitting of data. The |east squares equations are accunul ated and
processed using only part of the data. This requires a certain
user interaction during the solution of Ax = b.

Specifically, suppose the data matrix (A B) is row partitioned
into Q submatrices. Let (E F) be the T-th one of these
subnmatrices where E = (0 C0). Here the dinension of Eis M by N
and the dinmension of Cis MI by NB. The value of NBis the

bandwi dth of A The di nensions of the |eading block of zeros in E
are MI by JT-1.

The user of the subrouti ne BNDACC provides M, JT,C and F for
T=1,...,Q Not all of this data nust be supplied at once

Fol | owi ng the processing of the various blocks (E F), the matrix
(A B) has been transforned to the form (R D) where R is upper
triangul ar and banded with bandwi dth NB. The | east squares
systemRx = d is then easily solved using back substitution by
executing the statenent CALL BNDSCL(1,...). The sequence of
values for JT nust be nondecreasing. This nmay require sone
prelimnary interchanges of rows and colums of the matrix A

The primary reason for these subroutines is that the total
processing can take place in a working array of dinension MJ by
NB+1. An acceptable value for MJis

MJ = MAX(MIT + N + 1),
where N is the nunmber of unknowns.

Here the maximumis taken over all values of MI for T=1,...,Q
Notice that MI can be taken to be a small as one, show ng that
MJ can be as small as N+2. The subprogram BNDACC processes the
rows nore efficiently if MJis |arge enough so that each new
block (C F) has a distinct value of JT.

The four principle parts of these algorithns are obtained by the
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following call statenents
CALL BNDACC(...) Introduce new bl ocks of data.

CALL BNDSOL(1,...)Conpute solution vector and | ength of
resi dual vector.

CALL BNDSOL(2,...)G ven any row vector H solve YR = H for the
row vector Y.

CALL BNDSOL(3,...)G ven any colum vector Wsolve RZ = Wfor
t he columm vector Z.

The dots in the above call statenents indicate additional

argunments that will be specified in the foll ow ng paragraphs.
The user nust dinension the array appearing in the call list..
G( MDG, NB+1)

Description of calling sequence for BNDACC. .
The entire set of paraneters for BNDACC are
| nput . .

G *,*) The working array into which the user wll
pl ace the MI by NB+1 block (CF) in rows IR
t hrough I R+tMI-1, colums 1 through NB+1.
See descriptions of IR and MI' bel ow.

VDG The nunber of rows in the working array
G *,*). The value of MDG should be .GE MJ.
The value of MJis defined in the abstract
of these subprograns.

NB The bandwi dth of the data matri x A

I P Set by the user to the value 1 before the
first call to BNDACC. Its subsequent val ue
is controlled by BNDACC to set up for the
next call to BNDACC.

IR I ndex of the row of G *,*) where the user is
to place the new block of data (C F). Set by
the user to the value 1 before the first call
to BNDACC. Its subsequent value is controlled
by BNDACC. A value of IR .GI. MDG is considered
an error.

MI,JT Set by the user to indicate respectively the
nunber of new rows of data in the block and
the index of the first nonzero colum in that
set of rows (EF) = (0 CO F) being processed.

Qut put . .
G *,*) The working array which will contain the

processed rows of that part of the data
mat ri x whi ch has been passed to BNDACC.
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10

IP, IR The val ues of these argunents are advanced by
BNDACC to be ready for storing and processing
a new bl ock of data in *,*).

Description of calling sequence for BNDSCL.

The user nust dinmension the arrays appearing in the call list..

G(MDG, NB+1), X(N)

The entire set of paraneters for BNDSOL are

I nput . .

MODE Set by the user to one of the values 1, 2, or
3. These val ues respectively indicate that
the solution of AX =B, YR=Hor RZ = Wis
required.

G *,*), MG These argunments all have the sane nmeani ng and

NB, I P, IR contents as following the last call to BNDACC

X(*) Wth node=2 or 3 this array contains,
respectively, the right-side vectors H or W of
the systens YR = Hor RZ =W

N The nunber of variables in the solution
vector. |If any of the N diagonal terns are
zero the subroutine BNDSCL prints an
appropriate nessage. This condition is
consi dered an error.

Qut put . .

X(*) This array contains the solution vectors X
Y or Z of the systens AX = B, YR = H or
RZ = Wdependi ng on the val ue of MODE=1,

2 or 3.

RNORM If MODE=1 RNORM is the Euclidean length of the
resi dual vector AX-B. Wen MODE=2 or 3 RNORM
is set to zero.

Remar ks. .

To obtain the upper triangular matrix and transformnmed right-hand
side vector D so that the super diagonals of R formthe col umms
of (*,*), execute the follow ng Fortran statenents.

NBP1=NB+1

DO 10 J=1, NBP1

GIRJ) =0.E0

Mr=1

JT=N+1

CALL BNDACC( G MDG NB, | P, I R, M, JT)
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***REFERENCES C. L. Lawson and R J. Hanson, Solving Least Squares

Probl ens, Prentice-Hall, Inc., 1974, Chapter 27.

***ROUTI NES CALLED H12, XERMSG
***REVI SI ON HI STORY ( YYMVDD)

790101 DATE WRI TTEN

890531 Changed all specific intrinsics to generic. (WRB)

891006 Cosnetic changes to prologue. (WRB)

891006 REVI SI ON DATE from Version 3.2

891214 Prol ogue converted to Version 4.0 format. (BAB)

900315 CALLs to XERROR changed to CALLs to XERVBG  (THJ)

900326 Renopved duplicate infornmation from DESCRI PTI ON secti on.
(VRB)

920501 Reformatted the REFERENCES section. (WRB)

END PROLOGUE
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BNDSOL

SUBROUTI NE BNDSCL (MODE, G MDG NB, IP, IR X, N, RNORM

***BEG N PROLOGUE BNDSCL

***PURPOSE Sol ve the | east squares problemfor a banded matri x using
sequential accunul ation of rows of the data matri x.
Exactly one right-hand side vector is permtted.

***| | BRARY  SLATEC

*** CATEGORY D9

***TYPE SI NGLE PRECI SI ON ( BNDSOL- S, DBNDSL- D)

*** KEYWORDS BANDED MATRI X, CURVE FI TTI NG LEAST SQUARES

*** AUTHOR Lawson, C. L., (JPL)
Hanson, R J., (SNLA)

*** DESCRI PTI ON

These subroutines solve the | east squares problem Ax = b for
banded matri ces A using sequential accurulation of rows of the
data matrix. Exactly one right-hand side vector is permtted.

These subroutines are intended for the type of |east squares
systens that arise in applications such as curve or surface
fitting of data. The |east squares equations are accunul ated and
processed using only part of the data. This requires a certain
user interaction during the solution of Ax = b.

Specifically, suppose the data matrix (A B) is row partitioned
into Q submatrices. Let (E F) be the T-th one of these
subnmatrices where E = (0 C0). Here the dinension of Eis M by N
and the dinmension of Cis MI by NB. The value of NBis the

bandwi dth of A The di nensions of the |eading block of zeros in E
are MI by JT-1.

The user of the subrouti ne BNDACC provides M, JT,C and F for
T=1,...,Q Not all of this data nust be supplied at once

Fol | owi ng the processing of the various blocks (E F), the matrix
(A B) has been transforned to the form (R D) where R is upper
triangul ar and banded with bandwi dth NB. The | east squares
systemRx = d is then easily solved using back substitution by
executing the statenent CALL BNDSCL(1,...). The sequence of
values for JT nust be nondecreasing. This nmay require sone
prelimnary interchanges of rows and colums of the matrix A

The primary reason for these subroutines is that the total
processing can take place in a working array of dinension MJ by
NB+1. An acceptable value for MJis

MJ = MAX(MIT + N + 1),
where N is the nunmber of unknowns.

Here the maximumis taken over all values of MI for T=1,...,Q
Notice that MI can be taken to be a small as one, show ng that
MJ can be as small as N+2. The subprogram BNDACC processes the
rows nore efficiently if MJis |arge enough so that each new
block (C F) has a distinct value of JT.

The four principle parts of these algorithns are obtained by the
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following call statenents
CALL BNDACC(...) Introduce new bl ocks of data.

CALL BNDSOL(1,...)Conpute solution vector and | ength of
resi dual vector.

CALL BNDSOL(2,...)G ven any row vector H solve YR = H for the
row vector Y.

CALL BNDSOL(3,...)G ven any colum vector Wsolve RZ = Wfor
t he columm vector Z.

The dots in the above call statenents indicate additional

argunments that will be specified in the foll ow ng paragraphs.
The user nust dinension the array appearing in the call list..
G( MDG, NB+1)

Description of calling sequence for BNDACC. .
The entire set of paraneters for BNDACC are
| nput . .

G *,*) The working array into which the user wll
pl ace the MI by NB+1 block (CF) in rows IR
t hrough I R+tMI-1, colums 1 through NB+1.
See descriptions of IR and MI' bel ow.

VDG The nunber of rows in the working array
G *,*). The value of MDG should be .GE MJ.
The value of MJis defined in the abstract
of these subprograns.

NB The bandwi dth of the data matri x A

I P Set by the user to the value 1 before the
first call to BNDACC. Its subsequent val ue
is controlled by BNDACC to set up for the
next call to BNDACC.

IR I ndex of the row of G *,*) where the user is
the user to the value 1 before the first call
to BNDACC. Its subsequent value is controlled
by BNDACC. A value of IR .GI. MDG is considered
an error.

MI,JT Set by the user to indicate respectively the
nunber of new rows of data in the block and
the index of the first nonzero colum in that
set of rows (EF) = (0 CO F) being processed.

CQut put . .

G *,*) The working array which will contain the
processed rows of that part of the data
matri x which has been passed to BNDACC.

IP, IR The val ues of these argunents are advanced by
BNDACC to be ready for storing and processing

SLATEC2 (AAAAAA through DOUPAK) - 84



a new block of data in G *,*).
Description of calling sequence for BNDSOL. .
The user nust dinension the arrays appearing in the call list..
G(MDG NB+1), X(N)

The entire set of paraneters for BNDSOL are

I nput . .

MODE Set by the user to one of the values 1, 2, or
3. These val ues respectively indicate that
the solution of AX =B, YR=Hor RZ = Wis
required.

q*, *), MDG These argunents all have the sanme neani ng and

NB, I P, | R contents as following the last call to BNDACC.

X(*) Wth node=2 or 3 this array contains,
respectively, the right-side vectors H or W of
the systems YR=Hor RZ = W

N The nunber of variables in the solution
vector. |If any of the N diagonal terns are
zero the subroutine BNDSCL prints an
appropriate nessage. This condition is
consi dered an error

Qut put . .

X(*) This array contains the solution vectors X
Y or Z of the systems AX = B, YR = H or
RZ = Wdependi ng on the val ue of MODE-=1,

2 or 3.

RNORM If MODE=1 RNORM is the Euclidean length of the
resi dual vector AX-B. Wen MODE=2 or 3 RNORM
is set to zero.

Remar ks. .

To obtain the upper triangular matrix and transformed right-hand
side vector D so that the super diagonals of R formthe colums
of (*,*), execute the follow ng Fortran statenents.
NBP1=NB+1
DO 10 J=1, NBP1
10 IR J) = 0.E0
MIr=1
JT=N+1
CALL BNDACC(G, MDG NB, | P, I R, MT, JT)

***REFERENCES C. L. Lawson and R J. Hanson, Solving Least Squares
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Probl ens, Prentice-Hall, Inc., 1974, Chapter 27.

*++* ROUTI NES CALLED XERMSG
*+* REVI S| ON HI STORY  ( YYMVDD)

790101 DATE WRI TTEN

890531 Changed all specific intrinsics to generic. (WRB)

890831 Modified array declarations. (WRB)

891006 Cosnetic changes to prologue. (WRB)

891006 REVI SI ON DATE from Version 3.2

891214 Prol ogue converted to Version 4.0 format. (BAB)

900315 CALLs to XERROR changed to CALLs to XERVBG  (THJ)

900326 Renpved duplicate infornmation from DESCRI PTI ON secti on.
(WRB)

920501 Reformatted the REFERENCES section. (WRB)

END PROLOGUE
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BOR

SUBROUTINE BQOR (NM N, MB, A, T, R IERR NV, RV
***BEA N PROLOGUE BQR
***PURPOSE Conpute sone of the eigenvalues of a real symmetric
matrix using the QR nmethod with shifts of origin.
***| | BRARY  SLATEC ( El SPACK)
*** CATEGORY D4A6
*** TYPE SI NGLE PRECI SI ON (BQR-S)
*** KEYWORDS EI GENVALUES, EI SPACK
***AUTHOR Snmith, B. T., et al
*** DESCRI PTI ON

This subroutine is a translation of the ALGOL procedure BQR,
NUM MATH. 16, 85-92(1970) by Martin, Reinsch, and WI ki nson.
HANDBOOK FOR AUTO. COWP., VOL I1-LI NEAR ALGEBRA, 266-272(1971).

This subroutine finds the eigenval ue of smallest (usually)
magni t ude of a REAL SYMVETRI C BAND nmatri x using the

QR algorithmwith shifts of origin. Consecutive calls
can be made to find further eigenval ues.

On | NPUT

NM nmust be set to the row di nensi on of the two-di nensi onal
array paraneter, A as declared in the calling program
di mension statenent. NMis an | NTEGER vari abl e.

Nis the order of the matrix AL N is an | NTEGER vari abl e.
N nmust be less than or equal to NM

MB is the (half) band width of the matrix, defined as the
nunber of adjacent diagonals, including the principal
di agonal , required to specify the non-zero portion of the
lower triangle of the matrix. M is an |INTEGER vari abl e.
MB nust be |ess than or equal to N on first call

A contains the lower triangle of the synmmetric band input
matrix stored as an N by MB array. |Its |owest subdi agona
is stored in the last N+1-MB positions of the first colum,
its next subdiagonal in the |last N+2-MB positions of the
second columm, further subdiagonals simlarly, and finally
its principal diagonal in the N positions of the |last colum.
Contents of storages not part of the matrix are arbitrary.
On a subsequent call, its output contents fromthe previous
call should be passed. A is a two-dinmensional REAL array,
di mensi oned A(NM MB) .

T specifies the shift (of eigenvalues) applied to the di agonal
of Ain forming the input matrix. What Is actually determ ned
is the eigenvalue of A+TI (I is the identity matrix) nearest
to T. On a subsequent call, the output value of T fromthe
previous call should be passed if the next nearest eigenval ue
I's sought. T is a REAL variable.

R shoul d be specified as zero on the first call, and as its
out put value fromthe previous call on a subsequent call.
It is used to determ ne when the [ast row and col um of
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the transfornmed band matri x can be regarded as negligi bl e.
R is a REAL variable.

NV nust be set to the dinmension of the array paraneter RV
as declared in the calling program di nensi on statenent.
NV is an | NTEGER vari abl e.

On QUTPUT

A contains the transformed band matrix. The matrix A+TI
derived fromthe output paraneters is simlar to the
i nput A+Tl to within rounding errors. Its |last row and
colum are null (if IERRis zero).

T contains the conputed eigenvalue of A+TI (if IERR is zero),
where | is the identity matri x.

R contains the nmaxi mumof its input value and the norm of the
| ast columm of the input matrix A

|ERR is an I NTEGER flag set to
Zero for normal return
J if the J-th eigenval ue has not been
deternm ned after a total of 30 iterations.

RV is a one-dinmensional REAL array of dinension NV which is
at | east (2*MB**2+4*MB-3), used for tenporary storage. The
first (3*MB-2) locations correspond to the ALGOL array B,
the next (2*MB-1) |ocations correspond to the ALGCL array H,
and the final (2*MB**2-MB) |ocations correspond to the MB
by (2*MB-1) ALGOL array U

NOTE. For a subsequent call, N should be replaced by N1, but
MB shoul d not be altered even when it exceeds the current N

Call's PYTHAG(A B) for SQRT(A**2 + B**2).

Questions and comments should be directed to B. S. Garbow,
Applied Mathenatics Division, ARGONNE NATI ONAL LABORATORY

***REFERENCES B. T. Smith, J. M Boyle, J. J. Dongarra, B. S. Garbow,
Y. lkebe, V. C Klem and C. B. Mler, Mitrix Eigen-
system Routines - ElI SPACK Gui de, Springer-Verl ag,
1976.

***ROUTI NES CALLED PYTHAG

***REVI SI ON HI STORY ( YYMVDD)

760101 DATE WRI TTEN

890531 Changed all specific intrinsics to generic. (WRB)
890831 Modified array declarations. (WRB)

890831 REVI SI ON DATE from Version 3.2

891214 Prol ogue converted to Version 4.0 format. (BAB)
920501 Reformatted the REFERENCES section. (WRB)

END PROLOGUE
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BSKIN

SUBROUTINE BSKIN (X, N, KODE, M Y, NZ, |IERR
***BEA N PROLOGUE BSKI N
***PURPOSE Conpute repeated integrals of the K-zero Bessel function.
***| | BRARY  SLATEC
*** CATEGORY C10F
*** TYPE SI NGLE PRECI SI ON (BSKI N-S, DBSKI N- D)
*** KEYWORDS Bl CKLEY FUNCTI ONS, EXPONENTI AL | NTEGRAL,

| NTEGRALS OF BESSEL FUNCTI ONS, K-ZERO BESSEL FUNCTI ON

*** AUTHOR Amps, D. E., (SNLA)
*** DESCRI PTI ON

The followi ng definitions are used in BSKIN:

Definition 1

KI(0,X) = K-zero Bessel function.
Definition 2

Kl (N, X) Bi ckl ey Function

integral fromX to infinity of KI(N1,t)dt
for X.ge. 0and N=1,2,...

BSKI' N conmput es sequences of Bickley functions (repeated integrals
of the KO Bessel function); i.e. for fixed X and N and K=1, ...,
BSKI N conput es t he M nenber sequence
Y(K)
Y(K)

for Nge.0 and X. ge.0 (N and X cannot be zero sinmultaneously).

KI (N+K-1, X) for KODE=1

or

EXP(X) *Kl (N+K-1, X) for KODE=2,

I NPUT
X - Argument, X .ge. 0.0EO
N - Oder of first menber of the sequence N .ge. O
KODE - Sel ection paraneter
KODE = 1 returns Y(K)= KI(N+K-1, X), K=1, M
= 2 returns Y(K)=EXP(X)*KI (N+K-1, X), K=1,M
M - Number of nenbers in the sequence, Mge.1l
OUTPUT
Y - A vector of dinension at |least Mcontaining the
sequence sel ected by KODE.
NZ - Underflow fl ag
NZ = 0 neans conputation conpl eted
= M neans an exponential underfl ow occurred on
KODE=1. Y(K)=0.0EO0, K=1,...,Mis returned
IERR - Error flag
| ERR = 0, Nornal return, conputation conpl et ed.
=1, Input error, no conput ati on.
= 2, Error, no computation. The

ternmination condition was not net.
The nom nal conputational accuracy is the naxi mum of unit

roundof f (=RLMACH(4)) and 1.0e-18 since critical constants
are given to only 18 digits.
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DBSKI N i s the doubl e precision version of BSKIN
*Long Descri ption:
Nunerical recurrence on
(L-D)*KI (L, X) = X(KI(L-3,X) - KI(L-1,X)) + (L-2)*KI(L-2,X)
is stable where recurrence is carried forward or backward
away from INT(X+0.5). The power series for indices 0,1 and 2
on O.le. X le. 2 starts a stable recurrence for indices

greater than 2. |If Nis sufficiently large (N.gt.NLIM, the
uni form asynptotic expansion for Nto INFINITY is nore

economical. On X gt.2 the recursion is started by eval uating
t he uni f orm expansi on for the three nenbers whose indices are
closest to INT(X+0.5) within the set N,...,N+tM1. Forward

recurrence, backward recurrence or both, conplete the
sequence depending on the relation of INT(X+0.5) to the
indices N,...,N+M1

***REFERENCES D. E. Anps, Uniform asynptotic expansi ons for
exponential integrals E(N, X) and Bickley functions
KI(N, X), ACM Transactions on Mthenatical Software,
1983.
D. E. Anrps, A portable Fortran subroutine for the
Bi ckl ey functions KI(N, X), Al gorithm 609, ACM
Transacti ons on Mat hemati cal Software, 1983.
***ROUTI NES CALLED BKIAS, BKI SR, EXI NT, GAMRN, |1MACH, R1MACH
***REVI SI ON HI STORY ( YYMVDD)
820601 DATE WRI TTEN
890531 Changed all specific intrinsics to generic. (WRB)
891009 Renoved unreferenced statenment |abel. (WRB)
891009 REVI SI ON DATE from Version 3.2
891214 Prol ogue converted to Version 4.0 format. (BAB)
920501 Reformatted the REFERENCES section. (WRB)
END PROLOGUE
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BSPDOC

SUBROUTI NE BSPDOC

*** BEG N PROLOGUE BSPDOC

***PURPOSE Docunentation for BSPLINE, a package of subprograns for
wor ki ng with pi ecew se pol ynom al functions
in B-representation

***| | BRARY  SLATEC

*** CATEGORY E, E1A K Z

* % * TYPE ALL (BSPDOC- A)

*** KEYWORDS B- SPLI NE, DOCUMENTATI ON, SPLI NES

*** AUTHOR Anps, D. E., (SNLA)

*** DESCRI PTI ON

Abstract
BSPDOC i s a non-executabl e, B-spline docunentary routine.
The narrative describes a B-spline and the routines
necessary to mani pulate B-splines at a fairly high | evel
The basi c package described herein is that of reference
5 with names altered to prevent duplication and conflicts
with routines fromreference 3. The call lists used here
are also different. Wrk vectors were added to ensure
portability and proper execution in an overlay environ-
ment. These work arrays can be used for other purposes
except as noted in BSPVYN. While nost of the original
routines in reference 5 were restricted to orders 20
or less, this restriction was renoved fromall routines
except the quadrature routine BSQAD. (See the section
bel ow on differentiation and integration for details.)

The subroutines referenced bel ow are single precision
routines. Correspondi ng doubl e precision versions are al so
part of the package, and these are referenced by prefixing
a Din front of the single precision nane. For exanple,
BVALU and DBVALU are the single and doubl e precision
versions for evaluating a B-spline or any of its deriva-
tives in the B-representation

****Description of B-Splines****

A collection of polynom als of fixed degree K-1 defined on a
subdi vision (X(1),X(1+1)), I=1,...,M1 of (A B) with X(1)=A
X(M=Bis called a B-spline of order K If the spline has K-2
conti nuous derivatives on (A B), then the B-spline is sinply
called a spline of order K Each of the M1 polynom al pieces
has K coefficients, naking a total of K(M1) paraneters. This
B-spline and its derivatives have M2 junps at the subdivision

points X(1), 1=2,...,M1. Continuity requirenents at these
subdi vi si on points add constraints and reduce the nunber of free
paraneters. |If a B-spline is continuous at each of the M2 sub-

division points, there are K(M1)-(M2) free paraneters; if in
addition the B-spline has continuous first derivatives, there
are K(M1)-2(M?2) free paraneters, etc., until we get to a
spline where we have K(M1)-(K-1)(M2) = MK-2 free paraneters
Thus, the principle is that increasing the continuity of
derivatives decreases the nunber of free paraneters and
conversely.
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The points at which the polynomals are tied together by the
continuity conditions are called knots. |If two knots are

all oned to conme together at some X(1), then we say that we
have a knot of multiplicity 2 there, and the knot values are
the X(1) value. |If we reverse the procedure of the first
paragraph, we find that adding a knot to increase multiplicity
i ncreases the nunmber of free parameters and, according to the
princi ple above, we thereby introduce a discontinuity in what
was the highest continuous derivative at that knot. Thus, the
nunber of free paraneters is N = NHK-2 where NU is the sum
of multiplicities at the X(1) values with X(1) and X(M of
multiplicity 1 (NU=Mif all knots are sinple, i.e., for a
spline, all knots have multiplicity 1.) Each knot can have a
multiplicity of at nost K A B-spline is commonly witten in the
B-representation

Y(X) = sum( ACI)*B(1,X), 1=1, N

to show the explicit dependence of the spline on the free
paraneters or coefficients A(l)=BCOEF(I) and basis functions
B(l1,X). These basis functions are thensel ves special B-splines
which are zero except on (at nost) K adjoining intervals where
each B(l,X) is positive and, in nost cases, hat or bell-

shaped. 1In order for the nonzero part of B(1,X) to be a spline
covering (X(1),X(2)), it is necessary to put K-1 knots to the
left of A and simlarly for B(N,X) to the right of B. Thus, the
total number of knots for this representation is NU2K-2 = N+K
These knots are carried in an array T(*) dinensioned by at |east
N+K.  Fromthe construction, A=T(K) and B=T(N+1) and the spline is
defined on T(K).LE. X. LE. T(N+1). The nonzero part of each basis

function lies in the Interval (T(l1),T(I+K)). In nany probl ens
where extrapol ati on beyond A or Bis not anticipated, it is conmon
practice to set T(1)=T(2)=...=T(K)=A and T(N+1)=T(N+2)=...=

T(N+K)=B. I n sunmary, since T(K) and T(N+1l) as well as
interior knots can have multiplicity K the nunber of free
parameters N = sumof multiplicities - K The fact that each
B(I,X) function is nonzero over at nost K intervals neans that
for a given X value, there are at nost K nonzero terns of the
sum This leads to banded matrices in |inear al gebra problens,
and references 3 and 6 take advantage of this in con-

structing higher level routines to achieve speed and avoid
ill-conditioning.

****Basi ¢ Routi nes****

The basic routines which nost casual users will need are those
concerned with direct evaluation of splines or B-splines.
Since the B-representation, denoted by (T,BCOEF, N, K), is
preferred because of nunerical stability, the knots T(*), the
B-spline coefficients BCOEF(*), the nunber of coefficients N,
and the order K of the polynom al pieces (of degree K-1) are
usually given. Wiile the knot array runs fromT(1l) to T(NtK)
the B-spline is normally defined on the interval T(K).LE. X LE
T(N+1). To evaluate the B-spline or any of its derivatives

on this interval, one can use

Y = BVALU(T, BCOEF, N, K, I D, X, | NBV, WORK)

where IDis an integer for the ID-th derivative, 0.LE. ID. LE K-1.
I D=0 gives the zero-th derivative or B-spline value at X
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If X LT.T(K) or X GI.T(N+1), whether by mstake or the result
of round off accumulation in increnmenting X, BVALU gives a

di agnostic. INBV is an initialization parameter which is set
to 1 on the first call. Distinct splines require distinct
INBV paraneters. WORK is a scratch vector of length at |east
3*K.

When nore conventional comrunication is needed for publication,
physi cal interpretation, etc., the B-spline coefficients can
be converted to piecew se polynonmial (PP) coefficients. Thus,
t he breakpoints (distinct knots) Xl (*), the nunber of

pol ynom al pieces LXI, and the (right) derivatives C(*,J) at
each breakpoint Xl (J) are needed to define the Tayl or
expansion to the right of Xl (J) on each interval Xl (J).LE
X.LT.XI (J+1), J=1,LX where XI(1)=A and XI (LXI +1) =B.

These are obtained fromthe (T, BCOEF, N, K) representation by

CALL BSPPP( T, BCCEF, N, K, LDC, C, Xl , LXI , WORK)

where LDC. GE. K is the | eading dinension of the nmatrix C and
WORK is a scratch vector of length at |east K*(N+3).

Then the PP-representation (C Xl ,LXl,K) of Y(X), denoted

by Y(J,X) on each interval Xl (J).LE X LT.XlI (J+1), is

Y(J3,X) = sum( C(1,3)*((X-XI(3))**(1-1))/factorial (1-1), I=1,K)

for J=1,...,LXI. One nmust view this conversion fromthe B-
to the PP-representation with some skeptici sm because the
conversion may | ose significant digits when the B-spline
varies in an al nost discontinuous fashion. To evaluate
the B-spline or any of its derivatives using the PP-
representati on, one uses

Y = PPVAL(LDC, C, X, LXI, K, I D, X, | NPPV)

where | D and | NPPV have the sane neani ng and usage as | D and
INBV i n BVALU.

To determine to what extent the conversion process |oses
digits, conpute the relative error ABS((Y1l-Y2)/Y2) over

the X interval with Y1 from PPVAL and Y2 from BVALU. A
maj or reason for considering PPVAL is that evaluation is
much faster than that from BVALU.

Recal | that when nultiple knots are encountered, junp type

di scontinuities in the B-spline or its derivatives occur

at these knots, and we need to know t hat BVALU and PPVAL
return right limting values at these knots except at

X=B where left limting values are returned. These val ues
are used for the Tayl or expansions about |left end points of
breakpoint intervals. That is, the derivatives C(*,J) are
right derivatives. Note also that a conmputed X val ue which
mat hematically, would be a knot value may differ fromthe knot
by a round off error. Wen this happens in evaluating a dis-
conti nuous B-spline or sonme discontinuous derivative, the

val ue at the knot and the value at X can be radically
different. 1In this case, setting Xto a T or Xl val ue nmakes
the conputation precise. For left limting values at knots
ot her than X=B, see the prol ogues to BVALU and ot her
routines.
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****| nterpolati on****

BINTK i s used to generate B-spline paranmeters (T, BCOEF, N, K)

which will interpolate the data by calls to BVALU. A sim|ar
i nterpolation can al so be done for cubic splines using Bl NT4
or the code in reference 7. |If the PP-representation is given

one can evaluate this representation at an appropriate nunber of
absci ssas to create data then use BINTK or BINT4 to generate
the B-representation

****Differentiation and Integration****

Derivatives of B-splines are obtained from BVALU or PPVAL.
Integrals are obtai ned from BSQAD using the B-representation
(T, BCCEF, N, K) and PPQAD using the PP-representation (C, X, LXl
K). More conplicated integrals involving the product of a

of a function F and sonme derivative of a B-spline can be

eval uated with BFQAD or PFQAD using the B- or PP- represen-
tations respectively. Al quadrature routines, except for PPQAD
are limted in accuracy to 18 digits or working precision,

whi chever is smaller. PPQAD is |limted to working precision
only. In addition, the order Kfor BSQAD is |limted to 20 or
less. |If orders greater than 20 are required, use BFQAD with
F(X) = 1.

****Extrapol ati on****

Extrapol ati on outside the interval (A B) can be acconplished
easily by the PP-representation using PPVAL. However,
cauti on should be exercised, especially when several knots
are located at A or B or when the extrapolation is carried
significantly beyond A or B. On the other hand, direct

eval uation with BVALU outside A=T(K).LE. X LE T(N+1)=B
produces an error nessage, and sonme nmani pul ati on of the knots
and coefficients are needed to extrapolate with BVALU  This
process is described in reference 6.

****Curve Fitting and Snoot hi ng****

Unl ess one has many accurate data points, direct inter-

polation is not recommended for sumrari zing data. The

results are often not in accordance with intuition since the
fitted curve tends to oscillate through the set of points.

Monot one splines (reference 7) can help curb this undul ating
tendency but constrained | east squares is nore likely to give an
acceptable fit with fewer paraneters. Subroutine FC, des-
cribed in reference 6, is recormended for this purpose. The
output fromthis fitting process is the B-representation

**** Routines in the B-Spline Package ****
Si ngl e Precision Routines

The subroutines referenced bel ow are SI NGLE PRECI SI ON
routines. Correspondi ng DOUBLE PRECI SI ON versions are al so
part of the package and these are referenced by prefixing
a Din front of the single precision nanme. For exanple,
BVALU and DBVALU are the SI NGLE and DOUBLE PRECI SI ON
versions for evaluating a B-spline or any of its deriva-
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tives in the B-representation

BINT4 - interpolates with splines of order 4
BINTK - interpolates with splines of order k
BSQAD - integrates the B-representation on subintervals

PPQAD - integrates the PP-representation

BFQAD - integrates the product of a function F and any spline
derivative in the B-representation

PFQAD - integrates the product of a function F and any spline
derivative in the PP-representation

BVALU - evaluates the B-representation or a derivative

PPVAL - eval uates the PP-representation or a derivative

INTRV - gets the largest index of the knot to the left of x

BSPPP - converts from B- to PP-representation

BSPVD - conputes nonzero basis functions and derivatives at X

BSPDR - sets up difference array for BSPEV

BSPEV - eval uates the B-representation and derivatives

BSPVN - cal l ed by BSPEV, BSPVD, BSPPP and BI NTK for function and
derivative eval uations

Auxi liary Routines

BSGX®B, PPGXB, BNSLV, BNFAC, XERMSG, DBSGB, DPPGB, DBNSLV, DBNFAC
Machi ne Dependent Routi nes
| IMACH, R1MACH, D1MACH

***REFERENCES 1. D. E. Anps, Conputation with splines and
B-splines, Report SAND78-1968, Sandi a
Laboratories, March 1979.
2. D. E Anps, Quadrature subroutines for splines and
B-spli nes, Report SAND79-1825, Sandi a Laboratori es,
Decenber 1979.
3. Carl de Boor, A Practical Guide to Splines, Applied
Mat hematics Series 27, Springer-Verlag, New York
1978.
4. Carl de Boor, On calculating with B-Splines, Journa
of Approxi mation Theory 6, (1972), pp. 50-62.
5. Carl de Boor, Package for calculating with B-splines,
SI AM Journal on Nunerical Analysis 14, 3 (June 1977),
pp. 441-472.
6. R J. Hanson, Constrained | east squares curve fitting
to discrete data using B-splines, a users guide,
Report SAND78-1291, Sandi a Laboratories, Decenber
1978.
7. F. N Fritsch and R E. Carlson, Monotone piecew se
cubic interpolation, SIAM Journal on Nunerical Ana-
lysis 17, 2 (April 1980), pp. 238-246.
*** ROUTI NES CALLED ( NONE)
***REVI SI ON HI STORY ( YYMVDD)
810223 DATE WRI TTEN
861211 REVI SI ON DATE from Version 3.2
891214 Prol ogue converted to Version 4.0 format. (BAB)
900723 PURPCSE section revised. (WRB)
920501 Reformatted the REFERENCES section. (WRB)
END PROLOGUE
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BSPDR

SUBROQUTI NE BSPDR (T, A, N, K, NDERIYV, AD)
***BEA N PROLOGUE BSPDR
***PURPOSE Use the B-representation to construct a divided difference
tabl e preparatory to a (right) derivative calcul ation
***| | BRARY  SLATEC
*** CATEGORY E3
*** TYPE SI NGLE PRECI SI ON (BSPDR- S, DBSPDR- D)
*** KEYWORDS B-SPLINE, DATA FITTI NG DI FFERENTI ATI ON OF SPLI NES,
| NTERPOLATI ON
*** AUTHOR Anps, D. E., (SNLA)
*** DESCRI PTI ON

Witten by Carl de Boor and nodified by D. E. Anps

Abstract
BSPDR is the BSPLDR routi ne of the reference.

BSPDR uses the B-representation (T,A N K) to construct a

di vided difference table ADIF preparatory to a (right)
derivative calculation in BSPEV. The |lower triangular matrix
ADIF is stored in vector AD by colums. The arrays are

related by
ADIF(1,J) = AD(1-J+1 + (2*N-J+2)*(J-1)/2)
I =J,N, J =1 NDERIV .
Description of Argunents
| nput
T - knot vector of length N+K
A - B-spline coefficient vector of length N
N - nunber of B-spline coefficients
N = sum of knot multiplicities-K
K - order of the spline, K.GE 1
NDERI V - nunber of derivatives, 1 .LE. NDER V .LE K
NDERI V=1 gi ves the zero-th derivative = function
val ue
Qut put
AD - table of differences in a vector of length
(2*N- NDERI V+1) *NDERI V/ 2 for input to BSPEV

Error Conditions
I mproper input is a fatal error

***REFERENCES Carl| de Boor, Package for calculating with B-splines,
SI AM Journal on Nunerical Analysis 14, 3 (June 1977),
. 441-472.
*** ROUTI NES CALLED XERMSG
***REVI S| ON HI STORY  ( YYMVDD)
800901 DATE WRI TTEN
890831 Modified array declarations. (VRB)
890831 REVI SI ON DATE from Version 3.2
891214 Prol ogue converted to Version 4.0 format. (BAB)
900315 CALLs to XERROR changed to CALLs to XERVBG  (THJ)
900326 Renpved duplicate infornmation from DESCRI PTI ON section
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(VRB)
920501 Reformatted the REFERENCES section. (WRB)
END PROLOGUE
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BSPEV

SUBROUTI NE BSPEV (T, AD, N, K, NDERIV, X, INEV, SVALUE, WORK)
***BEG N PROLOGUE BSPEV
***PURPOSE Cal cul ate the value of the spline and its derivatives from
the B-representation
***| | BRARY  SLATEC
*** CATEGORY E3, K6
*** TYPE SI NGLE PRECI SI ON (BSPEV-S, DBSPEV- D)
*** KEYWORDS B-SPLI NE, DATA FI TTI NG | NTERPCLATI ON, SPLI NES
*** AUTHOR Anps, D. E., (SNLA)
*** DESCRI PTI ON

Witten by Carl de Boor and nodified by D. E. Anos

Abstract
BSPEV is the BSPLEV routi ne of the reference.

BSPEV cal cul ates the value of the spline and its derivatives
at X fromthe B-representation (T,A N K) and returns them

in SVALUE(Il),1=1,NDERIV, T(K) .LE. X .LE. T(N+1). AD(l) can
be the B-spline coefficients A(l), I1=1,Nif NDERI V=1. O her-
wi se AD nust be computed before hand by a call to BSPDR (T, A,
N, K, NDERI V, AD). If X=T(1),I=K/N, right limting values are
obt ai ned.

To conpute left derivatives or left limting values at a
knot T(1), replace N by I-1 and set X=T(Il), |=K+1, N+1

BSPEV cal | s | NTRV, BSPVN

Description of Argunents

I nput
T - knot vector of |ength N+K
AD - vector of length (2*N NDERI V+1)*NDERI V/ 2 cont ai ni ng
the difference table from BSPDR
N - nunber of B-spline coefficients
N = sumof knot multiplicities-K
K - order of the B-spline, K.CGE 1

NDERIV - nunber of derivatives, 1 .LE. NDERV .LE K
NDERI V=1 gives the zero-th derivative = function

val ue

X - argunent, T(K) .LE X .LE T(N+1)

| NEV - an initialization paraneter which nust be set
to 1 the first time BSPEV is call ed.

Qut put

| NEV - INEV contains information for efficient process-
ing after the initial call and I NEV nmust not
be changed by the user. Distinct splines require
di stinct | NEV paraneters.

SVALUE - vector of length NDERIV containing the spline
val ue in SVALUE(1) and the NDERI V-1 derivatives
in the remai ni ng conponents.

WORK - work vector of length 3*K

Error Conditions
| mproper input is a fatal error.
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*** REFERENCES Carl de Boor, Package for calculating with B-splines,

SI AM Journal on Nunerical Analysis 14, 3 (June 1977),
441-472.

pp.
***ROUTI NES CALLED BSPVN, | NTRV, XERMSG
***REVI SI ON HI STORY ( YYMVDD)

800901 DATE WRI TTEN

890831 Modified array declarations. (WRB)

890831 REVI SI ON DATE from Version 3.2

891214 Prol ogue converted to Version 4.0 format. (BAB)

900315 CALLs to XERROR changed to CALLs to XERVBG  (THJ)

900326 Renopved duplicate infornmation from DESCRI PTI ON secti on.
(VRB)

920501 Reformatted the REFERENCES section. (WRB)

END PROLOGUE
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BSPPP

SUBROUTI NE BSPPP (T, A, N, K LDC, C, X, LXlI, WORK)
***BEA N PROLOGUE BSPPP
***PURPOSE Convert the B-representation of a B-spline to the piecew se
pol ynom al (PP) form
***| | BRARY  SLATEC
*** CATEGORY E3, K6
*** TYPE SI NGLE PRECI SI ON ( BSPPP-S, DBSPPP- D)
*** KEYWORDS B-SPLINE, Pl ECEW SE POLYNOM AL
*** AUTHOR Anps, D. E., (SNLA)
*** DESCRI PTI ON

Witten by Carl de Boor and nodified by D. E. Anos

Abstract
BSPPP is the BSPLPP routi ne of the reference.

BSPPP converts the B-representation (T,A N, K) to the

pi ecewi se polynomial (PP) form(C Xl,LXl,K) for use with
PPVAL. Here XlI(*), the break point array of length LXI, is
the knot array T(*) with nmultiplicities renoved. The colums
of the matrix C(I,J) contain the right Taylor derivatives

for the polynom al expansion about Xl (J) for the intervals
XI(J) .LE. X .LE XI(J+1), I=1,K J=1,LXI. Function PPVAL
makes this evaluation at a specified point Xin

XI(1) .LE. X .LE. XI(LXI(1) .LE. X .LE XI+1)

Description of Argunents

I nput
T - knot vector of |length N+K
A - B-spline coefficient vector of length N
N - nunber of B-spline coefficients
N = sum of knot multiplicities-K
K - order of the B-spline, K.G 1
LDC - leading dinension of C, LDC .GE K
Qut put
C - matrix of dinension at |east (K, LX) containing
ri ght derivatives at break points
Xl - Xl break point vector of length LXI+1
LXI - nunber of break points, LXI .LE N K+1
WORK - work vector of |length K*(N+3)

Error Conditions
I mproper input is a fatal error

***REFERENCES Carl| de Boor, Package for calculating with B-splines,
SI AM Journal on Nunerical Analysis 14, 3 (June 1977),
. 441-472.
***ROUTI NES CALLED BSPDR, BSPEV, XERMSG
***REVI S| ON HI STORY  ( YYMVDD)
800901 DATE WRI TTEN
890831 Modified array declarations. (VRB)
890831 REVI SI ON DATE from Version 3.2
891214 Prol ogue converted to Version 4.0 format. (BAB)
900315 CALLs to XERROR changed to CALLs to XERVBG  (THJ)
900326 Renpved duplicate infornmation from DESCRI PTI ON section
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(VRB)
920501 Reformatted the REFERENCES section. (WRB)
END PROLOGUE
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BSPVD

SUBROUTI NE BSPVD (T, K, NDERIV, X, |ILEFT, LDVN K, VN KX, WORK)
***BEG N PROLOGUE BSPVD
***PURPOSE Cal cul ate the value and all derivatives of order |ess than
NDERI V of all basis functions which do not vanish at X
***| | BRARY SLATEC
*** CATEGORY E3, K6
*** TYPE SI NGLE PRECI SI ON (BSPVD-S, DBSPVD- D)
*** KEYWORDS DI FFERENTI ATI ON OF B- SPLI NE, EVALUATI ON OF B- SPLI NE
*** AUTHOR Anps, D. E., (SNLA)
*** DESCRI PTI ON

Witten by Carl de Boor and nodified by D. E. Anos

Abstract
BSPVD is the BSPLVD routi ne of the reference.

BSPVD cal cul ates the value and all derivatives of order

| ess than NDERIV of all basis functions which do not
(possibly) vanish at X. |LEFT is input such that

T(ILEFT) .LE. X .LT. T(ILEFT+1). A call to INTRV(T, N+1, X

I LO | LEFT, MFLAG Wi | | produce the proper |ILEFT. The output of
BSPVD is a matrix VNIKX(1,J) of dinension at |east (K, NDERI V)
whose colums contain the K nonzero basis functions and

their NDERI V-1 right derivatives at X, |1=1,K J=1, NDERI V.

These basis functions have indices | LEFT-K+I, 1=1, K
K .LE ILEFT .LE. N The nonzero part of the I-th basis
function lies in (T(1),T(1+K)), =1, N

If X=T(ILEFT+1) then VNIKX contains left limting val ues
(left derivatives) at T(ILEFT+1). |In particular, ILEFT = N
produces left limting values at the right end point
X=T(Nt1). To obtain left limting values at T(I), |=K+1, N+1
set X= next lower distinct knot, call INTRV to get |LEFT,
set X=T(1), and then call BSPVD.

Description of Argunents

I nput

T - knot vector of length N+K, where
N = nunber of B-spline basis functions
N = sum of knot nultiplicities-K

K - order of the B-spline, K.CGE 1

NDERIV - nunber of derivatives = NDERI V-1,
1 .LE. NDERIV .LE. K

X - argunment of basis functions,
T(K) .LE. X .LE. T(N+1)

ILEFT - largest integer such that
T(ILEFT) .LE. X .LT. T(ILEFT+1)

LDVNI K - leading dinension of matrix VN KX
Qut put
VNIKX - matrix of dinmension at |east (K, NDERI V) contain-
ing the nonzero basis functions at X and their
derivatives col umw se.
WORK - a work vector of length (K+1)*(K+2)/2

Error Conditions

S ATEC2 (AAAAAA through DOUPAK) - 102



| nproper input is a fatal error

***REFERENCES Carl de Boor, Package for calculating with B-splines,
SI AM Journal on Nunerical Analysis 14, 3 (June 1977),
. 441-472.
*** ROUTI NES CALLED BSPVN, XERMSG
***REVI SI ON HI STORY ( YYMVDD)
800901 DATE WRI TTEN
890531 Changed all specific intrinsics to generic. (WRB)
890831 Modified array declarations. (VRB)
890831 REVI SI ON DATE from Version 3.2
891214 Prol ogue converted to Version 4.0 format. (BAB)
900315 CALLs to XERROR changed to CALLs to XERVMBG  (THJ)
900326 Renoved duplicate infornmation from DESCRI PTI ON secti on.
(VRB)
920501 Reformatted the REFERENCES section. (WRB)
END PROLOGUE
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BSPVN

SUBROUTI NE BSPVN (T, JHI GH, K, INDEX, X, |ILEFT, VN KX, WORK,
+ | WORK)

***BEA N PROLOGUE BSPVN

***PURPOSE Cal cul ate the value of all (possibly) nonzero basis

functions at X

***| | BRARY  SLATEC

*** CATEGORY E3, K6

***TYPE SINGLE PRECI SI ON (BSPVN-S, DBSPVN- D)

*** KEYWORDS EVALUATI ON OF B- SPLI NE

*** AUTHOR Anps, D. E., (SNLA)

*** DESCRI PTI ON

Witten by Carl de Boor and nodified by D. E. Anps

Abstract
BSPVN is the BSPLVN routi ne of the reference.

BSPVN cal cul ates the value of all (possibly) nonzero basis
functions at X of order MAX(JH GH, (J+1)*(I NDEX-1)), where
T(K) .LE. X .LE. T(N+1) and J=IVWORK is set inside the routine
on the first call when INDEX=1. |LEFT is such that T(ILEFT)
.LE. X .LT. T(ILEFT+1). A call to INTRVT, N+1, X, I LO I LEFT,
MFLAG) produces the proper |ILEFT. BSPVN cal cul ates using the
basic al gorithmneeded in BSPVD. |If only basis functions are
desired, setting JH GH=K and | NDEX=1 can be faster than
calling BSPVD, but extra coding is required for derivatives
(I NDEX=2) and BSPVD is set up for this purpose.

Left limting values are set up as described in BSPVD

Description of Argunents

I nput
T - knot vector of length N+K, where
N = nunber of B-spline basis functions
N = sum of knot nultiplicities-K
JH GH - order of B-spline, 1 .LE. JHGH .LE K
K - hi ghest possi bl e order
INDEX - INDEX = 1 gives basis functions of order JH CH
= 2 denotes previous entry with WORK | WRK
val ues saved for subsequent calls to
BSPVN.
X - argunent of basis functions,
T(K) .LE. X .LE. T(N+1)
ILEFT - largest integer such that
T(1LEFT) .LE. X .LT. T(ILEFT+1)
CQut put
VNI KX - vector of length K for spline val ues.
WWORK - a work vector of length 2*K
IWORK - a work paraneter. Both WORK and | WORK cont ai n

i nformati on necessary to continue for | NDEX = 2.
When I NDEX = 1 exclusively, these are scratch
vari abl es and can be used for other purposes.

Error Conditions
| mproper input is a fatal error.
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*** REFERENCES Carl de Boor, Package for calculating with B-splines,

SI AM Journal on Nunerical Analysis 14, 3 (June 1977),
441-472.

pp.
***ROUTI NES CALLED XERMSG
***REVI SI ON HI STORY ( YYMVDD)

800901 DATE WRI TTEN

890831 Modified array declarations. (WRB)

890831 REVI SI ON DATE from Version 3.2

891214 Prol ogue converted to Version 4.0 format. (BAB)

900315 CALLs to XERROR changed to CALLs to XERVBG  (THJ)

900326 Renopved duplicate infornmation from DESCRI PTI ON secti on.
(VRB)

920501 Reformatted the REFERENCES section. (WRB)

END PROLOGUE
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BSQAD

SUBROUTI NE BSQAD (T, BCOEF, N, K, X1, X2, BQUAD, WORK)

***BEG N PROLOGUE BSQAD

***PURPOSE Conpute the integral of a K-th order B-spline using the
B-representati on.

***| | BRARY  SLATEC

*** CATEGORY H2A2A1, E3, K6

*** TYPE SI NGLE PRECI SI ON (BSQAD- S, DBSQAD- D)

*** KEYWORDS | NTEGRAL OF B- SPLI NES, QUADRATURE

*** AUTHOR Anps, D. E., (SNLA)

*** DESCRI PTI ON

Abstract
BSQAD conputes the integral on (X1, X2) of a K-th order
B-spline using the B-representation (T,BCOEF, N K). Oders
K as high as 20 are permitted by applying a 2, 6, or 10
poi nt Gauss formula on subintervals of (X1,X2) which are
formed by included (distinct) knots.

If orders K greater than 20 are needed, use BFQAD with

F(X) = 1.
Description of Argunents

| nput
T - knot array of |length N+K
BCOEF - B-spline coefficient array of length N
N - length of coefficient array
K - order of B-spline, 1 .LE. K.LE 20
X1, X2 - end points of quadrature interval in

T(K) .LE. X .LE. T(N+1)

Qut put
BQUAD - integral of the B-spline over (X1, X2)
WORK - work vector of length 3*K

Error Conditions
| nproper input is a fatal error

***REFERENCES D. E. Anps, Quadrature subroutines for splines and
B-splines, Report SAND79-1825, Sandi a Laboratories,
Decenber 1979.
*** ROUTI NES CALLED BVALU, | NTRV, XERMSG
***REVI SI ON HI STORY ( YYMVDD)
800901 DATE WRI TTEN
890531 Changed all specific intrinsics to generic. (WRB)
890531 REVI SI ON DATE from Version 3.2
891214 Prol ogue converted to Version 4.0 format. (BAB)
900315 CALLs to XERROR changed to CALLs to XERMSG  (THJ)
900326 Renoved duplicate informati on from DESCRI PTI ON secti on.
(V\RB)
920501 Reformatted the REFERENCES section. (WRB)
END PROLOGUE
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BVALU

FUNCTI ON BVALU (T, A, N, K, IDERIV, X, |NBV, WORK)
***BEG N PROLOGUE BVALU
***PURPOSE Eval uate the B-representation of a B-spline at X for the
function value or any of its derivatives.
***| | BRARY  SLATEC
*** CATEGORY E3, K6
*** TYPE SI NGLE PRECI SI ON (BVALU- S, DBVALU- D)
*** KEYWORDS DI FFERENTI ATI ON OF B- SPLI NE, EVALUATI ON OF B- SPLI NE
*** AUTHOR Anps, D. E., (SNLA)
*** DESCRI PTI ON

Witten by Carl de Boor and nodified by D. E. Anos

Abstract
BVALU is the BVALUE function of the reference.

BVALU eval uates the B-representation (T,A N, K) of a B-spline
at X for the function value on IDERIV = 0 or any of its
derivatives on IDERIV = 1,2,...,K-1. Right Iimting val ues
(right derivatives) are returned except at the right end
poi nt X=T(N+1) where left [imting values are conputed. The
spline is defined on T(K) .LE. X .LE. T(N+1). BVALU returns
a fatal error nessage when X is outside of this interval

To conpute left derivatives or left limting values at a
knot T(1), replace N by I-1 and set X=T(Il), |=K+1, N+1

BVALU cal | s | NTRV

Description of Argunents
I nput
- knot vector of length N+K
B-spline coefficient vector of length N
N - nunber of B-spline coefficients
N = sum of knot nultiplicities-K
K - order of the B-spline, K.CGE 1
IDERIV - order of the derivative, O .LE. IDERIV .LE. K-1
| DERI V=0 returns the B-spline val ue
argunent, T(K) .LE X .LE T(N+1)
NBV - an initialization paraneter which nust be set
to 1 the first tinme BVALU is call ed.

> -

—_X

Qut put
| NBV - INBV contains information for efficient process-
ing after the initial call and I NBV nust not
be changed by the user. Distinct splines require
di stinct |INBV paraneters.
WORK - work vector of length 3*K
BVALU - value of the IDERIV-th derivative at X

Error Conditions
An inproper input is a fatal error

*** REFERENCES Carl|l de Boor, Package for calculating with B-splines,
SI AM Journal on Nunerical Analysis 14, 3 (June 1977),
pp. 441-472.
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***ROUTI NES CALLED | NTRV, XERM5G
***REVI S| ON HI STORY ( YYMVDD)

800901 DATE WRI TTEN

890531 Changed all specific intrinsics to generic. (WRB)

890531 REVI SI ON DATE from Version 3.2

891214 Prol ogue converted to Version 4.0 format. (BAB)

900315 CALLs to XERROR changed to CALLs to XERVMBG  (THJ)

900326 Renoved duplicate infornmati on from DESCRI PTI ON secti on.
(VRB)

920501 Reformatted the REFERENCES section. (WRB)

END PROLOGUE
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BVSUP

SUBROUTI NE BVSUP (Y, NROWY, NCOWP, XPTS, NXPTS, A, NROM, ALPHA
NI C, B, NROMB, BETA, NFC, |1 GOFX, RE, AE, |FLAG WORK, NDW
+ | WORK, NDI'W NEQ VP)
***BEG N PROLOGUE BVSUP
***PURPOSE Sol ve a |inear two-point boundary val ue probl em using
superposition coupled with an orthonornalization procedure
and a variable-step integration schene.
***| | BRARY SLATEC
*** CATEGORY |1B1
*** TYPE SI NGLE PRECI SI ON (BVSUP-S, DBVSUP- D)
** % KEYWORDS ORTHONORMALI ZATI ON, SHOOTI NG,
TWO- PO NT BOUNDARY VALUE PROBLEM
*** AUTHOR Scott, M R, (SNLA)
watts, H A, (SNLA)
*** DESCRI PTI ON

kkhkkhkkhkkhkkhkhkhkhkhkhkhkhkhkhkhkhkhkhkhkhkhkhkhkhkhkhkhkhkhkhkhkhkhkhkhkhkhkhkhkhkhkhkhkhkhkhkhkhkhkhkhkhkhkikhkikhkhkikikikikikikikikik*x

Subroutine BVSUP sol ves a LI NEAR two-poi nt boundary-val ue probl em
of the form
dY/ dX

MATRI X(X, U *Y(X) + G X U)
A*Y(Xinitial)

ALPHA , B*Y(Xfinal) = BETA

Coupled with the solution of the initial value problem

du dX = F(X, U)
WXinitial) = ETA

kkhkkhkkhkkhkhkkhkhkkhkhkkhkhkhkhkhkhkhkhkhkhkhkhkhkhkhkhkhkhkhkhkhkhkhkhkhkhkhkhkhkhkhkhkhkhkhkhkhkhkhkhkhkhkhkhkikhkhkikikikikikikikikikikik*

Abst ract

The nmethod of solution uses superposition coupled with an
orthonornmalizati on procedure and a vari able-step integration
scheme. Each tine the superposition solutions start to
| ose their nunerical |inear independence, the vectors are
reorthonornal i zed before integration proceeds. The underlying
principle of the algorithmis then to piece together the
i nternedi ate (orthogonalized) solutions, defined on the various
subintervals, to obtain the desired solutions.

kkhkkhkkhkkhkhkhkhkhkhkhkhkhkhkhkhkhkhkhkhkhkhkhkhkhkhkhkhkhkhkhkhkhkhkhkhkhkhkhkhkhkhkhkhkhkhkhkhkhkhkhkhkhkhkhkhkhkhkhkrkhkrkhkrkhkrk k%

I NPUT to BVSUP

kkhkkhkkhkkhkkhkhkkhkkhkhkhkhkhkhkhkhkhkhkhkhkhkhkhkhkhkhkhkhkhkhkhkhkhkhkhkhkhkhkhkhkhkhkhkhkhkhkhkhkhkhkhkhkhkhkhkhkhkhkikikikikikikikikikik*x

NROWY = Actual row dinension of Y in calling program
NROAY nmust be . GE. NCOWP
NCOMP = Number of components per sol ution vector.

NCOWP is equal to nunber of original differential
equations. NCOW = NI C + NFC.

XPTS = Desired output points for solution. They nust be nobnotonic.
Xinitial = XPTS(1)
Xfinal = XPTS(NXPTS)

NXPTS = Number of output points

A(NROWA, NCOW) = Boundary condition matrix at Xinitial,
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nust be contained in (N C, NCOW) sub-nmatri x.

NROMA = Actual row dinension of Ain calling program
NROM nust be .GE. N C

ALPHA( NI C+NEQ VP) = Boundary conditions at Xinitial.
If NEQVP .GI. 0 (see below), the boundary
conditions at Xinitial for the initial value
equations nust be stored starting in
position (NIC + 1) of ALPHA
Thus, ALPHA(NI C+K) = ETA(K).

NI C = Nunmber of boundary conditions at Xinitial.

B( NROAB, NCOVP) = Boundary condition matrix at Xfinal,
must be contained in (NFC, NCOWP) sub-matri x.

NROMAB = Actual row dinmension of B in calling program
NROMB nust be .GE. NFC.

BETA(NFC) = Boundary conditions at Xfinal.

NFC = Nunber of boundary conditions at Xfinal

| GOFX =0 -- The inhonpbgeneous term G X) is identically zero.
=1 -- The inhonbgeneous term G X) is not identically zero.
(if 1GOFX=1, then subroutine GVEC (or UVEC) nust be
supplied).
RE = Relative error tolerance used by the integrator
(see one of the integrators)
AE = Absolute error tolerance used by the integrator

(see one of the integrators)
**NOTE- RE and AE should not both be zero.

| FLAG = A status paraneter used principally for output.
However, for efficient solution of problens which
are originally defined as conpl ex val ued (but
converted to real systens to use this code), the
user nust set | FLAG=13 on input. See the conment bel ow
for nore informati on on solving such probl emns.

WORK(NDW = Floating point array used for internal storage.

NDW = Actual dinension of WORK array all ocated by user.
An estimate for NDWcan be conputed fromthe foll ow ng
NDW = 130 + NCOWP**2 * (6 + NXPTS/ 2 + expected nunber of
orthonornal i zati ons/ 8)
For the DI SK or TAPE storage node,
NDW= 6 * NCOW**2 + 10 * NCOW + 130
However, when the ADAMS integrator is to be used, the estinmates are
NDW = 130 + NCOWP**2 * (13 + NXPTS/ 2 + expected nunber of
orthonormal i zat i ons/ 8)
and NDW = 13 * NCOW**2 + 22 * NCOWP + 130 , respectively.

I WORK(NDIW = Integer array used for internal storage.

NDI W= Actual dinmension of |WORK array all ocated by user.
An estinmate for NDIWcan be conputed fromthe foll ow ng
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NDI W= 68 + NCOW * (1 + expected nunber of
orthonormal i zati ons)

**NOTE -- The anount of storage required is problem dependent and nay
be difficult to predict in advance. Experience has shown
that for nost problens 20 or fewer orthonornalizations
shoul d suffice. If the problem cannot be conpleted with the
allotted storage, then a nessage will be printed which
estimates the anmobunt of storage necessary. In any case, the
user can exanine the IWORK array for the actual storage
requi rements, as described in the output informtion bel ow

NEQ VP = Nunber of auxiliary initial value equations bei ng added
to the boundary val ue problem
**NOTE -- Cccasionally the coefficients MATRI X and/or G nmay be
functions whi ch depend on the independent variable X and
on U, the solution of an auxiliary initial value problem
In order to avoid the difficulties associated with
interpolation, the auxiliary equations may be sol ved
simul taneously with the given boundary val ue probl em
This initial value problemmay be LI NEAR or NONLI NEAR
See SAND77-1328 for an exanple.

The user nust supply subroutines FMAT, GVEC, U VP and UVEC, when
needed (they MJST be so naned), to evaluate the derivatives
as foll ows

A. FMAT rnust be suppli ed.

SUBROUTI NE FMAT( X, Y, YP)

X = I ndependent variable (input to FMAT)

Y = Dependent variable vector (input to FMAT)

YP = dY/dX = Derivative vector (output from FMAT)

Conpute the derivatives for the HOMOGENEQOUS probl em
YP(1) = dY(I)/dX = MATREX(X) * Y(I) , I =1,...,NCOW

When (NEQ VP .GI. 0) and MATRI X is dependent on U as
well as on X, the follow ng common statenent nust be
i ncluded in FVMAT

COVMON / MLI VP/ NOFST
For convenience, the U vector is stored at the bottom
of the Y array. Thus, during any call to FMAT,
U(l) is referenced by Y(NOFST + |).

Subroutine BVDER calls FMAT NFC tinmes to evaluate the
honbgeneous equations and, if necessary, it calls FMAT once
in evaluating the particular solution. Since X renains
unchanged in this sequence of calls it is possible to
real i ze consi derabl e conputational savings for conplicated
and expensi ve eval uations of the MATRI X entries. To do this
the user nerely passes a variable, say XS, via COVMON where
XS is defined in the main programto be any val ue except
the initial X. Then the non-constant elenents of MATRI X( X)
appearing in the differential equations need only be
computed if X is unequal to XS, whereupon XS is reset to X

B. If NEQVP .GI. 0, UVP nust al so be supplied.
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SUBROUTI NE Ul VP( X, U, UP)

X = I ndependent variable (input to U VP)

U = Dependent variable vector (input to U VP)

UP = dU dX = Derivative vector (output from U VP)

Conmpute the derivatives for the auxiliary initial value eqgs
UP(I) = du(l)/dX, I =1,...,NEQ VP.

Subroutine BVDER calls U VP once to evaluate the
derivatives for the auxiliary initial value equations.

C If NEQVP =0 and IGOFX =1, GVEC nust be suppli ed.

SUBROUTI NE GVEC( X, G
X = I ndependent variable (input to GVEC
G = Vector of inhonpbgeneous terns G X) (output from GVEC)

Comput e t he i nhonbgeneous terns G X)
A1) = ¢X) values for I =1,..., NCOW.

Subroutine BVDER calls GVEC in evaluating the particul ar
solution provided X) is NOT identically zero. Thus, when
| GOFX=0, the user need NOT wite a GVEC subroutine. Al so,
the user does not have to bother with the conputational
savi ngs schenme for GVEC as this is automatically achi eved
via the BVDER subroutine.

D. If NEQWP .GI. 0 and IGOFX =1, UVEC nust be supplied.
SUBROUTI NE UVEC( X, U, §

X = I ndependent variable (input to UVEC

U = Dependent variable vector fromthe auxiliary initial
val ue probl em (i nput to UVEC

G = Array of inhonpogeneous ternms G X, U) (out put from UVEC

Conput e the i nhonbgeneous ternms G X, U)
A1) = X, U values for I =1,..., NCOW.

Subroutine BVDER calls UVEC in evaluating the particul ar
solution provided G X,U) is NOT identically zero. Thus,
when | GOFX=0, the user need NOT wite a UVEC subroutine.

The following is optional input to BVSUP to give the user nore
flexibility in use of the code. See SAND75-0198 , SAND77-1328 ,
SAND77- 1690, SAND78- 0522, and SAND78- 1501 for nore infornation.

**** CAUTI ON -- The user MJST zero out |WORK(1),...,|WORK(15)
prior to calling BVSUP. These | ocations define optional
i nput and MJST be zero UNLESS set to special val ues by
t he user as described bel ow.

| WORK(1) -- Number of orthonormalization points.
A val ue need be set only if IWORK(11) =1

| WORK(9) -- Integrator and orthonornalization paraneter
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RUNGE- KUTTA- FEHLBERG code usi ng GRAM SCHM DT test .

efault value is 1)
= ADAMS code usi ng GRAM SCHM DT TEST.

(d
1
2
| WORK(11) -- Othonormalization points paraneter
(default value is 0)
0 - Othonormalization points not pre-assigned.
1

- Othonormalization points pre-assigned in
the first I WRK(1) positions of WORK

| WORK(12) -- Storage paraneter
(default value is 0)
0 - Al storage IN CORE
LUN - Honpbgeneous and i nhonpbgeneous sol utions at
out put points and orthonormalization infornmation
are stored on DISK. The logical unit nunber to be
used for DISK I/ O (NTAPE) is set to | WORK(12).

WORK(1),... -- Pre-assigned orthonornalization points, stored
nonot oni cal ly, corresponding to the direction
of integration.

kkhkkhkkhkkhkkhkhkhkhkhkhkhkhkhkhkhkhkhkhkhkhkhkhkhkhkhkhkhk*x

*** COVPLEX VALUED PROBLEM ***

kkhkkhkkhkkhkkhkkhkhkhkhkhkhkhkhkhkhkhkhkhkhkhkhkhkrkhkhkhkhk*k

**NO‘I’E***
Suppose the original boundary value problemis NC equations

of the form
dwWwdX = MAT( X, U)*WX) + H(X U
RW Xinitial)=GAMVA , S*WXfinal)=DELTA

where all variables are conplex val ued. The BVSUP code can be
used by converting to a real system of size 2*NC. To solve the
| arger di mensioned problemefficiently, the user nmust initialize
| FLAG=13 on input and order the vector conponents according to
Y(1)=real (W1)),...,Y(NC=real (WNC)), Y(NC+t1) =i mag(W1)),....,
Y(2*NC) =i mag(WNC)). Then define

real ( MAT) - i mag( MAT)

MATRI X =
i mag( MAT) real ( MAT)

The matrices A B and vectors G ALPHA, BETA nust be defi ned
simlarly. Further details can be found in SAND78-1501.

kkhkkhkkhkkhkhkhkkhkhkhkhkhkhkhkhkhkhkhkhkhkhkhkhkhkhkhkhkhkhkhkhkhkhkhkhkhkhkhkhkhkhkhkhkhkhkhkhkhkhkhkhkhkhkhkhkhkhkhkhkhkhkrkkrkkrkkkx*x

QUTPUT from BVSUP

kkhkkhkkhkkhkhkhkhkhkhkhkhkhkhkhkhkhkhkhkhkhkhkhkhkhkhkhkhkhkhkhkhkhkhkhkhkhkhkhkhkhkhkhkhkhkhkhkhkhkhkhkhkhkhkhkhkhkhkhkhkhkrkhkrkhkrk k%

Y( NROWY, NXPTS) = Solution at specified output points.

| FLAG out put val ues
=-5 Algorithm, for obtaining starting vectors for the
speci al conpl ex problem structure, was unable to obtain
the initial vectors satisfying the necessary
i ndependence criteria.
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=-4 Rank of boundary condition matrix Ais less than N C,
as determ ned by LSSUDS

-2 Invalid input paraneters.

-1 Insufficient nunber of storage |ocations allocated for
WORK or | WORK.

=0 I ndi cates successful solution

=1 A conputed solution is returned but UNI QUENESS of the
solution of the boundary-val ue problemis questionable.
For an ei genval ue problem this should be treated as a
successful execution since this is the expected node
of return.

=2 A conputed solution is returned but the EXI STENCE of the
solution to the boundary-val ue problemis questionabl e.

=3 A nontrivial solution approximtion is returned although
t he boundary condition matrix B*Y(Xfinal) is found to be
nonsi ngul ar (to the desired accuracy level) while the
right hand side vector is zero. To elininate this type
of return, the accuracy of the eigenval ue paraneter
nmust be i nproved.

***NOTE- W& attenpt to diagnose the correct probl em behavi or
and report possible difficulties by the appropriate
error flag. However, the user should probably resolve
the problemusing smaller error tol erances and/ or
perturbations in the boundary conditions or other
paranmeters. This will often reveal the correct
interpretation for the problem posed.

=13 Maxi mum nunber of orthonornalizations attained before
reachi ng Xfi nal

=20-flag fromintegrator (DERKF or DEABM val ues can range
from21 to 25.

=30 Solution vectors form a dependent set.

WORK(1),...,WORK(IWORK(1)) = Othonornalization points

| WORK( 1)
| WORK( 2)

determ ned by BVPOR

Nurmber of orthonormalizations perfornmed by BVPOR

Maxi mum nunber of orthonormalizations all owed as
cal cul ated from storage all ocated by user

I WORK(3), | WORK(4), | WORK(5), | WORK( 6) G ve information about

actual storage requirenents for WORK and | WORK
arrays. In particular,
required storage for WORK array is
| WVORK(3) + | WORK(4)*(expected nunber of orthonormalizations)

required storage for IWORK array is
| WORK(5) + | WORK(6)*(expected nunber of orthonormalizations)

I WORK(8) = Final value of exponent paranmeter used in tol erance

test for orthonormalization.

| WORK(16) = Nunber of independent vectors returned from MGSBV.
It is only of interest when | FLAG=30 is obtai ned.
I WORK(17) = Nunerically estimated rank of the boundary

condition matrix defined fromB*Y(Xfinal)
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Necessary machi ne constants are defined in the function
routi ne RLMACH. The user nust make sure that the val ues
set in RIMACH are relevant to the conputer being used.

kkhkkhkkhkkhkhkhkhkhkhkhkhkhkhkhkhkhkhkhkhkhkhkhkhkhkhkhkhkhkhkhkhkhkhkhkhkhkhkhkhkhkhkhkhkhkhkhkhkhkhkhkhkhkhkhkhkhkrkhkrkhkrkkrkkrkkkx*x

***REFERENCES M R Scott and H A Watts, SUPORT - a conputer code
for two-point boundary-val ue probl ens via
orthonornualization, SIAM Journal of Numerical
Anal ysis 14, (1977), pp. 40-70.

B. L. Darlow, M R Scott and H A Watts, Mbdifications
of SUPORT, a l|inear boundary val ue probl em sol ver
Part | - pre-assigning orthonormalization points,
auxiliary initial value problem disk or tape storage,
Report SAND77-1328, Sandi a Laboratories, Al buquerque,
New Mexi co, 1977.

B. L. Darlow, M R Scott and H A Watts, Mdifications
of SUPORT, a l|inear boundary val ue probl em sol ver
Part Il - inclusion of an Adans integrator, Report
SAND77- 1690, Sandi a Laboratories, Al buquerque,
New Mexi co, 1977.

M E. Lord and H A Watts, Mdifications of SUPORT,
a |linear boundary val ue problemsolver Part 111l -
orthonormal i zation i nprovements, Report SAND78-0522,
Sandi a Laboratories, Al buquerque, New Mexico, 1978.

H A Wwiatts, M R Scott and M E. Lord, Conputational
sol ution of conpl ex*16 val ued boundary problens,
Report SAND78-1501, Sandi a Laboratori es,
Al buquer que, New Mexi co, 1978.

***ROUTI NES CALLED EXBVP, NMACON, XERMSG

*** COMMON BLOCKS M.15TO, M.17BW M.18JR, M.5MCO, M.8SZ

***REVI SI ON HI STORY ( YYMVDD)

750601 DATE WRI TTEN

890531 Changed all specific intrinsics to generic. (WRB)

890831 Modified array declarations. (WRB)

890921 Realigned order of variables in certain COVON bl ocks.
(VRB)

890921 REVI SI ON DATE from Version 3.2

891214 Prol ogue converted to Version 4.0 format. (BAB)

900510 Convert XERRW/ calls to XERMSG calls. (RW)

920501 Reformatted the REFERENCES section. (WRB)

END PROLOGUE
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COLGMC

COWPLEX FUNCTI ON COLGMC ( Z2)
***BEG N PROLOGUE COLGVC
***PURPOCSE Eval uate (Z+0.5)*LOE (Z+1.)/Z) - 1.0 with relative
accuracy.
***] | BRARY  SLATEC ( FNLI B)
*** CATEGORY C7A
***TYPE COWPLEX (COLGVC- Q)
*** KEYWORDS FNLI B, GAMVA FUNCTI ON, SPECI AL FUNCTI ONS
*** AUTHOR Ful l erton, W, (LANL)
*** DESCRI PTI ON

Evaluate (Z+0.5)*LOGE (Z+1.0)/2) - 1.0 with relative error accuracy
Let Q= 1.0/Z so that
(Z+0.5)*LOE 1+1/2) - 1 = (Z+0.5)*(LOF1+Q - Q+ @FQ2) - Q4
= (Z+0.5)*Q**3*COLN2R(Q - Q@ *2/ 4,
where CILN2R is (LOG1+Q - Q + 0.5*Q*2) / Q*3.

*** REFERENCES ( NONE)

***ROUTI NES CALLED COLN2R, R1MACH

***REVI S| ON HI STORY  ( YYMVDD)
780401 DATE WRI TTEN
890531 Changed all specific intrinsics to generic. (VRB)
890531 REVI SI ON DATE from Version 3.2
891214 Prol ogue converted to Version 4.0 format. (BAB)
END PROLOGUE
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CACOS

COVPLEX FUNCTI ON CACCS (2)
*** BEG N PROLOGUE CACCS
***PURPOSE Conpute the conpl ex arc cosi ne.
***| | BRARY  SLATEC ( FNLI B)
*** CATEGORY C4A
*** TYPE COWPLEX (CACCs- Q)
*** KEYWORDS ARC COSI NE, ELEMENTARY FUNCTI ONS, FNLI B, TRI GONOVETRI C
*** AUTHOR Fullerton, W, (LANL)
*** DESCRI PTI ON

CACOS(Z2) calcul ates the conplex trigononetric arc cosine of Z.
The result is in units of radians, and the real part is in the
first or second quadrant.

*** REFERENCES  ( NONE)
*** ROUTI NES CALLED CASIN
***REVI S| ON H STORY ( YYMVDD)
770401 DATE WRI TTEN
861211 REVI SI ON DATE from Version 3.2
891214 Prol ogue converted to Version 4.0 format. (BAB)
END PROLOGUE
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CACOSH

COVPLEX FUNCTI ON CACCsH ( 2)
***BEG N PROLOGUE CACOSH
***PURPOSE Conpute the arc hyperbolic cosine.
***| | BRARY  SLATEC ( FNLI B)
*** CATEGORY C4C
*** TYPE COWPLEX (ACOSH S, DACCSH D, CACCsH- O
*** KEYWORDS ACOSH, ARC HYPERBOLI C COSI NE, ELEMENTARY FUNCTI ONS, FNLI B,
I N\VERSE HYPERBCLI C COSI NE
*** AUTHOR Ful l erton, W, (LANL)
*** DESCRI PTI ON

CACOSH(Z) cal cul ates the conpl ex arc hyperbolic cosine of Z

*** REFERENCES  ( NONE)
** % ROUTI NES CALLED CACOS
***REVI SI ON HI STORY ( YYMVDD)
770401 DATE WRI TTEN
861211 REVI SI ON DATE from Version 3.2
891214 Prol ogue converted to Version 4.0 format. (BAB)
END PROLOGUE
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CAIRY

SUBRQUTINE CAIRY (Z, 1D, KODE, A, NZ, |IERR
***BEG N PROLOGUE CAI RY
***PURPOSE Conpute the Airy function Ai(z) or its derivative dA/dz
for conplex argument z. A scaling option is available
to help avoid underfl ow and overfl ow.
***| | BRARY  SLATEC
*** CATEGORY C10D
*** TYPE COVPLEX (CAI RY-C, ZAlI RY-CQ)
*** KEYWORDS Al RY FUNCTI ON, BESSEL FUNCTI ON OF ORDER ONE THI RD,
BESSEL FUNCTI ON OF ORDER TWO THI RDS
*** AUTHOR Anps, D. E., (SNL)
*** DESCRI PTI ON

On KODE=1, CAIRY conputes the conmplex Airy function A (2z)

or its derivative dAi/dz on ID=0 or ID=1 respectively. On
KODE=2, a scaling option exp(zeta)*Ai(z) or exp(zeta)*dAi/dz
is provided to renove the exponential decay in -pi/3<arg(z)
<pi /3 and the exponential growth in pi/3<abs(arg(z))<pi where
zeta=(2/3)*z**(3/2).

Wiile the Airy functions Ai(z) and dAi/dz are analytic in
t he whol e z-pl ane, the correspondi ng scal ed functions defined
for KODE=2 have a cut along the negative real axis.

I nput
4 - Argunent of type COWPLEX
ID - Order of derivative, D=0 or ID=1
KODE - A paraneter to indicate the scaling option
KODE=1 returns
Al =Ai (z) on ID=0
Al =dAi /dz on | D=1
at z=Z
=2 returns
Al =exp(zeta)*Ai (z) on |ID=0
Al =exp(zeta)*dAi/dz on I D=1
at z=Z where zeta=(2/3)*z**(3/2)
Qut put
Al - Result of type COWLEX
Nz - Underfl ow i ndi cat or
NZ=0 Normal return
Nz=1 Al =0 due to underflow in
-pi/3<arg(Z) <pi/3 on KODE=1
IERR - Error flag
| ERR=0 Nornmal return - COVPUTATI ON COVPLETED
| ERR=1 | nput error - NO COVPUTATI ON
| ERR=2 Overfl ow - NO COWPUTATI ON

(Re(Z2) too large with KODE=1)

| ERR=3 Precision warning - COVPUTATI ON COVPLETED
(Result has less than half precision)

| ERR=4 Precision error - NO COVPUTATI ON
(Result has no precision)

IERR=5 Algorithmc error - NO COVWPUTATI ON
(Term nation condition not net)

*Long Descri ption:
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Ai (z) and dAi/dz are conputed from K Bessel functions by

Ai(z) = c*sqgrt(z)*K(1/3, zeta)
dAi /dz = -c* z *K(2/ 3, zet a)
c = 1/ (pi*sqrt(3))
zeta = (2/3)*z**(3/2)

when abs(z)>1 and from power series when abs(z)<=1

In nost conpl ex vari abl e conputation, one nust eval uate el e-
mentary functions. Wen the magnitude of Z is large, |osses
of significance by argunment reduction occur. Consequently, if
t he magni tude of ZETA=(2/3)*Z**(3/2) exceeds UL=SQRT(0.5/UR)
then | osses exceeding half precision are likely and an error
flag |ERR=3 is triggered where UR=RLMACH(4) =UNI T ROUNDOFF
Al'so, if the magnitude of ZETA is larger than U2=0.5/UR, then
all significance is lost and |ERR=4. In order to use the INT
function, ZETA nmust be further restricted not to exceed

U3=l 1IMACH( 9) =LARGEST | NTEGER. Thus, the magnitude of ZETA
must be restricted by MN(U2,U3). In IEEE arithnetic, UL, U2,
and U3 are approximately 2. 0E+3, 4.2E+6, 2.1E+9 in single
precision and 4. 7E+7, 2.3E+15, 2.1E+9 in doubl e precision.
This makes U2 Iimting is single precision and U3 linmiting

in double precision. This neans that the nagnitude of Z
cannot exceed approximately 3.4E+4 in single precision and

2. 1E+6 in double precision. This also neans that one can
expect to retain, in the worst cases on 32-bit machines,

no digits in single precision and only 6 digits in double
preci si on.

The approximate relative error in the magni tude of a conpl ex
Bessel function can be expressed as P*10**S where P=MAX(UNI T
ROUNDOFF, 1. OE-18) is the nomi nal precision and 10**S repre-
sents the increase in error due to argunent reduction in the
el ementary functions. Here, S=MAX(1, ABS(LOGLO(ABS(2))),
ABS(LOGLO(FNU))) approximately (i.e., S=MAX(1, ABS( EXPONENT OF
ABS(Z), ABS(EXPONENT OF FNU)) ). However, the phase angle may
have only absol ute accuracy. This is nost likely to occur
when one conponent (in magnitude) is larger than the other by
several orders of magnitude. |[|f one conponent is 10**K | arger
than the other, then one can expect only MAX(ABS(LOGLO(P))-K
0) significant digits; or, stated another way, when K exceeds
t he exponent of P, no significant digits remain in the snaller
conmponent. However, the phase angle retains absol ute accuracy
because, in conplex arithnetic with precision P, the smaller
component will not (as a rule) decrease below P tines the
magni t ude of the larger conponent. In these extreme cases,

the principal phase angle is on the order of +P, -P, PI/2-P,
or -Pl/2+P

***REFERENCES 1. M Abranowitz and |. A Stegun, Handbook of WMathe-

matical Functions, National Bureau of Standards
Appl i ed Mat hematics Series 55, U S. Departnent
of Commrerce, Tenth Printing (1972) or later.

2. D. E. Anps, Conputation of Bessel Functions of
Compl ex Argunent and Large Order, Report SAND83-0643,
Sandi a National Laboratories, Al buguerque, NM My
1983.

3. D. E Anpbs, A Subroutine Package for Bessel Functions
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of a Conpl ex Argunent and Nonnegative Order, Report
SANDB5- 1018, Sandi a Nati onal Laboratory, Al buquerque,

NM May 1985.

D. E. Amps, A portable package for Bessel functions
of a conpl ex argunment and nonnegative order, ACM
Transactions on Mathematical Software, 12 (Septenber
1986), pp. 265-273.

***ROUTI NES CALLED CACAI, CBKNU, |1MACH, R1MACH
***REVI SI ON HI STORY ( YYMVDD)
830501 DATE WRI TTEN
890801 REVI SI ON DATE from Version 3.2
910415 Prol ogue converted to Version 4.0 format. (BAB)
920128 Category corrected. (WRB)
920811 Prol ogue revised. (DW)

END PROLOGUE
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CARG

FUNCTI ON CARG ( 2)
***BEG N PROLOGUE CARG
***PURPOSE Conpute the argunent of a conpl ex nunber.
***| | BRARY  SLATEC ( FNLI B)
*** CATEGORY A4A
*** TYPE COWLEX (CARG Q)
*** KEYWORDS ARGUMENT OF A COVPLEX NUMBER, ELEMENTARY FUNCTI ONS, FNLI B
*** AUTHOR Ful l erton, W, (LANL)
*** DESCRI PTI ON

CARGE Z) calcul ates the argunent of the conplex nunber Z. Note

that CARG returns a real result. If Z = X+iVY, then CARGis ATAN(Y/ X),
except when both X and Y are zero, in which case the result

will be zero.

*** REFERENCES  ( NONE)
*** ROUTI NES CALLED ( NONE)
***REVI SI ON HI STORY ( YYMVDD)
770401 DATE WRI TTEN
861211 REVI SI ON DATE from Version 3.2
891214 Prol ogue converted to Version 4.0 format. (BAB)
END PROLOGUE
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CASIN

COVPLEX FUNCTI ON CASI N (ZI NP)
***BEG N PROLOGUE CASI N
***PURPOSE Conpute the conplex arc sine.
***| | BRARY  SLATEC ( FNLI B)
*** CATEGORY C4A
*** TYPE COWLEX (CASIN- Q)
*** KEYWORDS ARC SI NE, ELEMENTARY FUNCTI ONS, FNLI B, TRI GONOVETRI C
*** AUTHOR Fullerton, W, (LANL)
*** DESCRI PTI ON

CASI N(ZI NP) cal cul ates the conplex trigononmetric arc sine of ZI NP
The result is in units of radians, and the real part is in the first
or fourth quadrant.

*** REFERENCES  ( NONE)

*** ROUTI NES CALLED R1MACH

***REVI SI ON HI STORY ( YYMVDD)
770701 DATE WRI TTEN
890531 Changed all specific intrinsics to generic. (WRB)
890531 REVI SI ON DATE from Version 3.2
891214 Prol ogue converted to Version 4.0 format. (BAB)
END PROLOGUE
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CASINH

COVPLEX FUNCTI ON CASI NH ( 2)
***BEA N PROLOGUE CASI NH
***PURPOSE Conpute the arc hyperbolic sine.
***| | BRARY  SLATEC ( FNLI B)
*** CATEGORY C4C
*** TYPE COWPLEX (ASINH S, DASI NH D, CASI NH O
*** KEYWORDS ARC HYPERBCLI C SI NE, ASI NH, ELEMENTARY FUNCTI ONS, FNLI B,
I N\VERSE HYPERBCLI C SI NE
*** AUTHOR Ful l erton, W, (LANL)
*** DESCRI PTI ON

CASINH(Z) cal cul ates the conplex arc hyperbolic sine of Z

*** REFERENCES  ( NONE)
***ROUTI NES CALLED CASIN
***REVI SI ON HI STORY ( YYMVDD)
770401 DATE WRI TTEN
861211 REVI SI ON DATE from Version 3.2
891214 Prol ogue converted to Version 4.0 format. (BAB)
END PROLOGUE
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CATAN

COVWPLEX FUNCTI ON CATAN (2)
***BEA N PROLOGUE CATAN
***PURPOSE Conpute the conplex arc tangent.
***| | BRARY  SLATEC ( FNLI B)
*** CATEGORY C4A
*** TYPE COWPLEX ( CATAN- Q)
*** KEYWORDS ARC TANGENT, ELEMENTARY FUNCTI ONS, FNLI B, TRI GONOVETRI C
*** AUTHOR Fullerton, W, (LANL)
*** DESCRI PTI ON

CATAN(Z) cal cul ates the conplex trigononetric arc tangent of Z
The result is in units of radians, and the real part is in the first
or fourth quadrant.

*** REFERENCES ( NONE)

*** ROUTI NES CALLED R1IMACH, XERMSG

***REVI SI ON HI STORY ( YYMVDD)
770801 DATE WRI TTEN
890531 Changed all specific intrinsics to generic. (WRB)
890531 REVI SI ON DATE from Version 3.2
891214 Prol ogue converted to Version 4.0 format. (BAB)
900315 CALLs to XERROR changed to CALLs to XERVBG  (THJ)
900326 Renopved duplicate infornmation from DESCRI PTI ON secti on.

(VRB)

END PROLOGUE
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CATANZ2

COVWPLEX FUNCTI ON CATAN2 (CSN, CCS)
***BEG N PROLOGUE CATAN2
***PURPOSE Conpute the conplex arc tangent in the proper quadrant.
***] | BRARY  SLATEC ( FNLI B)
*** CATEGORY C4A
*** TYPE COWPLEX ( CATAN2- C)
*** KEYWORDS ARC TANGENT, ELEMENTARY FUNCTI ONS, FNLI B, POLAR ANGEL,
QUADRANT, TRI GONOVETRI C
*** AUTHOR Ful l erton, W, (LANL)
*** DESCRI PTI ON

CATAN2( CSN, CCS) cal cul ates the conplex trigononetric arc

tangent of the ratio CSNCCS and returns a result whose real

part is in the correct quadrant (within a nultiple of 2*Pl). The
result is in units of radians and the real part is between -Pl
and +PI.

*** REFERENCES ( NONE)

***ROUTI NES CALLED CATAN, XERMSG

***REVI S| ON HI STORY  ( YYMVDD)
770401 DATE WRI TTEN
890531 Changed all specific intrinsics to generic. (VRB)
890531 REVI SI ON DATE from Version 3.2
891214 Prol ogue converted to Version 4.0 format. (BAB)
900315 CALLs to XERROR changed to CALLs to XERVBG  (THJ)
900326 Renoved duplicate infornmation from DESCRI PTI ON secti on.

(VRB)

END PROLOGUE
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CATANH

COVPLEX FUNCTI ON CATANH ( 2)
***BEA N PROLOGUE CATANH
***PURPOSE Conpute the arc hyperbolic tangent.
***| | BRARY  SLATEC ( FNLI B)
*** CATEGORY C4C
*** TYPE COWPLEX (ATANH S, DATANH D, CATANH O
*** KEYWORDS ARC HYPERBCLI C TANGENT, ATANH, ELEMENTARY FUNCTI ONS,
FNLI B, | NVERSE HYPERBCOLI C TANGENT
*** AUTHOR Ful l erton, W, (LANL)
*** DESCRI PTI ON

CATANH(Z) cal cul ates the conplex arc hyperbolic tangent of Z.

*** REFERENCES  ( NONE)
*** ROUTI NES CALLED CATAN
***REVI SI ON HI STORY ( YYMVDD)
770401 DATE WRI TTEN
861211 REVI SI ON DATE from Version 3.2
891214 Prol ogue converted to Version 4.0 format. (BAB)
END PROLOGUE

S ATEC2 (AAAAAA through DOUPAK) - 127



CAXPY

SUBRQUTI NE CAXPY (N, CA, CX, INCX, CY, INCY)

***BEG N PROLOGUE CAXPY
***PURPOSE Conpute a constant tinmes a vector plus a vector.
***| | BRARY  SLATEC ( BLAS)
*** CATEGORY D1A7
***TYPE COWPLEX ( SAXPY-S, DAXPY-D, CAXPY-CQO)
***KEYWORDS BLAS, LINEAR ALGEBRA, TRI AD, VECTOR
*** AUTHOR Lawson, C. L., (JPL)

Hanson, R J., (SNLA)

Kincaid, DD R, (U of Texas)

Krogh, F. T., (JPL)
*** DESCRI PTI ON

BLAS Subprogram
Descri ption of Paraneters

- -1l nput - -
N nunber of elements in input vector(s)
CA conmplex scalar multiplier
CX complex vector with N el ements
I NCX storage spaci ng between el enments of CX
CY conmplex vector with N el enents
I NCY storage spaci ng between el enents of CY

--Qut put - -
CY complex result (unchanged if N .LE 0)

Overwite conplex CY with conplex CA*CX + CY.

For I = 0to N1, replace CY(LY+I*INCY) with CA*CX(LX+l*I NCX) +
CY( LY+l *1 NCY) ,

where LX = 1 if INCX .GE. 0, else LX = 1+(1-N)*INCX, and LY is

defined in a simlar way using |NCY.

***REFERENCES C. L. Lawson, R J. Hanson, D. R Kincaid and F. T.
Krogh, Basic |linear algebra subprograns for Fortran
usage, Al gorithm No. 539, Transactions on Mt henati cal
Software 5, 3 (Septenber 1979), pp. 308-323.

*** ROUTI NES CALLED ( NONE)

***REVI SI ON HI STORY ( YYMVDD)

791001 DATE WRI TTEN

861211 REVI SI ON DATE from Version 3.2

891214 Prol ogue converted to Version 4.0 format. (BAB)
920310 Corrected definition of LX in DESCRI PTION. (VRB)
920501 Reformatted the REFERENCES section. (WRB)

920801 Renoved variable CANORM (RWC, WRB)

END PROLOGUE
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CBABK?2

SUBROUTI NE CBABK2 (NM N, LOW |GH, SCALE, M ZR ZI)
***BEA N PROLOGUE CBABK2
***PURPOSE Form the eigenvectors of a conplex general matrix fromthe
ei genvectors of matrix output from CBAL.
***| | BRARY  SLATEC ( ElI SPACK)
*** CATEGORY D4AC4
*** TYPE COWLEX (BALBAK-S, CBABK2-C)
*** KEYWORDS ElI GENVECTORS, ElI SPACK
*** AUTHOR Smith, B. T., et al.
*** DESCRI PTI ON

This subroutine is a translation of the ALGOL procedure

CBABK2, which is a conpl ex version of BALBAK,

NUM MATH. 13, 293-304(1969) by Parlett and Reinsch.

HANDBOOK FOR AUTO. COWP., VOL.I1I1-LI NEAR ALGEBRA, 315-326(1971).

This subroutine forns the eigenvectors of a COMPLEX GENERAL
mat ri x by back transforning those of the corresponding
bal anced matri x deternined by CBAL.

On | NPUT

NM nust be set to the row di mensi on of the two-di mensional
array paranmeters, ZR and ZI, as declared in the calling
program di nension statenent. NMis an | NTECGER vari abl e.

Nis the order of the matrix Z=(ZR ZI). N is an | NTEGER
variable. N nust be |less than or equal to NM

LOWVWand | GH are | NTEGER vari abl es determ ned by CBAL.

SCALE contains information determining the pernutations and
scaling factors used by CBAL. SCALE is a one-dinensional
REAL array, dinmensioned SCALE(N).

Mis the nunber of eigenvectors to be back transforned.
Mis an | NTEGER vari abl e.

ZR and ZlI contain the real and inmaginary parts, respectively,
of the eigenvectors to be back transforned in their first
M colums. ZR and ZI are two-di nensional REAL arrays,

di nrensi oned ZR(NM M and ZI(NM M .

On QUTPUT

ZR and ZI contain the real and imaginary parts,
respectively, of the transformed ei genvectors
in their first M colums.

Questions and comments should be directed to B. S. Garbow,
APPLI ED MATHENMATI CS DI VI SI ON, ARGONNE NATI ONAL LABORATORY

***REFERENCES B. T. Smith, J. M Boyle, J. J. Dongarra, B. S. Garbow,
Y. Ikebe, V. C Klema and C. B. Mler, Mitrix Eigen-
system Routines - ElI SPACK Gui de, Springer-Verl ag,
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1976.
***ROUTI NES CALLED ( NONE)
***REVI S| ON HI STORY  ( YYMVDD)
760101 DATE WRI TTEN
890831 Modified array declarations. (VRB)
890831 REVI SI ON DATE from Version 3.2
891214 Prol ogue converted to Version 4.0 format. (BAB)
920501 Reformatted the REFERENCES section. (WRB)
END PROLOGUE
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CBAL

SUBRCQUTI NE CBAL (NM N, AR, Al, LOW |GH SCALE)

***BEG N PROLOGUE CBAL

***PURPOSE Bal ance a conpl ex general matrix and isol ate ei genval ues
whenever possi bl e.

***| | BRARY  SLATEC ( El SPACK)

*** CATEGORY DACLA

*** TYPE COWPLEX (BALANC- S, CBAL-Q)

*** KEYWORDS ElI GENVECTORS, ElI SPACK

***AUTHOR Smith, B. T., et al

*** DESCRI PTI ON

This subroutine is a translation of the ALGOL procedure
CBALANCE, which is a conpl ex version of BALANCE

NUM MATH. 13, 293-304(1969) by Parlett and Reinsch.

HANDBOOK FOR AUTO. COWP., VOL.I1I1-LI NEAR ALGEBRA, 315-326(1971).

Thi s subroutine bal ances a COVWLEX matri x and i sol ates
ei genval ues whenever possi bl e.

On | NPUT

NM rmust be set to the row di mensi on of the two-di mensi onal
array paranmeters, AR and Al, as declared in the calling
program di nension statenent. NMis an | NTEGER vari abl e.

Nis the order of the matrix A=(AR Al). N is an I NTEGER
variable. N nust be less than or equal to NM

AR and Al contain the real and inaginary parts,
respectively, of the conplex matrix to be bal anced.
AR and Al are two-di nensional REAL arrays, dinensioned
AR(NM N) and Al (NM N).

On QUTPUT

AR and Al contain the real and imaginary parts,
respectively, of the balanced matri x.

LOWand IGH are two | NTEGER vari abl es such that AR(I,J)
and Al (I,J) are equal to zero if
(1) | is greater than J and
(2) J=1,...,LOM1 or I=I1GH1,...,N

SCALE contains information determining the pernutati ons and
scaling factors used. SCALE is a one-di nensional REAL arr ay,
di mensi oned SCALE(N).

Suppose that the principal submatrix in rows LOWthrough | GH
has been bal anced, that P(J) denotes the index interchanged
with J during the pernutation step, and that the elenents

of the diagonal matrix used are denoted by D(I,J). Then

SCALE(J) = P(J), for J =1,..., LON1
= D(J, J) J = LOW...,ICGH
= P(J) J = IGHL, ..., N

The order in which the interchanges are made is Nto | G+l
then 1 to LOWM 1.
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Note that 1 is returned for ICHif IGHis zero formally.

The ALGOL procedure EXC contained in CBALANCE appears in
CBAL in line. (Note that the ALGOL roles of identifiers
K, L have been reversed.)

Questions and comments should be directed to B. S. Garbow,
APPLI ED MATHENMATI CS DI VI SI ON, ARGONNE NATI ONAL LABORATORY

***REFERENCES B. T. Smith, J. M Boyle, J. J. Dongarra, B. S. Garbow,
Y. lkebe, V. C Klem and C. B. Mler, Mitrix Eigen-
system Routines - ElI SPACK Gui de, Springer-Verl ag,
1976.

*** ROUTI NES CALLED ( NONE)

***REVI SI ON HI STORY ( YYMVDD)

760101 DATE WRI TTEN

890831 Modified array declarations. (WRB)

890831 REVI SI ON DATE from Version 3.2

891214 Prol ogue converted to Version 4.0 format. (BAB)
920501 Reformatted the REFERENCES section. (WRB)

END PROLOGUE
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CBESH

SUBROUTI NE CBESH (Z, FNU, KCDE, M N, CY, Nz, |ERR

*** BEG N PROLOGUE CBESH

***PURPOCSE Conpute a sequence of the Hankel functions H(m a, z)
for superscript mFl or 2, real nonnegative orders a=b,
b+1,... where b>0, and nonzero conplex argument z. A
scaling option is available to hel p avoid overfl ow.

***| | BRARY  SLATEC

*** CATEGORY Cl0A4

***TYPE COWPLEX (CBESH C, ZBESH C)

*** KEYWORDS BESSEL FUNCTI ONS OF COVPLEX ARGUMENT,
BESSEL FUNCTI ONS OF THE THI RD KI ND, H BESSEL FUNCTI ONS,
HANKEL FUNCTI ONS

*** AUTHOR Anps, D. E., (SNL)

*** DESCRI PTI ON

On KODE=1, CBESH computes an N nenber sequence of conpl ex
Hankel (Bessel) functions CY(L)=H(M FNU+L-1, Z) for super-
script Me1l or 2, real nonnegative orders FNU+L-1, L=1,...,
N, and conplex nonzero Z in the cut plane -pi<arg(Z) <=pi.
On KODE=2, CBESH returns the scal ed functions

CY(L) = H(M FNU+L-1, Z) *exp(-(3-2*M*Z*i), i**2=-1
whi ch renoves the exponential behavior in both the upper

and | ower half planes. Definitions and notation are found
in the NBS Handbook of Mathematical Functions (Ref. 1).

I nput
Z - Nonzero argunent of type COVPLEX
FNU - Initial order of type REAL, FNU>=0
KODE - A paraneter to indicate the scaling option
KODE=1 returns
CY(L)=H(M FNU+L-1,2), L=1,...,N
=2 returns
CY(L)=H(M FNU+L- 1, Z) *exp(-(3-2M *Z*i),
L=1,...,N
M - Superscript of Hankel function, M1 or 2
N - Nunber of terms in the sequence, N>=1
CQut put
cY - Result vector of type COVPLEX
NZ - Nunber of underflows set to zero
NZ=0 Normal return
NZ>0 CY(L)=0 for Nz values of L (if M1 and
Im(Z)>0 or if M2 and I n(Z)<0, then
CY(L)=0 for L=1,...,NZ; in the com
pl ementary half planes, the underfl ows
nmay not be in an uninterrupted sequence)
IERR - Error flag
| ERR=0 Nornal return - COVPUTATI ON COVPLETED
| ERR=1 | nput error - NO COVPUTATI ON
| ERR=2 Overfl ow - NO COWPUTATI ON
(abs(Zz) too snmall and/or FNU+N-1
too | arge)

| ERR=3 Precision warning - COVPUTATI ON COVPLETED
(Result has half precision or |ess
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because abs(Z) or FNU+N-1 is | arge)
| ERR=4 Precision error - NO COVPUTATI ON
(Result has no precision because
abs(Z) or FNU+N-1 is too | arge)
|ERR=5 Algorithmc error - NO COVPUTATI ON
(Term nation condition not net)

*Long Descripti on:
The conputation is carried out by the fornula

(1/t)*exp(-a*t)*K(a, z*xexp(-t))

H(m a, z)
t (3-2*m) *i*pi/2

where the K Bessel function is conputed as described in the
prol ogue to CBESK

Exponenti al decay of H(ma,z) occurs in the upper half z

pl ane for mr1 and the lower half z plane for me2. Exponenti al
growth occurs in the conmplenentary half planes. Scaling

by exp(-(3-2*m)*z*i) renoves the exponential behavior in the
whol e z plane as z goes to infinity.

For negative orders, the fornul a
Hm-a,z) = Hma, z)*exp((3-2*m *a*pi *i)
can be used.

In nost conplex variable conmputation, one must eval uate el e-
mentary functions. Wen the magnitude of Z or FNU+N-1 i s

| arge, |osses of significance by argunment reduction occur.
Consequently, if either one exceeds UL=SQRT(0.5/UR), then

| osses exceeding half precision are likely and an error flag
|ERR=3 is triggered where UR-RLMACH(4)=UNIT ROUNDOFF. Al so,
if either is larger than U2=0.5/UR, then all significance is
lost and ERR=4. In order to use the INT function, argunents
must be further restricted not to exceed the | argest nachine
integer, U3=I1MACH(9). Thus, the magnitude of Z and FNU+N- 1
is restricted by MN(U2,U3). In |IEEE arithnetic, U1, U2, and
U3 approxinmate 2. 0E+3, 4.2E+6, 2.1E+9 in single precision
and 4. 7E+7, 2.3E+15 and 2. 1E+9 in double precision. This
makes U2 limiting in single precision and U3 linmting in
doubl e precision. This neans that one can expect to retain,
in the worst cases on | EEE machines, no digits in single pre-
cision and only 6 digits in double precision. Sinilar con-
siderations hold for other machines.

The approximate relative error in the magni tude of a conpl ex
Bessel function can be expressed as P*10**S where P=MAX(UNI T
ROUNDCFF, 1. OE-18) is the nomi nal precision and 10**S repre-
sents the increase in error due to argunent reduction in the
el ementary functions. Here, S=MAX(1, ABS(LOGLO(ABS(Z2))),
ABS(LOGLO(FNU))) approximately (i.e., S=MAX(1, ABS( EXPONENT OF
ABS(Z) , ABS(EXPONENT OF FNU)) ). However, the phase angle may
have only absolute accuracy. This is nost likely to occur
when one conponent (in magnitude) is larger than the other by
several orders of magnitude. |f one conponent is 10**K | arger
than the other, then one can expect only MAX(ABS(LOGLO(P))-K
0) significant digits; or, stated another way, when K exceeds
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t he exponent of P, no significant digits remain in the snaller
conmponent. However, the phase angl e retains absol ute accuracy
because, in conplex arithnetic with precision P, the smaller

component will not (as a rule) decrease below P tines the
magni tude of the |arger conponent. |In these extrenme cases,
the principal phase angle is on the order of +P, -P, PI/2-P,
or -Pl/2+P.

***REFERENCES 1. M Abranowitz and |. A Stegun, Handbook of WMathe-
mati cal Functions, National Bureau of Standards
Applied Mathematics Series 55, U S. Departnent
of Commerce, Tenth Printing (1972) or later.

2. D. E. Anps, Conputation of Bessel Functions of
Compl ex Argunent, Report SAND83-0086, Sandi a Nati onal
Laboratories, Al buguerque, NM My 1983.

3. D. E. Amps, Conputation of Bessel Functions of
Conpl ex Argunment and Large Order, Report SAND83- 0643,
Sandi a National Laboratories, Al buquerque, NM My
1983.

4. D. E. Anps, A Subroutine Package for Bessel Functions
of a Conpl ex Argunent and Nonnegative O der, Report
SANDB5- 1018, Sandi a Nati onal Laboratory, Al buquerque,
NM May 1985.

5. D. E Anpbs, A portable package for Bessel functions
of a conpl ex argunent and nonnegative order, ACM
Transactions on Mat hematical Software, 12 (Septenber
1986), pp. 265-273.

*** ROUTI NES CALLED CACON, CBKNU, CBUNK, CUJ K, |1MACH, R1MACH
***REVI S| ON HI STORY  ( YYMVDD)

830501 DATE WRI TTEN

890801 REVI SI ON DATE from Version 3.2

910415 Prol ogue converted to Version 4.0 format. (BAB)

920128 Category corrected. (VRB)

920811 Prol ogue revised. (DW)

END PROLOGUE
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CBESI

SUBROUTI NE CBESI (Z, FNU, KODE, N, CY, NZ, |ERR)

*** BEG N PROLOGUE CBESI

***PURPOSE Conpute a sequence of the Bessel functions I(a,z) for
conpl ex argunent z and real nonnegative orders a=b, b+1,
b+2,... where b>0. A scaling option is available to
hel p avoi d overfl ow.

***| | BRARY  SLATEC

*** CATEGORY Cl10B4

***TYPE COWPLEX (CBESI -C, ZBESI - Q)

*** KEYWORDS BESSEL FUNCTI ONS OF COVPLEX ARGUMENT, | BESSEL FUNCTI ONS,
MODI FI ED BESSEL FUNCTI ONS

*** AUTHOR Anps, D. E., (SNL)

*** DESCRI PTI ON

On KODE=1, CBESI computes an N nenber sequence of conpl ex
Bessel functions CY(L)=I(FNU+L-1,Z) for real nonnegative
orders FNU+L-1, L=1,...,N and conplex Z in the cut plane
-pi<arg(Z)<=pi. On KODE=2, CBESI returns the scal ed functions

CY(L) = exp(-abs(X))*I (FNU+L-1,2), L=1,...,N and X=Re(2)

whi ch renoves the exponential growth in both the left and
right half-planes as Z goes to infinity.

I nput
4 - Argunent of type COWPLEX
FNU - Initial order of type REAL, FNU>=0
KODE - A paraneter to indicate the scaling option
KODE=1 returns
CY(L)=I (FNWL-1,2), L=1,...,N
=2 returns
CY(L) =exp(-abs(X))*I (FNU+L-1,2), L=1,...,N
wher e X=Re(2)
N - Nunber of ternms in the sequence, N>=1
Qut put
CYy - Result vector of type COWPLEX
NZ - Nunber of underflows set to zero
Nz=0 Normal return
Nz>0 CY(L)=0, L=N-Nz+1,...,N
IERR - Error flag
| ERR=0 Nornmal return - COWPUTATI ON COVPLETED
| ERR=1 I nput error - NO COVPUTATI ON

| ERR=2 Overfl ow - NO COVPUTATI ON
(Re(2) too | arge on KODE=1)

| ERR=3 Precision warning - COVWPUTATI ON COVPLETED
(Result has half precision or |ess
because abs(Z) or FNU+N-1 is | arge)

| ERR=4 Precision error - NO COWPUTATI ON
(Result has no precision because
abs(Z) or FNU+N-1 is too | arge)

|ERR=5 Algorithmc error - NO COVPUTATI ON
(Term nation condition not net)

*Long Descripti on:
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The conputation of I(a,z) is carried out by the power series
for snmall abs(z), the asynptotic expansion for |arge abs(z),
the MIler algorithmnornalized by the Wonskian and a
Neumann series for internmedi ate nagnitudes of z, and the

uni form asynptotic expansions for 1(a,z) and J(a,z) for

| arge orders a. Backward recurrence is used to generate
sequences or reduce orders when necessary.

The cal cul ati ons above are done in the right half plane and
continued into the left half plane by the fornula

I (a, z*exp(t)) = exp(t*a)*l(a,z), Re(z)>0
t = i*pi or -i*pi

For negative orders, the formula
l(-a,z) =1(a,z) + (2/pi)*sin(pi*a)*K(a, z)

can be used. However, for large orders close to integers the
the function changes radically. Wen a is a large positive

i nteger, the magnitude of 1(-a,z)=I(a,z) is a large

negati ve power of ten. But when a is not an integer,

K(a,z) domi nates in magnitude with a |arge positive power of
ten and the nbost that the second term can be reduced is by
unit roundoff fromthe coefficient. Thus, w de changes can
occur within unit roundoff of a large integer for a. Here,

| arge neans a>abs(z).

In nost conpl ex vari abl e conputation, one nust eval uate el e-
mentary functions. Wen the magnitude of Z or FNUAN-1 i s

| arge, | osses of significance by argument reduction occur.
Consequently, if either one exceeds UL=SQRT(0.5/UR), then

| osses exceeding half precision are likely and an error flag
|ERR=3 is triggered where UR-RLMACH(4)=UNI T ROUNDOFF. Al so,
if either is larger than U2=0.5/UR, then all significance is
lost and ERR=4. In order to use the INT function, argunents
must be further restricted not to exceed the | argest nachine
i nteger, U3=I1MACH(9). Thus, the nagnitude of Z and FNU+N-1
is restricted by MN(U2,U3). In |IEEE arithnetic, U1, U2, and
U3 approxinmate 2. 0E+3, 4.2E+6, 2.1E+9 in single precision
and 4. 7E+7, 2.3E+15 and 2.1E+9 in double precision. This
makes U2 limting in single precision and U3 limting in
doubl e precision. This neans that one can expect to retain,
in the worst cases on | EEE machines, no digits in single pre-
cision and only 6 digits in double precision. Simlar con-
siderations hold for other machines.

The approximate relative error in the magni tude of a conpl ex
Bessel function can be expressed as P*10**S where P=MAX(UNI T
ROUNDOFF, 1. OE-18) is the nomi nal precision and 10**S repre-
sents the increase in error due to argunent reduction in the
el ementary functions. Here, S=MAX(1, ABS(LOGLO(ABS(Z2))),
ABS(LOGLO(FNU))) approximately (i.e., S=MAX(1, ABS( EXPONENT OF
ABS(Z), ABS(EXPONENT OF FNU)) ). However, the phase angle my
have only absolute accuracy. This is nost likely to occur
when one conponent (in magnitude) is larger than the other by
several orders of nagnitude. |f one conponent is 10**K | arger
than the other, then one can expect only MAX(ABS(LOGLO(P))-K
0) significant digits; or, stated another way, when K exceeds
t he exponent of P, no significant digits remain in the snaller
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conmponent. However, the phase angl e retains absol ute accuracy
because, in conplex arithnetic with precision P, the smaller

conmponent will not (as a rule) decrease below P tines the
magni tude of the |arger conponent. |In these extrenme cases,
t he principal phase angle is on the order of +P, -P, PI/2-P,
or -Pl/2+P.

***REFERENCES 1. M Abranmowitz and |. A Stegun, Handbook of Mathe-
mat i cal Functions, National Bureau of Standards
Applied Mathematics Series 55, U S. Departnent
of Commerce, Tenth Printing (1972) or later.

2. D. E Anpbs, Conputation of Bessel Functions of
Compl ex Argunent, Report SAND83-0086, Sandi a Nati onal
Laboratories, Al buguerque, NM My 1983.

3. D. E. Amps, Conputation of Bessel Functions of
Conpl ex Argunment and Large Order, Report SAND83- 0643,
Sandi a National Laboratories, Al buqguerque, NM My
1983.

4. D. E. Anpbs, A Subroutine Package for Bessel Functions
of a Conplex Argunment and Nonnegative Order, Report
SANDB5- 1018, Sandi a Nati onal Laboratory, Al buquerque,
NM May 1985.

5. D. E. Amps, A portable package for Bessel functions
of a conpl ex argunent and nonnegati ve order, ACM
Transactions on Mat hematical Software, 12 (Septenber
1986), pp. 265-273.

***ROUTI NES CALLED CBINU, |1MACH R1MACH
***REVI S| ON HI STORY ( YYMVDD)
830501 DATE WRI TTEN
890801 REVI SI ON DATE from Version 3.2
910415 Prol ogue converted to Version 4.0 format. (BAB)
920128 Category corrected. (VRB)
920811 Prol ogue revised. (DW)
END PROLOGUE
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CBESJ

SUBROUTI NE CBESJ (Z, FNU, KODE, N, CY, NZ, |ERR)

*** BEG N PROLOGUE CBESJ

***PURPOSE Conpute a sequence of the Bessel functions J(a,z) for
conpl ex argunent z and real nonnegative orders a=b, b+1,
b+2,... where b>0. A scaling option is available to
hel p avoi d overfl ow.

***| | BRARY  SLATEC

*** CATEGORY Cl0A4

***TYPE COWPLEX (CBESJ-C, ZBESJ- Q)

*** KEYWORDS BESSEL FUNCTI ONS OF COVPLEX ARGUMENT,
BESSEL FUNCTI ONS OF THE FI RST KIND, J BESSEL FUNCTI ONS

*** AUTHOR Anps, D. E., (SNL)

*** DESCRI PTI ON

On KODE=1, CBESJ computes an N nenber sequence of conpl ex
Bessel functions CY(L)=J(FNU+L-1,Z) for real nonnegative
orders FNU+L-1, L=1,...,N and conplex Z in the cut plane
-pi<arg(Z)<=pi. On KODE=2, CBESJ returns the scal ed functions

CY(L) = exp(-abs(Y))*J(FNU+L-1,2), L=1,...,N and Y=In(2)

whi ch renove the exponential growth in both the upper and
| ower half planes as Z goes to infinity. Definitions and
notation are found in the NBS Handbook of Mathemati cal
Functions (Ref. 1).

I nput
4 - Argunent of type COWPLEX
FNU - Initial order of type REAL, FNU>=0
KODE - A paraneter to indicate the scaling option
KODE=1 returns
CY(L) =J(FNU+L-1,2), L=1,...,N
=2 returns
CY(L)=J(FNW+L- 1, Z2) *exp(-abs(Y)), L=1,...,N
where Y=l m 2)
N - Nunber of terms in the sequence, N>=1
Qut put
CY - Result vector of type COWPLEX
NZ - Nunber of underflows set to zero
NzZ=0 Normal return
NZ>0 CY(L)=0, L=N-Nz+1,...,N
IERR - Error flag
| ERR=0 Nornal return - COVPUTATI ON COVPLETED
| ERR=1 | nput error - NO COVPUTATI ON

| ERR=2 Overfl ow - NO COWPUTATI ON
(ImZ) too | arge on KODE=1)

| ERR=3 Precision warning - COVPUTATI ON COVPLETED
(Result has half precision or |ess
because abs(Z) or FNIHN-1 is | arge)

| ERR=4 Precision error - NO COVPUTATI ON
(Result has no precision because
abs(Z) or FNU+N-1 is too | arge)

| ERR=5 Al gorithmic error - NO COVPUTATI ON
(Term nation condition not net)
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*Long Descripti on:
The conputation is carried out by the fornul ae

J(a, z)

exp( a*pi*i/2)*1(a,-i*z), 1m(z)>=0

J(a, 2) exp(-a*pi*i/2)*1(a, i*z), 1mz)<0
where the | Bessel function is conputed as described in the
prol ogue to CBESI

For negative orders, the fornul a
J(-a,z) = J(a,z)*cos(a*pi) - Y(a,z)*sin(a*pi)

can be used. However, for large orders close to integers, the
the function changes radically. Wen a is a large positive

i nteger, the magnitude of J(-a,z)=J(a,z)*cos(a*pi) is a

| arge negative power of ten. But when a is not an integer
Y(a, z) domi nates in nagnitude with a | arge positive power of
ten and the nost that the second term can be reduced is by
unit roundoff fromthe coefficient. Thus, w de changes can
occur within unit roundoff of a large integer for a. Here,

| arge neans a>abs(z).

In nost conpl ex variabl e conputation, one nust eval uate el e-
nmentary functions. Wen the magnitude of Z or FNU+N-1 i s

| arge, |osses of significance by argunment reduction occur.
Consequently, if either one exceeds Ul=SQRT(0.5/UR), then

| osses exceeding half precision are likely and an error flag
| ERR=3 is triggered where URERLMACH(4) =UNI T ROUNDOFF. Al so,
if either is larger than U2=0.5/UR, then all significance is
lost and 1ERR=4. In order to use the INT function, argunents
nmust be further restricted not to exceed the |argest nmachi ne
integer, U3=I1MACH(9). Thus, the magnitude of Z and FNU+N-1
is restricted by MN(U2,U3). In |IEEE arithnetic, Ul, U2, and
U3 approxi mate 2. 0E+3, 4.2E+6, 2.1E+9 in single precision
and 4. 7E+7, 2.3E+15 and 2. 1E+9 in double precision. This
makes U2 Iimting in single precision and U3 limting in
doubl e precision. This neans that one can expect to retain,
in the worst cases on | EEE machines, no digits in single pre-
cision and only 6 digits in double precision. Simlar con-
siderations hold for other machines.

The approximate relative error in the magnitude of a conpl ex
Bessel function can be expressed as P*10**S where P=MAX(UNI T
ROUNDCFF, 1. OE-18) is the nomi nal precision and 10**S repre-
sents the increase in error due to argunent reduction in the
el ementary functions. Here, S=MAX(1, ABS(LOGLO(ABS(Z2))),
ABS(LOGLO(FNU))) approximately (i.e., S=MAX(1, ABS( EXPONENT OF
ABS(Z), ABS(EXPONENT OF FNU)) ). However, the phase angl e may
have only absolute accuracy. This is nost likely to occur
when one conponent (in magnitude) is larger than the other by
several orders of magnitude. |f one conponent is 10**K | arger
than the other, then one can expect only MAX(ABS(LOGLO(P))-K,
0) significant digits; or, stated another way, when K exceeds
t he exponent of P, no significant digits remain in the smaller
component. However, the phase angle retains absol ute accuracy
because, in conplex arithnetic with precision P, the snmaller
conponent will not (as a rule) decrease below P tinmes the
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magni tude of the larger conponent. In these extrene cases,
the principal phase angle is on the order of +P, -P, PI/2-P,
or -PlI/2+P.

***REFERENCES 1. M Abranowitz and |I. A Stegun, Handbook of WMathe-
mati cal Functions, National Bureau of Standards
Applied Mathematics Series 55, U S. Departnent
of Commrerce, Tenth Printing (1972) or later.

2. D. E. Amps, Conputation of Bessel Functions of
Compl ex Argunent, Report SAND83-0086, Sandi a Nati onal
Laboratories, Al buguerque, NM My 1983.

3. D. E Anpbs, Conputation of Bessel Functions of
Compl ex Argunent and Large Order, Report SAND83-0643,
Sandi a National Laboratories, Al buguerque, NM My
1983.

4. D. E. Anps, A Subroutine Package for Bessel Functions
of a Conpl ex Argunment and Nonnegative O der, Report
SAND85- 1018, Sandi a Nati onal Laboratory, Al buquerque,
NM May 1985.

5. D. E Anps, A portable package for Bessel functions
of a conpl ex argunment and nonnegative order, ACM
Transactions on Mat hermatical Software, 12 (Septenber
1986), pp. 265-273.

*** ROUTI NES CALLED CBINU, | 1MACH, R1MACH
***REVI SI ON HI STORY ( YYMVDD)
830501 DATE WRI TTEN
890801 REVI SI ON DATE from Version 3.2
910415 Prol ogue converted to Version 4.0 format. (BAB)
920128 Category corrected. (VRB)
920811 Prol ogue revised. (DW)
END PROLOGUE
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CBESK

SUBROUTI NE CBESK (Z, FNU, KODE, N, CY, NZ, |ERR)

*** BEG N PROLOGUE CBESK

***PURPOSE Conpute a sequence of the Bessel functions K(a,z) for
conpl ex argunent z and real nonnegative orders a=b, b+1,
b+2,... where b>0. A scaling option is available to
hel p avoi d overfl ow.

***| | BRARY  SLATEC

*** CATEGORY Cl10B4

***TYPE COWPLEX (CBESK-C, ZBESK-C)

*** KEYWORDS BESSEL FUNCTI ONS OF COVPLEX ARGUMENT, K BESSEL FUNCTI ONS,
MODI FI ED BESSEL FUNCTI ONS

*** AUTHOR Anps, D. E., (SNL)

*** DESCRI PTI ON

On KODE=1, CBESK computes an N nenber sequence of conpl ex
Bessel functions CY(L)=K(FNU+L-1,Z) for real nonnegative

orders FNU+L-1, L=1,...,N and conplex Z.NE. O in the cut
pl ane -pi<arg(Z)<=pi. On KODE=2, CBESJ returns the scal ed
functions

CY(L) = exp(Z)*K(FNU+L-1,2), L=1,...,N

whi ch renove the exponential growh in both the left and
right half planes as Z goes to infinity. Definitions and
notation are found in the NBS Handbook of Mathemati cal
Functions (Ref. 1).

I nput
Z - Nonzero argunent of type COVPLEX
FNU - Initial order of type REAL, FNU>=0
KODE - A paraneter to indicate the scaling option
KODE=1 returns
CY(L)=K(FNU+L-1,2), L=1,...,N
=2 returns
CY(L) =K(FNW+L-1, 2)*EXP(Z), L=1,...,N
N - Nunber of terms in the sequence, N>=1
Qut put
CY - Result vector of type COWPLEX
NZ - Nunber of underflows set to zero
NZ=0 Normal return
NzZ>0 CY(L)=0 for NZ values of L (if Re(Z2)>0
then CY(L)=0 for L=1,...,NZ; in the
conpl ementary half plane the underfl ows
may not be in an uninterrupted sequence)
IERR - Error flag
| ERR=0 Nornmal return - COWPUTATI ON COVPLETED
| ERR=1 I nput error - NO COVPUTATI ON
| ERR=2 Overfl ow - NO COVPUTATI ON
(abs(Z) too small and/or FNU+N-1
too | arge)

| ERR=3 Precision warning - COVPUTATI ON COVPLETED
(Result has half precision or |ess
because abs(Z) or FNU+N-1 is | arge)

| ERR=4 Precision error - NO COWPUTATI ON
(Result has no precision because
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abs(Z) or FNU+tN-1 is too | arge)
| ERR=5 Al gorithmic error - NO COVPUTATI ON
(Termi nation condition not net)

*Long Descri ption:

Equati ons of the reference are inplenented to conpute K(a, z)
for snall orders a and a+1l in the right half plane Re(z)>=0.
Forward recurrence generates higher orders. The formula
K(a, z*exp((t)) exp(-t)*K(a,z) - t*I(a,z), Re(z)>0
t i *pi or -i*pi

continues Kto the left half plane.

For large orders, K(a,z) is conputed by neans of its uniform
asynptoti c expansion.

For negative orders, the formula
K(-a,z) = K(a, z)
can be used.

CBESK assunes that a significant digit sinh function is
avai | abl e.

In nost conpl ex vari abl e conputation, one nmust evaluate el e-
mentary functions. Wen the magnitude of Z or FNU+N-1 is

| arge, losses of significance by argunent reduction occur.
Consequently, if either one exceeds UL=SQRT(0.5/UR), then

| osses exceeding half precision are likely and an error flag
|ERR=3 is triggered where UR=RLMACH(4)=UNI T ROUNDOFF. Al so,
if either is larger than U2=0.5/UR, then all significance is
lost and 1ERR=4. In order to use the INT function, argunents
must be further restricted not to exceed the |argest nachine
i nteger, U3=I1MACH(9). Thus, the nagnitude of Z and FNU+N-1
is restricted by MN(U2,U3). In |EEE arithnetic, UL, U2, and
U3 approxinmate 2. 0E+3, 4.2E+6, 2.1E+9 in single precision
and 4. 7E+7, 2.3E+15 and 2. 1E+9 in double precision. This
makes U2 imting in single precision and U3 limting in
doubl e precision. This neans that one can expect to retain,
in the worst cases on | EEE nmachines, no digits in single pre-
cision and only 6 digits in double precision. Sinilar con-
si derations hold for other machines.

The approximate relative error in the magnitude of a conplex
Bessel function can be expressed as P*10**S where P=MAX(UNI T
ROUNDOFF, 1. OE-18) is the nominal precision and 10**S repre-
sents the increase in error due to argunent reduction in the
el ementary functions. Here, S=MAX(1, ABS(LOGLO(ABS(Z2))),
ABS(LOGLO(FNU))) approximately (i.e., S=MAX(1, ABS( EXPONENT OF
ABS(Z) , ABS(EXPONENT OF FNU)) ). However, the phase angl e may
have only absolute accuracy. This is nost likely to occur
when one conponent (in magnitude) is larger than the other by
several orders of nagnitude. |f one conponent is 10**K | arger
than the other, then one can expect only MAX(ABS(LOGLO(P))-K,
0) significant digits; or, stated another way, when K exceeds
t he exponent of P, no significant digits remain in the smaller
conponent. However, the phase angle retains absol ute accuracy
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because, in conplex arithnetic with precision P, the smaller

conmponent will not (as a rule) decrease below P tines the
magni tude of the |arger conponent. |In these extreme cases,
the principal phase angle is on the order of +P, -P, PI/2-P,
or -Pl/2+P

***REFERENCES 1. M Abrambwitz and |. A. Stegun, Handbook of Mathe-
matical Functions, National Bureau of Standards
Applied Mathematics Series 55, U S. Departnent
of Commrerce, Tenth Printing (1972) or later.

2. D. E. Ams, Conputation of Bessel Functions of
Conpl ex Argurent, Report SAND83-0086, Sandia Nationa
Laboratories, Al buguerque, NM My 1983.

3. D. E Anps, Conputation of Bessel Functions of
Compl ex Argunent and Large Order, Report SAND83-0643,
Sandi a National Laboratories, Al buguerque, NM My
1983.

4. D. E. Anps, A Subroutine Package for Bessel Functions
of a Conplex Argunent and Nonnegative Order, Report
SANDB5- 1018, Sandi a Nati onal Laboratory, Al buquerque,
NM May 1985.

5. D. E. Anps, A portable package for Bessel functions
of a conpl ex argunment and nonnegative order, ACM
Transactions on Mathematical Software, 12 (Septenber
1986), pp. 265-273.

*** ROUTI NES CALLED CACON, CBKNU, CBUNK, CUO K, |1MACH, R1MACH
***REVI SI ON H STORY ( YYMVDD)

830501 DATE WRI TTEN

890801 REVI SI ON DATE from Version 3.2

910415 Prol ogue converted to Version 4.0 format. (BAB)

920128 Category corrected. (WRB)

920811 Prol ogue revised. (DW)

END PROLOGUE
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CBESY

SUBROUTI NE CBESY (Z, FNU, KODE, N, CY, Nz, OARK, |ERR)
***BEG N PROLOGUE CBESY

*** PURPOSE Conput e
conpl ex
b+2, ...

a sequence of the Bessel functions Y(a,z) for
argunment z and real nonnegative orders a=b, b+1,
where b>0. A scaling option is available to

hel p avoi d overfl ow.

***L| BRARY  SLATEC
*** CATEGORY Cl10A4

***TYPE COVPLEX (CBESY-C, ZBESY-CQ)

*** KEYWORDS BESSEL
BESSEL

FUNCTI ONS OF COVPLEX ARGUMENT,
FUNCTI ONS OF SECOND KI ND, WEBER S FUNCTI ON,

Y BESSEL FUNCTI ONS

***AUTHOR Anps, D.
***DESCRI PTI ON

On KODE-1,

E., (SNL)

CBESY conputes an N nenber sequence of conpl ex

Bessel functions CY(L)=Y(FNU+L-1,Z) for real nonnegative
orders FNU+L-1, L=1,...,N and conplex Z in the cut plane
-pi<arg(Z)<=pi. On KODE=2, CBESY returns the scaled

functi ons

cY(L) =

exp(-abs(Y))*Y(FNU+L-1,2), L=1,...,N, Y=In(2)

whi ch renmove the exponential growth in both the upper and

| ower hal f

pl anes as Z goes to infinity. Definitions and

notation are found in the NBS Handbook of Mathenmati cal
Functions (Ref. 1).

| nput
Z

FNU -
KCDE -

|ERR -

Nonzero argunent of type COVPLEX

Initial order of type REAL, FNU>=0

A paraneter to indicate the scaling option
KCDE=1 returns

CY(L) =Y(FNU+L-1,2), L=1,...,N
=2 returns
CY(L) =Y(FNU+L- 1, Z2) *exp(-abs(Y)), L=1,...,N

where Y=In(2)
Nurmber of terms in the sequence, N>=1
A work vector of type COWLEX and di nension N

Result vector of type COWLEX

Nurmber of underflows set to zero

NZ=0 Normal return

Nz>0 CY(L)=0 for NZ values of L, usually on
KODE=2 (the underflows may not be in an
uni nterrupted sequence)

Error flag

| ERR=0 Nornmal return - COWPUTATI ON COVPLETED
| ERR=1 | nput error - NO COVPUTATI ON
| ERR=2 Overfl ow - NO COVPUTATI ON
(abs(Z) too small and/or FNU+N-1
too | arge)

| ERR=3 Precision warning - COVPUTATI ON COVPLETED
(Result has half precision or |ess
because abs(Z) or FNUHN-1 is | arge)
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| ERR=4 Precision error - NO COWPUTATI ON
(Result has no precision because
abs(Z) or FNU+N-1 is too | arge)

|ERR=5 Al gorithmc error - NO COVPUTATI ON
(Term nation condition not net)

*Long Descripti on:
The conputation is carried out by the fornula
Y(a,z) = (H(1,a,z) - H2,a,z))/(2*%i)
where the Hankel functions are conputed as described in CBESH
For negative orders, the formula
Y(-a,z) = Y(a,z)*cos(a*pi) + J(a,z)*sin(a*pi)

can be used. However, for large orders close to half odd

i ntegers the function changes radically. Wen a is a large
positive half odd integer, the magnitude of Y(-a,z)=J(a,z)*
sin(a*pi) is a large negative power of ten. But when a is

not a half odd integer, Y(a,z) domnates in magnitude with a

| arge positive power of ten and the nbst that the second term
can be reduced is by unit roundoff fromthe coefficient.

Thus, wi de changes can occur within unit roundoff of a |arge
hal f odd integer. Here, |arge neans a>abs(z).

In nost conpl ex vari abl e conputation, one nust eval uate el e-
mentary functions. Wen the magnitude of Z or FNUAN-1 i s

| arge, | osses of significance by argument reduction occur.
Consequently, if either one exceeds UL=SQRT(0.5/UR), then

| osses exceeding half precision are likely and an error flag
|ERR=3 is triggered where UR-RLMACH(4)=UNI T ROUNDOFF. Al so,
if either is larger than U2=0.5/UR, then all significance is
lost and ERR=4. In order to use the INT function, argunents
must be further restricted not to exceed the | argest nachine
i nteger, U3=I1MACH(9). Thus, the nagnitude of Z and FNU+N-1
is restricted by MN(U2,U3). In |IEEE arithnetic, U1, U2, and
U3 approxinmate 2. 0E+3, 4.2E+6, 2.1E+9 in single precision
and 4. 7E+7, 2.3E+15 and 2.1E+9 in double precision. This
makes U2 limting in single precision and U3 limting in
doubl e precision. This neans that one can expect to retain,
in the worst cases on | EEE machines, no digits in single pre-
cision and only 6 digits in double precision. Simlar con-
siderations hold for other machines.

The approximate relative error in the magni tude of a conpl ex
Bessel function can be expressed as P*10**S where P=MAX(UNI T
ROUNDOFF, 1. OE-18) is the nomi nal precision and 10**S repre-
sents the increase in error due to argunent reduction in the
el ementary functions. Here, S=MAX(1, ABS(LOGLO(ABS(Z2))),
ABS(LOGLO(FNU))) approximately (i.e., S=MAX(1, ABS( EXPONENT OF
ABS(Z), ABS(EXPONENT OF FNU)) ). However, the phase angle my
have only absolute accuracy. This is nost likely to occur
when one conponent (in magnitude) is larger than the other by
several orders of nagnitude. |f one conponent is 10**K | arger
than the other, then one can expect only MAX(ABS(LOGLO(P))-K
0) significant digits; or, stated another way, when K exceeds
t he exponent of P, no significant digits remain in the snaller
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conmponent. However, the phase angl e retains absol ute accuracy
because, in conplex arithnetic with precision P, the smaller

conmponent will not (as a rule) decrease below P tines the
magni tude of the |arger conponent. |In these extrenme cases,
t he principal phase angle is on the order of +P, -P, PI/2-P,
or -Pl/2+P.

***REFERENCES 1. M Abranmowitz and |. A Stegun, Handbook of Mathe-
mat i cal Functions, National Bureau of Standards
Applied Mathematics Series 55, U S. Departnent
of Commerce, Tenth Printing (1972) or later.

2. D. E Anpbs, Conputation of Bessel Functions of
Compl ex Argunent, Report SAND83-0086, Sandi a Nati onal
Laboratories, Al buguerque, NM My 1983.

3. D. E. Amps, Conputation of Bessel Functions of
Conpl ex Argunment and Large Order, Report SAND83- 0643,
Sandi a National Laboratories, Al buqguerque, NM My
1983.

4. D. E. Anpbs, A Subroutine Package for Bessel Functions
of a Conplex Argunment and Nonnegative Order, Report
SANDB5- 1018, Sandi a Nati onal Laboratory, Al buquerque,
NM May 1985.

5. D. E. Amps, A portable package for Bessel functions
of a conpl ex argunent and nonnegati ve order, ACM
Transactions on Mat hematical Software, 12 (Septenber
1986), pp. 265-273.

***ROUTI NES CALLED CBESH, | 1MACH R1MACH
***REVI S| ON HI STORY ( YYMVDD)
830501 DATE WRI TTEN
890801 REVI SI ON DATE from Version 3.2
910415 Prol ogue converted to Version 4.0 format. (BAB)
920128 Category corrected. (VRB)
920811 Prol ogue revised. (DW)
END PROLOGUE
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CBETA

COVWPLEX FUNCTI ON CBETA (A, B)
***BEA N PROLOGUE CBETA
***PURPOSE Conpute the conplete Beta function.
***| | BRARY  SLATEC ( FNLI B)
*** CATEGORY C7B
*** TYPE COWLEX (BETA-S, DBETA-D, CBETA-CQC)
*** KEYWORDS COVPLETE BETA FUNCTI ON, FNLI B, SPECI AL FUNCTI ONS
*** AUTHOR Ful l erton, W, (LANL)
*** DESCRI PTI ON

CBETA computes the conplete beta function of conplex paranmeters A
and B.
| nput Paraneters:

A conplex and the real part of A positive

B conplex and the real part of B positive

*** REFERENCES ( NONE)
*** ROUTI NES CALLED CGAMWA, CLBETA, GAMLI M XERMSG
***REVI SI ON HI STORY ( YYMVDD)
770701 DATE WRI TTEN
890206 REVI SI ON DATE from Version 3.2
891214 Prol ogue converted to Version 4.0 format. (BAB)
900315 CALLs to XERROR changed to CALLs to XERMSG  (THJ)
900326 Renoved duplicate infornmati on from DESCRI PTI ON secti on.
(V\RB)
900727 Added EXTERNAL statenent. (VRB)
END PROLOGUE
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CBIRY

SUBRQUTINE CBIRY (Z, ID, KODE, Bl, |IERR

***BEG N PROLOGUE CBI RY

***PURPOSE Conpute the Airy function Bi(z) or its derivative dBi/dz
for conplex argument z. A scaling option is available
to hel p avoid overfl ow.

***| | BRARY  SLATEC

*** CATEGORY C10D

*** TYPE COVPLEX (CBI RY-C, ZBIRY-C)

*** KEYWORDS Al RY FUNCTI ON, BESSEL FUNCTI ON OF ORDER ONE THI RD,

BESSEL FUNCTI ON OF ORDER TWO THI RDS
*** AUTHOR Anps, D. E., (SNL)
*** DESCRI PTI ON

On KODE=1, CBIRY conputes the conmplex Airy function Bi(2z)
or its derivative dBi/dz on ID=0 or ID=1 respectively.

On KODE=2, a scaling option exp(abs(Re(zeta)))*Bi(z) or
exp(abs(Re(zeta)))*dBi/dz is provided to renpove the
exponential behavior in both the left and right half planes
where zeta=(2/3)*z**(3/2).

The Airy functions Bi(z) and dBi/dz are analytic in the
whol e z-plane, and the scaling option does not destroy this

property.
I nput
4 - Argunent of type COWPLEX
ID - Order of derivative, D=0 or ID=1
KODE - A paraneter to indicate the scaling option
KODE=1 returns
Bl =Bi (z) on ID=0
Bl =dBi /dz on | D=1
at z=Z
=2 returns
Bl =exp(abs(Re(zeta)))*Bi(z) on ID=0
Bl =exp(abs(Re(zeta)))*dBi/dz on |D=1
at z=Z where zeta=(2/3)*z**(3/2)
Qut put
BI - Result of type COWLEX
IERR - Error flag
| ERR=0 Nornmal return - COWPUTATI ON COVPLETED
| ERR=1 I nput error - NO COVPUTATI ON
| ERR=2 Overfl ow - NO COVPUTATI ON

(Re(2) too large w th KODE=1)

| ERR=3 Precision warning - COVPUTATI ON COVPLETED
(Result has | ess than half precision)

| ERR=4 Precision error - NO COVPUTATI ON
(Result has no precision)

| ERR=5 Al gorithmic error - NO COVPUTATI ON
(Termi nation condition not net)

*Long Descri ption:
Bi (z) and dBi/dz are conputed from | Bessel functions by
Bi(z) = c*sqgrt(z)*( 1(-1/3,zeta) + 1(1/3,zeta) )
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dBi / dz
c
zeta

c* z *( 1 (-2/3,zeta) + 1(2/3,zeta) )
1/sqrt(3)
(2/3)*z**(3/2)

when abs(z)>1 and from power series when abs(z)<=1

In nost conpl ex variabl e conputation, one nust eval uate el e-
mentary functions. Wen the magnitude of Z is large, |osses
of significance by argunment reduction occur. Consequently, if
t he magni tude of ZETA=(2/3)*Z**(3/2) exceeds Ul=SQRT(0.5/UR),
then | osses exceeding half precision are likely and an error
flag |ERR=3 is triggered where UR=RLMACH(4) =UNI T ROUNDOFF.
Also, if the nagnitude of ZETA is larger than U2=0.5/UR, then
all significance is lost and IERR=4. In order to use the INT
function, ZETA nust be further restricted not to exceed

U3=l 1MACH( 9) =LARGEST | NTEGER. Thus, the magni tude of ZETA
must be restricted by MN(U2,U3). In IEEE arithnetic, Ul, U2,
and U3 are approximately 2.0E+3, 4.2E+6, 2.1E+9 in single
precision and 4. 7E+7, 2.3E+15, 2.1E+9 in doubl e precision.
This nakes W2 limting is single precision and U3 liniting

in double precision. This nmeans that the magnitude of Z
cannot exceed approximately 3.4E+4 in single precision and

2. 1E+6 in double precision. This also neans that one can
expect to retain, in the worst cases on 32-bit machi nes,

no digits in single precision and only 6 digits in double
preci si on.

The approximate relative error in the magnitude of a conpl ex
Bessel function can be expressed as P*10**S where P=MAX(UNI T
ROUNDOFF, 1. OE-18) is the nom nal precision and 10**S repre-
sents the increase in error due to argunent reduction in the
el enentary functions. Here, S=MAX(1, ABS(LOGLO(ABS(Z2))),
ABS(LOGLO(FNU))) approximately (i.e., S=MAX(1, ABS( EXPONENT OF
ABS(Z), ABS(EXPONENT OF FNU)) ). However, the phase angl e may
have only absolute accuracy. This is nost likely to occur
when one conponent (in magnitude) is larger than the other by
several orders of nmagnitude. |f one conponent is 10**K | arger
than the other, then one can expect only MAX(ABS(LOGLO(P))-K
0) significant digits; or, stated another way, when K exceeds
t he exponent of P, no significant digits remain in the snaller
component. However, the phase angle retains absol ute accuracy
because, in conplex arithnmetic with precision P, the smaller
conmponent will not (as a rule) decrease below P tines the
magni tude of the larger conmponent. |In these extrene cases,

the principal phase angle is on the order of +P, -P, PI/2-P,
or -PI/2+P.

***REFERENCES 1. M Abranowitz and |I. A Stegun, Handbook of WMathe-
mat i cal Functions, National Bureau of Standards
Applied Mathenmatics Series 55, U S. Departnent
of Conmerce, Tenth Printing (1972) or later.

2. D. E. Ams, Conputation of Bessel Functions of
Conpl ex Argunment and Large Order, Report SAND83- 0643,
Sandi a National Laboratories, Al buquerque, NM My
1983.

3. D E Anps, A Subroutine Package for Bessel Functions
of a Conpl ex Argunent and Nonnegative O der, Report
SANDB5- 1018, Sandi a Nati onal Laboratory, Al buquerque,
NM May 1985.

4. D. E. Anps, A portable package for Bessel functions
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of a conpl ex argunent and nonnegative order, ACM
Transactions on Mat hematical Software, 12 (Septenber

1986), pp. 265-273.

*** ROUTI NES CALLED CBINU, | 1MACH, R1MACH
***REVI S| ON HI STORY  ( YYMVDD)
830501 DATE WRI TTEN
890801 REVI SI ON DATE from Version 3.2
910415 Prol ogue converted to Version 4.0 format. (BAB)
920128 Category corrected. (VRB)
920811 Prol ogue revised. (DW)
END PROLOGUE
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CBLKTR

SUBROUTI NE CBLKTR (I FLG NP, N, AN, BN, CN, v, M AM BM CM
+ I DI MY, Y, ERROR W
***BEG N PROLOGUE CBLKTR
***PURPOSE Sol ve a bl ock tridiagonal system of |inear equations
(usually resulting fromthe discretization of separable
two-di mensi onal elliptic equations).
***| | BRARY  SLATEC ( FI SHPACK)
*** CATEGORY | 2B4B
***TYPE COWPLEX (BLKTRI-S, CBLKTR-C)
*** KEYWORDS ELLI PTI C PDE, FI SHPACK, TRI DI AGONAL LI NEAR SYSTEM
*** AUTHOR Adans, J., (NCAR)
Swar ztrauber, P. N., (NCAR)
Sweet, R, (NCAR)
*** DESCRI PTI ON

Subroutine CBLKTR is a conpl ex version of subroutine BLKTRI
Bot h subroutines solve a systemof |inear equations of the form

ANCIY*X(1,3-1) + AMI)*X(1-1,3) + (BN(J)+BM1))*X(1,J)
+ ON(J)*X(1,J+1) + CM1)*X(1+1,3) = Y(I,J)

For | =1,2,...,M and J =1,2,...,N
I+1 and I-1 are evaluated npdulo Mand J+1 and J-1 nodulo N, i.e.
X(1,0) = X(I,N), X(I,N+1) = X(I,1),
X(0,Jd) = X(MJ), X(M1,J) = X(1,1J).

These equations usually result fromthe discretization of
separabl e elliptic equations. Boundary conditions may be
Dirichlet, Neumann, or periodic.

*x * * * * * * *x * * O] INPLJT * * *x *x * *x *x *x *x %

| FLG
=0 Initialization only. Certain quantities that depend on NP
N, AN, BN, and CN are conputed and stored in the work
array W
= 1 The quantities that were conputed in the initialization are
used to obtain the solution X(I,J).

NOTE A call with | FLG=0 takes approximately one half the tine
time as a call with IFLG = 1. However, the
initialization does not have to be repeated unless NP, N,
AN, BN, or CN change.

NP
=0 If AN(1) and CN(N) are not zero, which corresponds to
periodi ¢ boundary conditions.
=1 If AN(1) and CN(N) are zero.
N

The nunber of unknowns in the J-direction. N nust be greater
than 4. The operation count is proportional to MNl og2(N), hence
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N shoul d be selected | ess than or equal to M

AN, BN, CN
Real one-dinmensional arrays of length N that specify the
coefficients in the Iinear equations given above.

MP
=0 If AM1) and CMM are not zero, which corresponds to
periodi ¢ boundary conditions.
=1 If AM1) =CMM =0
M

The nunber of unknowns in the I-direction. Mnust be greater
t han 4.

AM BM CM
Conpl ex one-di nensi onal arrays of length Mthat specify the
coefficients in the linear equations given above.

| DI MY
The row (or first) dinension of the two-di nensional array Y as
it appears in the programcalling BLKTRI. This paraneter is
used to specify the variable dinmension of Y. D M nust be at
| east M

Y

A conpl ex two-di mensional array that specifies the val ues of
the right side of the |inear system of equations given above.
Y nust be dinmensioned Y(IDMY,N with IDM .G M

w
A one-di nmensional array that nust be provided by the user for
wor k space.
If NP=1 define K=INT(log2(N))+1 and set L=2**(K+1) then
W nust have di nmension (K-2)*L+K+5+MAX( 2N, 12M

If NP=0 define K=INT(log2(N-1))+1 and set L=2**(K+1l) then
W nust have di nmensi on (K-2)*L+K+5+2N+MAX( 2N, 12M

**| MPORTANT** For purposes of checking, the required dinmension
of Wis conputed by BLKTRI and stored in W1)
in floating point format.

* * % * * * *x * * * O] O.It put * * * * % * *x *x * *

Y
Contains the solution X

| ERROR
An error flag that indicates invalid i nput paraneters. Except
for nunmber zero, a solution is not attenpted.

No error.

Mis less than 5.

Nis less than 5.

IDIMY is | ess than M

BLKTRI failed while conmputing results that depend on the
coefficient arrays AN, BN, CN. Check these arrays.
AN(J)*CN(J-1) is less than O for sone J. Possible reasons
for this condition are
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1. The arrays AN and CN are not correct.

2. Too large a grid spacing was used in the discretization
of the elliptic equation.

3. The linear equations resulted froma partial
differential equation which was not elliptic.

Contains internedi ate values that nust not be destroyed if
CBLKTR will be called again with IFLGE1. W1) contains the
nunber of |ocations required by Win floating point format.

*Long Description:

* * * * * * *

Di nensi on of

* * % * * % *x *x * *x * *

Program Speci fications

ANCN) , BNCN) CN(N) AMM, BMM, MM, Y(1 DI WY, N)

Argunent s W see argunent |st)

Lat est June 1979

Revi si on

Requi r ed CBLKTR, CBLKT1, PROC, PROCP, CPRCC, CPROCP, CCIVPB, | NXCA,

Subpr ogr ans

I NXCB, | NXCC, CPADD, PGSF, PPGSF, PPPSF, BCRH, TEVLC,
R1MACH

Speci al The algorithmmay fail if ABS(BM1)+BN(J)) is |ess
Condi ti ons than ABS(AM |)) +ABS( AN(J)) +ABS(CM 1)) +ABS( CN(J))
for some | and J. The algorithmw Il also fail if
AN(J)*CN(J-1) is less than zero for sone J.
See the description of the output paraneter |ERROR
Commmon CCBLK
Bl ocks
/0 NONE
Pr eci si on Singl e
Speci al i st Paul Swar ztrauber
Language FORTRAN
H story CBLKTR i s a conpl ex version of BLKTRI (version 3)
Al gorithm Generalized Cyclic Reduction (see reference bel ow)
Space
Requi r ed CONTROL DATA 7600
Portability American National Standards Institute FORTRAN
The machi ne accuracy is set using functi on RLMACH.
Requi red NONE
Resi dent
Rout i nes

Ref er ences

Swar ztrauber, P. and R SWEET, 'Efficient Fortran
Subprograms for the solution of elliptic equations'
NCAR TN/ | A-109, July, 1975, 138 PP.
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SWARZTRAUBER P. ,' A Direct Method for The Discrete
Solution of Separable Elliptic Equations', SIAM
J. Nuner. Anal.,11(1974) PP. 1136-1150.

*x * * % * % *x *x *x *x *x *x *x *x *x *x *x *x *x * *x * *x *x *x *x *x *x *x *x *x * %

***REFERENCES P. N. Swarztrauber and R Sweet, Efficient Fortran
subprograns for the solution of elliptic equations,
NCAR TN/ | A- 109, July 1975, 138 pp.
P. N. Swarztrauber, A direct nmethod for the discrete
solution of separable elliptic equations, SIAM Journal
on Nurerical Analysis 11, (1974), pp. 1136-1150.
*** ROUTI NES CALLED CBLKT1, CCWPB, CPRCC, CPROCP, PRCC, PROCP
*** COMMON BLOCKS CCBLK
***REVI S| ON HI STORY  ( YYMVDD)
801001 DATE WRI TTEN
890531 Changed all specific intrinsics to generic. (VWRB)
890531 REVI SI ON DATE from Version 3.2
891214 Prol ogue converted to Version 4.0 format. (BAB)
920501 Reformatted the REFERENCES section. (WRB)
END PROLOGUE
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CBRT

FUNCTI ON CBRT ( X)
***BEG N PROLOGUE CBRT
***PURPOSE Conpute the cube root.
***| | BRARY  SLATEC ( FNLI B)
*** CATEGORY 2
*** TYPE SI NGLE PRECI SI ON (CBRT-S, DCBRT-D, CCBRT-C)
*** KEYWORDS CUBE ROOT, ELEMENTARY FUNCTI ONS, FNLI B, ROOTS
*** AUTHOR Ful l erton, W, (LANL)
*** DESCRI PTI ON

CBRT(X) cal cul ates the cube root of X

*** REFERENCES ( NONE)

***ROUTI NES CALLED RIMACH, RIPAK, ROUPAK

***REVI SI ON HI STORY ( YYMVDD)
770601 DATE WRI TTEN
890531 Changed all specific intrinsics to generic. (WRB)
890531 REVI SI ON DATE from Version 3.2
891214 Prol ogue converted to Version 4.0 format. (BAB)
END PROLOGUE
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CCBRT

COVPLEX FUNCTI ON CCBRT (2)
***BEG N PROLOGUE CCBRT
***PURPOSE Conpute the cube root.
***| | BRARY  SLATEC ( FNLI B)
*** CATEGORY 2
*** TYPE COWLEX (CBRT-S, DCBRT-D, CCBRT-C)
*** KEYWORDS CUBE ROOT, ELEMENTARY FUNCTI ONS, FNLI B, ROOTS
*** AUTHOR Ful l erton, W, (LANL)
*** DESCRI PTI ON

CCBRT(Z) cal cul ates the conpl ex cube root of Z. The principal root
for which -PI .LT. arg(2Z) .LE. +Pl is returned.

*** REFERENCES  ( NONE)

***ROUTI NES CALLED CARG, CBRT

***REVI SI ON HI STORY ( YYMVDD)
770401 DATE WRI TTEN
890531 Changed all specific intrinsics to generic. (WRB)
890531 REVI SI ON DATE from Version 3.2
891214 Prol ogue converted to Version 4.0 format. (BAB)
END PROLOGUE
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CCHDC

SUBROUTI NE CCHDC (A, LDA, P, WORK, JPVT, JOB, |NFO
*** BEG N PROLOGUE CCHDC
***PURPOSE Conput e the Chol esky deconposition of a positive definite
matri x. A pivoting option allows the user to estimte the
condition nunber of a positive definite matrix or determ ne
the rank of a positive semdefinite matrix.
***| | BRARY  SLATEC (LI NPACK)
*** CATEGORY D2D1B
*** TYPE COWLEX (SCHDC- S, DCHDC- D, CCHDC- Q)
** % KEYWORDS CHOLESKY DECOVPOSI TI ON, LI NEAR ALGEBRA, LI NPACK, MATRI X,
PCSI TI VE DEFI NI TE
*** AUTHOR Dongarra, J., (ANL)
Stewart, G W, (U of Maryl and)
*** DESCRI PTI ON

CCHDC conputes the Chol esky deconposition of a positive definite
matrix. A pivoting option allows the user to estinmate the
condition of a positive definite matrix or determ ne the rank

of a positive senmidefinite matrix.

On Entry

A COVPLEX( LDA, P)
A contains the matri x whose deconposition is to
be computed. Only the upper half of A need be stored.
The | ower part of The array A is not referenced.

LDA | NTEGER.
LDA is the | eading dinension of the array A

P | NTEGER.

Pis the order of the matri x.

WORK  COVPLEX
WORK is a work array.

JPVT | NTEGER(P) .
JPVT contains integers that control the selection
of the pivot elenents, if pivoting has been requested.
Each di agonal el ement A(K, K)
is placed in one of three classes according to the
val ue of JPVT(K)).

If JPVT(K)) .GI. 0, then X(K) is an initial
el ement .

If JPVT(K)) .EQ 0O, then X(K) is a free el enent.
If JPVT(K)) .LT. 0, then X(K) is a final elenent.

Bef ore the deconposition is conputed, initial elenents
are noved by symetric row and col umm interchanges to
the beginning of the array A and fi nal

elements to the end. Both initial and final elenents
are frozen in place during the conputation and only
free elements are noved. At the K-th stage of the
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reduction, if A(K K) is occupied by a free el enent
it is interchanged with the |argest free el enent
A(L,L) with L .GE. K JPVT is not referenced if
JOB .EQ O.

JOB | NTEGER.
JOB is an integer that initiates columm pivoting.
IF JOB .EQ O, no pivoting is done.
IF JOB .NE. 0, pivoting is done.

On Return

A A contains in its upper half the Chol esky factor
of the matrix A as it has been pernuted by pivoting.

JPVT  JPVT(J) contains the index of the diagonal el enent
of A that was noved into the J-th position,
provi ded pivoting was requested.

INFO contains the index of the |last positive di agonal
el ement of the Chol esky factor.

For positive definite matrices INFO = P is the normal return.
For pivoting with positive semdefinite natrices I NFO w ||

in general be less than P. However, |INFO nmay be greater than
the rank of A, since rounding error can cause an ot herw se zero
el enment to be positive. Indefinite systems will always cause
INFOto be less than P.

***REFERENCES J. J. Dongarra, J. R Bunch, C. B. Mder, and G W
Stewart, LINPACK Users' Cuide, SIAM 1979.
***ROUTI NES CALLED CAXPY, CSWAP
***REVI S| ON HI STORY  ( YYMVDD)
790319 DATE WRI TTEN
890831 Modified array declarations. (VRB)
890831 REVI SI ON DATE from Version 3.2
891214 Prol ogue converted to Version 4.0 format. (BAB)
900326 Renoved duplicate infornmati on from DESCRI PTI ON secti on.
(VRB)
920501 Reformatted the REFERENCES section. (WRB)
END PROLOGUE
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CCHDD

SUBROUTI NE CCHDD (R, LDR, P, X, Z, LDZ, Nz, Y, RHO C, S, INFO
***BEG N PROLOGUE CCHDD
***PURPOSE Downdat e an augment ed Chol esky deconposition or the
triangular factor of an augnmented QR deconposition.
***| | BRARY  SLATEC (LI NPACK)
*** CATEGORY D7B

***TYPE COWLEX (SCHDD- S, DCHDD- D, CCHDD- C)
***KEYWORDS CHOLESKY DECOVPCSI TI ON, DOANDATE, LI NEAR ALGEBRA, LI NPACK,
MATRI X

*** AUTHOR Stewart, G W, (U of Mryland)
*** DESCRI PTI ON

CCHDD downdat es an augnent ed Chol esky deconposition or the
triangular factor of an augmented QR deconposition.
Specifically, given an upper triangular matrix R of order P, a
row vector X, a columm vector Z, and a scalar Y, CCHDD
determines a unitary nmatrix U and a scal ar ZETA such t hat

(R Z) (RR Z2)
U= ( ) = ( )
(0 ZETA) ( X Y
where RR is upper triangular. |If R and Z have been obtai ned

fromthe factorization of a | east squares problem then

RR and ZZ are the factors corresponding to the problem
with the observation (X,Y) renoved. In this case, if RHO
is the normof the residual vector, then the norm of

the residual vector of the downdated problemis

SQRT(RHO**2 - ZETA**2). CCHDD will simultaneously downdate
several triplets (Z Y,RHO along with R

For a less terse description of what CCHDD does and how

it may be applied, see the LINPACK CGui de.

The matrix Uis determined as the product U(1)*...*U(P)
where U(lI) is a rotation in the (P+1,1)-plane of the
form

EC(I) -COI\UG(S(I))g
( S(1) (1) )
the rotations are chosen so that C(I) is real.

The user is warned that a gi ven downdati ng probl em may
be inpossible to acconplish or may produce

i naccurate results. For exanple, this can happen

if Xis near a vector whose renmpoval will reduce the
rank of R Beware.

On Entry
R COWPLEX(LDR, P), where LDR .GE. P.
R contains the upper triangular matrix

that is to be downdated. The part of R
bel ow t he di agonal is not referenced.
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LDR | NTEGER.
LDR is the | eading dinension of the array R

p | NTEGER.
Pis the order of the matrix R

X COVPLEX( P) .
X contains the row vector that is to
be renoved fromR X is not altered by CCHDD.

V4 COWPLEX(LDZ, Nz), where LDZ .CGE. P.
Zis an array of NZ P-vectors which
are to be downdated along with R

LDz | NTEGER.
LDZ is the | eading dinmension of the array Z.

NZ | NTEGER.
NZ is the nunber of vectors to be downdated
NZ may be zero, in which case Z, Y, and RHO
are not referenced.

Y COVPLEX( NZ) .
Y contains the scalars for the downdati ng
of the vectors Z. Y is not altered by CCHDD.

RHO REAL( NZ) .
RHO cont ai ns the norns of the residual
vectors that are to be downdat ed.

On Return

R

4 contain the downdated quantiti es.

RHO

C REAL( P) .
C contains the cosines of the transformn ng
rotations.

S COVPLEX( P) .
S contains the sines of the transfornng
rotations.

I NFO | NTEGER.
INFO is set as foll ows.

INFO=0 if the entire downdating
was successful .

INFO=-1 if R could not be downdat ed.
inthis case, all quantities
are | eft unaltered.

INFO=1 if sone RHO coul d not be

downdat ed. The offending RHO s are
set to -1.

***REFERENCES J. J. Dongarra, J. R Bunch, C. B. Mdler, and G W
Stewart, LINPACK Users' Cuide, SIAM 1979.

S ATEC2 (AAAAAA through DOUPAK) - 161



*** ROUTI NES CALLED CDOTC, SCNRM2
***REVI SI ON HI STORY ( YYMVDD)
780814 DATE WRI TTEN
890531 Changed all specific intrinsics to generic. (WRB)
890831 Modified array declarations. (VRB)
890831 REVI SI ON DATE from Version 3.2
891214 Prol ogue converted to Version 4.0 format. (BAB)
900326 Renoved duplicate infornmati on from DESCRI PTI ON secti on.
(VRB)
920501 Reformatted the REFERENCES section. (WRB)
END PROLOGUE
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CCHEX

SUBROUTI NE CCHEX (R, LDR, P, K, L, Z, LDz, Nz, C, S, JOB)

*** BEG N PROLOGUE CCHEX

***PURPOSE Update the Chol esky factorization A=TRANS(R)*R of a
positive definite matrix A of order P under diagonal
pernmutations of the form TRANS(E)*A*E, where Eis a
permutation matri X.

***| | BRARY  SLATEC (LI NPACK)

*** CATEGORY D7B

* % TYPE COWPLEX ( SCHEX-S, DCHEX-D, CCHEX- Q)

** % KEYWORDS CHOLESKY DECOVPCSI TI ON, EXCHANGE, LI NEAR ALGEBRA, LI NPACK,
MATRI X, PCSI Tl VE DEFI NI TE

*** AUTHOR Stewart, G W, (U of Mryland)

*** DESCRI PTI ON

CCHEX updat es t he Chol esky factorization
A = CTRANS(R) *R

of a positive definite matrix A of order P under diagonal
perrutati ons of the form

TRANS( E) * A*E

where Eis a pernutation matrix. Specifically, given

an upper triangular matrix R and a permutation matrix

E (which is specified by K, L, and JOB), CCHEX determ nes
a unitary matrix U such that

URE = RR

where RR is upper triangular. At the users option, the
transformation Uw Il be nultiplied into the array Z

If A= CITRANS(X)*X, so that Ris the triangular part of the
R factorization of X, then RRis the triangular part of the
R factorization of X*E, i.e. Xwith its colums permuted.
For a less terse description of what CCHEX does and how

it may be applied, see the LINPACK CGuide.

The matrix Qis determned as the product U(L-K)*...*U(1)
of plane rotations of the form

2 1) S(I)g
( -CONUGE(s(1)) 1) )
where C(1) is real. The rows these rotations operate on

are descri bed bel ow.

There are two types of pernutations, which are deternined
by the val ue of JOB.

1. Right circular shift (JOB = 1).
The columms are rearranged in the follow ng order.
1,..., K1, LK K+L,...,L-1,L+1,...,P.
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Uis the product of L-K rotations U(l), where U(Il)
acts in the (L-1,L-1+1)-plane.

2. Left circular shift (JOB = 2).
The colums are rearranged in the follow ng order

1,...,K-1, K+1,K+2,...,L, K L+1, ..., P.

Uis the product of L-Krotations U(l), where U(l)
acts in the (K+l-1,K+l)-plane.

On Entry
R

LDR

LDZ

JOB

On Return

COVPLEX(LDR, P), where LDR .GE. P.

R contai ns the upper triangular factor
that is to be updated. Elenents of R
bel ow t he di agonal are not referenced.

| NTEGER.
LDR is the | eading dinmension of the array R

| NTEGER.
Pis the order of the matrix R

| NTEGER.
Kis the first colunm to be pernuted.

| NTEGER.
L is the last colunn to be pernuted.
L nust be strictly greater than K

COWPLEX(LDZ, NZ), where LDZ .CGE. P.

Zis an array of NZ P-vectors into which the
transformation Uis multiplied. Zis

not referenced if NZ = 0.

| NTEGER.
LDZ is the | eading dinension of the array Z.

| NTEGER.
NZ is the nunber of columms of the matri x Z.

| NTEGER.
JOB deternines the type of pernutation.

JOB 1 right circular shift.
JOB =2 left circular shift.

contains the updated factor.
contains the updated matrix Z.

REAL( P) .
C contains the cosines of the transforning rotations.

COVPLEX( P) .
S contains the sines of the transform ng rotations.
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***REFERENCES J. J. Dongarra, J. R Bunch, C. B. Mder, and G W
Stewart, LINPACK Users' Cuide, SIAM 1979.
*** ROUTI NES CALLED CROTG
***REVI SI ON HI STORY ( YYMVDD)
780814 DATE WRI TTEN
890531 Changed all specific intrinsics to generic. (WRB)
890831 Modified array declarations. (WRB)
890831 REVI SI ON DATE from Version 3.2
891214 Prol ogue converted to Version 4.0 format. (BAB)
900326 Renpved duplicate infornmati on from DESCRI PTI ON secti on.
(WRB)
920501 Reformatted the REFERENCES section. (WRB)
END PROLOGUE
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CCHUD

SUBROUTI NE CCHUD (R, LDR, P, X, Z, LDZ, Nz, Y, RHO C, Y9)
*** BEG N PROLOGUE CCHUD
***PURPOSE Updat e an augnent ed Chol esky deconposition of the
triangular part of an augnmented QR deconposition.
***| | BRARY  SLATEC (LI NPACK)
*** CATEGORY D7B

***TYPE COWLEX (SCHUD- S, DCHUD- D, CCHUD- C)
*** KEYWORDS CHOLESKY DECOVPCSI TI ON, LI NEAR ALCGEBRA, LI NPACK, MNATRI X,
UPDATE

*** AUTHOR Stewart, G W, (U of Mryland)
*** DESCRI PTI ON

CCHUD updat es an augnent ed Chol esky deconposition of the
triangular part of an augnmented QR deconposition. Specifically,
gi ven an upper triangular matrix R of order P, a row vector

X, a colum vector Z, and a scalar Y, CCHUD determ nes a
unitary matrix U and a scal ar ZETA such that

(R 2) (RR Z7Z)
u *( ) = )
(X Y) ( 0O ZETA
where RR is upper triangular. |f R and Z have been

obtai ned fromthe factorization of a | east squares
problem then RR and ZZ are the factors corresponding to
the problemw th the observation (X Y) appended. In this
case, if RHOis the normof the residual vector, then the
norm of the residual vector of the updated problemis
SQRT(RHO**2 + ZETA**2). CCHUD wi |l sinmultaneously update
several triplets (Z Y, RHO.

For a less terse description of what CCHUD does and how
it may be applied see the LI NPACK Gui de.

The matrix Uis determned as the product U(P)*...*U(1),

where U(l) is a rotation in the (I,P+1) plane of the
form

E () S(l)g
( -CONIE(S(1))  (d) )

The rotations are chosen so that C(l) is real.

On Entry
R COWPLEX(LDR, P), where LDR .CE. P.
R contains the upper triangular matrix
that is to be updated. The part of R
bel ow t he di agonal is not referenced.
LDR | NTEGER.
LDR is the | eading dinension of the array R
P | NTEGER.
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Pis the order of the matrix R

X COVPLEX(P) .
X contains the rowto be added to R X is
not altered by CCHUD.

z COWLEX(LDZ, NZ), where LDZ .GE. P.
Zis an array containing NZ P-vectors to
be updated with R

LDz | NTEGER.
LDZ is the | eading dinension of the array Z.

NZ | NTEGER.
NZ is the nunber of vectors to be updated
NZ may be zero, in which case Z, Y, and RHO
are not referenced.

Y COVPLEX( NZ) .
Y contains the scalars for updating the vectors
Z. Y is not altered by CCHUD.

RHO REAL( NZ) .
RHO contai ns the nornms of the residual
vectors that are to be updated. |f RHQ(J)
is negative, it is left unaltered.

On Return
RC
RHO contain the updated quantiti es.
Z
C

REAL(P) .
C contains the cosines of the transform ng
rotations.

S COVPLEX( P) .
S contains the sines of the transformng
rotations.

***REFERENCES J. J. Dongarra, J. R Bunch, C. B. Mdler, and G W
Stewart, LINPACK Users' Cuide, SIAM 1979.
***ROUTI NES CALLED CROTG
***REVI S| ON HI STORY  ( YYMVDD)
780814 DATE WRI TTEN
890531 Changed all specific intrinsics to generic. (WRB)
890831 Modified array declarations. (WVRB)
890831 REVI SI ON DATE from Version 3.2
891214 Prol ogue converted to Version 4.0 format. (BAB)
900326 Renoved duplicate infornmation from DESCRI PTI ON secti on.
(VRB)
920501 Reformatted the REFERENCES section. (WRB)
END PROLOGUE
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CCOPY

SUBROUTI NE CCOPY (N, CX, INCX, CY, INCY)
***BEG N PROLOGUE CCORPY
*** PURPOSE Copy a vector
***| | BRARY  SLATEC ( BLAS)
*** CATEGORY D1A5
*** TYPE COWPLEX (SCOPY-S, DCOPY-D, CCOPY-C, | COPY-1)
*** KEYWORDS BLAS, COPY, LINEAR ALGEBRA, VECTOR
*** AUTHOR Lawson, C. L., (JPL)
Hanson, R J., (SNLA)
Kincaid, DD R, (U of Texas)
Krogh, F. T., (JPL)
*** DESCRI PTI ON

BLAS Subprogram
Descri ption of Paraneters

- -l nput - -
N nunber of elements in input vector(s)
CX complex vector with N el enents
I NCX storage spaci ng between el enments of CX
CY complex vector with N el enments
I NCY storage spacing between el ements of CY

--Qut put - -
CY copy of vector CX (unchanged if N .LE. 0)

Copy conplex CX to conpl ex CY.

For I = 0 to N1, copy CX(LX+Hl *I NCX) to CY(LY+l*INCY),

where LX = 1 if INCX .GE 0, else LX = 1+(1-N)*INCX, and LY is
defined in a simlar way using |NCY.

***REFERENCES C. L. Lawson, R J. Hanson, D. R Kincaid and F. T.
Krogh, Basic |inear al gebra subprograns for Fortran
usage, Al gorithm No. 539, Transactions on Mathenati cal
Software 5, 3 (Septenber 1979), pp. 308-323.

*** ROUTI NES CALLED ( NONE)

***REVI SI ON HI STORY ( YYMVDD)

791001 DATE WRI TTEN

890831 Modified array declarations. (WRB)

890831 REVI SI ON DATE from Version 3.2

891214 Prol ogue converted to Version 4.0 format. (BAB)
920310 Corrected definition of LX in DESCRI PTION. (WRB)
920501 Reformatted the REFERENCES section. (WRB)

END PROLOGUE
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CCOSH

COVPLEX FUNCTI ON CCCSH ( 2)
*** BEG N PROLOGUE CCOsH
***PURPOSE Conpute the conpl ex hyperbolic cosine.
***| | BRARY  SLATEC ( FNLI B)
*** CATEGORY CAC
*** TYPE COWPLEX (CCOsH- Q)
*** KEYWORDS ELEMENTARY FUNCTI ONS, FNLI B, HYPERBOLI C COSI NE
*** AUTHOR Fullerton, W, (LANL)
*** DESCRI PTI ON

CCOSH(Z2) cal cul ates the conpl ex hyperbolic cosine of Z

*** REFERENCES ( NONE)

*** ROUTI NES CALLED ( NONE)

***REVI SI ON HI STORY ( YYMVDD)
770401 DATE WRI TTEN
890531 Changed all specific intrinsics to generic. (WRB)
890531 REVI SI ON DATE from Version 3.2
891214 Prol ogue converted to Version 4.0 format. (BAB)
END PROLOGUE
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CCOT

COVPLEX FUNCTI ON CCOT (2)
***BEG N PROLOGUE CCOT
***PURPOSE Conput e the cotangent.
***| | BRARY  SLATEC ( FNLI B)
*** CATEGORY C4A
*** TYPE COWLEX (COr-s, DCOr-D, CCOor-C)
*** KEYWORDS COTANGENT, ELEMENTARY FUNCTI ONS, FNLI B, TRI GONOVETRI C
*** AUTHOR Ful l erton, W, (LANL)
*** DESCRI PTI ON

CCOT(Z) calculates the conplex trigononetric cotangent of Z.

*** REFERENCES ( NONE)

*** ROUTI NES CALLED RIMACH, XERCLR, XERMSG

***REVI SI ON HI STORY ( YYMVDD)
770401 DATE WRI TTEN
890531 Changed all specific intrinsics to generic. (WRB)
890531 REVI SI ON DATE from Version 3.2
891214 Prol ogue converted to Version 4.0 format. (BAB)
900315 CALLs to XERROR changed to CALLs to XERVBG  (THJ)
900326 Renpved duplicate infornmation from DESCRI PTI ON secti on.

(WRB)

END PROLOGUE
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CDCDOT

COWPLEX FUNCTI ON CDCDOT (N, CB, CX, INCX, CY, INCY)
*** BEG N PROLOGUE CDCDOT
***PURPOSE Conpute the inner product of two vectors with extended
preci si on accunul ati on.
***] | BRARY  SLATEC ( BLAS)
*** CATEGORY D1A4
***TYPE COWPLEX ( SDSDOT- S, CDCDOT- C)
*** KEYWORDS BLAS, DOT PRODUCT, | NNER PRODUCT, LI NEAR ALGEBRA, VECTOR
*** AUTHOR Lawson, C. L., (JPL)
Hanson, R J., (SNLA)
Kincaid, D R, (U of Texas)
Krogh, F. T., (JPL)
*** DESCRI PTI ON

BLAS Subprogram
Description of Paraneters

- -1 nput - -
N nunber of elements in input vector(s)
CB complex scalar to be added to inner product
CX conmplex vector with N el enments
I NCX storage spacing between el enments of CX
CY conplex vector with N el enents
I NCY storage spacing between el enents of CY

--Qut put - -
CDCDOT  conpl ex dot product (CBif N .LE 0)

Returns conplex result with dot product accurulated in D.P.
CDCDOT = CB + sumfor | =0 to N1 of CX(LX+l*INCY)*CY(LY+Il *1 NCY)
where LX = 1 if INCX .GE. 0, else LX = 1+(1-N)*I NCX, and LY is
defined in a simlar way using |NCY.

***REFERENCES C. L. Lawson, R J. Hanson, D. R Kincaid and F. T.
Krogh, Basic |linear algebra subprograns for Fortran
usage, Al gorithm No. 539, Transactions on Mt henati cal
Software 5, 3 (Septenber 1979), pp. 308-323.

*** ROUTI NES CALLED ( NONE)

***REVI SI ON HI STORY ( YYMVDD)

791001 DATE WRI TTEN

890531 Changed all specific intrinsics to generic. (WRB)
890531 REVI SI ON DATE from Version 3.2

891214 Prol ogue converted to Version 4.0 format. (BAB)
920310 Corrected definition of LX in DESCRI PTION. (VRB)
920501 Reformatted the REFERENCES section. (WRB)

END PROLOGUE
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CDOTC

COVPLEX FUNCTI ON CDOTC (N, CX, INCX, CY, |INCY)
***BEG N PROLOGUE CDOTC
***PURPOSE Dot product of two conpl ex vectors using the conpl ex
conjugate of the first vector.
***| | BRARY  SLATEC ( BLAS)
*** CATEGORY D1A4
*** TYPE COVPLEX (CDOTC- Q)
*** KEYWORDS BLAS, | NNER PRODUCT, LI NEAR ALGEBRA, VECTOR
*** AUTHOR Lawson, C. L., (JPL)
Hanson, R J., (SNLA)
Kincaid, D R, (U of Texas)
Krogh, F. T., (JPL)
*** DESCRI PTI ON

BLAS Subprogram
Description of Paraneters

- -1 nput - -
N nunber of elements in input vector(s)
CX complex vector with N el ements
I NCX storage spaci ng between el enments of CX
CY conmplex vector with N el enents
I NCY storage spaci ng between el enents of CY

--Qut put - -
CDOTC complex result (zero if N .LE 0)

Returns the dot product of conplex CX and CY, using CONJUGATE( CX)
CDOTC = SUMfor | =0 to N1 of CONJ(CX(LX+l*I NCX))*CY(LY+Il *I NCY),
where LX = 1 if INCX .GE 0, else LX = 1+(1-N)*INCX, and LY is
defined in a simlar way using |INCY.

***REFERENCES C. L. Lawson, R J. Hanson, D. R Kincaid and F. T.
Krogh, Basic |inear al gebra subprograns for Fortran
usage, Al gorithm No. 539, Transactions on Mt hemati cal
Software 5, 3 (Septenber 1979), pp. 308-323.

*** ROUTI NES CALLED ( NONE)

***REVI SI ON HI STORY ( YYMVDD)

791001 DATE WRI TTEN

890831 Modified array declarations. (VRB)

890831 REVI SI ON DATE from Version 3.2

891214 Prol ogue converted to Version 4.0 format. (BAB)
920310 Corrected definition of LX in DESCRI PTION. (VRB)
920501 Reformatted the REFERENCES section. (WRB)

END PROLOGUE
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CDOTU

COWPLEX FUNCTI ON CDOTU (N, CX, INCX, CY, |INCY)
*** BEG N PROLOGUE CDOTU
***PURPOSE Conpute the inner product of two vectors.
***] | BRARY  SLATEC ( BLAS)
*** CATEGORY D1A4
*** TYPE COWLEX (SDOT-S, DDOT-D, CDOTU- C)
*** KEYWORDS BLAS, | NNER PRODUCT, LINEAR ALGEBRA, VECTOR
*** AUTHOR Lawson, C. L., (JPL)
Hanson, R J., (SNLA)
Kincaid, DD R, (U of Texas)
Krogh, F. T., (JPL)
*** DESCRI PTI ON

BLAS Subprogram
Descri ption of paraneters

- -l nput - -
N nunber of elements in input vector(s)
CX complex vector with N el enents
I NCX storage spaci ng between el enments of CX
CY complex vector with N el enments
I NCY storage spacing between el ements of CY

--Qut put - -
CDOTU conplex result (zero if N.LE 0)

Returns the dot product of conplex CX and CY, no conjugation
CDOTU = SUMfor | =0 to N1 of CX(LX+I*INCX) * CY(LY+l *1 NCY)
where LX = 1 if INCX .GE 0, else LX = 1+(1-N)*INCX, and LY is
defined in a simlar way using |NCY.

***REFERENCES C. L. Lawson, R J. Hanson, D. R Kincaid and F. T.
Krogh, Basic |inear al gebra subprograns for Fortran
usage, Al gorithm No. 539, Transactions on Mathenati cal
Software 5, 3 (Septenber 1979), pp. 308-323.

*** ROUTI NES CALLED ( NONE)

***REVI SI ON HI STORY ( YYMVDD)

791001 DATE WRI TTEN

890831 Modified array declarations. (WRB)

890831 REVI SI ON DATE from Version 3.2

891214 Prol ogue converted to Version 4.0 format. (BAB)
920310 Corrected definition of LX in DESCRI PTION. (WRB)
920501 Reformatted the REFERENCES section. (WRB)

END PROLOGUE
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CDRIV1

SUBROUTINE CDRIV1 (N, T, Y, F, TOUT, MSTATE, EPS, WORK, LENW
8 | ERFLG
***BEA N PROLOGUE CDRI V1
***PURPOSE The function of CORIV1 is to solve N (200 or fewer)
ordinary differential equations of the form
dy(1)/dT = F(Y(l),T), given the initial conditions
Y(I) =Y. CDRIV1 allows conplex-valued differenti al
equati ons.
***| | BRARY SLATEC ( SDRI VE)
*** CATEGORY |11A2, |11A1B
*** TYPE COWPLEX (SDRIV1-S, DDRIV1-D, CDRIV1-Q)
*** KEYWORDS COWPLEX VALUED, GEAR S METHOD, | NI TI AL VALUE PROBLEMS,
ODE, ORDI NARY DI FFERENTI AL EQUATI ONS, SDRI VE, STI FF
*** AUTHOR Kahaner, D. K., (N ST)
Nati onal Institute of Standards and Technol ogy
Gai t her sburg, MD 20899
Sutherland, C. D., (LANL)
Mai | Stop D466
Los Al anps National Laboratory
Los Al anbs, NM 87545
*** DESCRI PTI ON

Version 92.1
| . CHOGCSI NG THE CORRECT ROUTI NE . ...t e e e

SDRI V

DDRI V

CDRI V
These are the generic nanes for three packages for solving
initial value problenms for ordinary differential equations.
SDRIV uses single precision arithnetic. DDRIV uses double
precision arithmetic. CDRIV allows conpl ex-val ued
differential equations, integrated with respect to a single,
real, independent vari able.

As an aid in selecting the proper program the following is a
di scussion of the inportant options or restrictions associated with
each program

A. CDRI V1 should be tried first for those routine problens with
no nore than 200 differential equations (CDRI V2 and CDRI V3
have no such restriction.) Internally this routine has two
i mportant technical defaults:

1. Nunerical approximation of the Jacobian matrix of the
ri ght hand side is used.
2. The stiff solver option is used.
Most users of CDRIV1 should not have to concern thensel ves
with these details.

B. CDRI V2 should be considered for those problens for which
CDRI V1 is inadequate. For exanple, CDRIV1 may have difficulty
with problenms having zero initial conditions and zero
derivatives. In this case CDRIV2, with an appropriate val ue
of the parameter EWI, should performnore efficiently. CDRIV2
provides three inportant additional options:
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C

1.

2.
3.

The nonstiff equation solver (as well as the stiff
solver) is avail able.

The root-finding option is avail abl e.

The program can dynanically select either the non-stiff
or the stiff nethods.

Internally this routine also defaults to the nunerica
approxi mati on of the Jacobian matrix of the right hand side.

CDRIV3 is the nost flexible, and hence the nost conpl ex, of
the programs. |Its inportant additional features include:
1. The ability to exploit band structure in the Jacobi an
mat ri x.
2. The ability to solve sonme inplicit differential
equations, i.e., those having the form
ALY, T)*dY/dT = F(Y, T).
3. The option of integrating in the one step node.
4. The option of allowi ng the user to provide a routine
whi ch conputes the anal ytic Jacobian natrix of the right
hand si de.
5. The option of allowi ng the user to provide a routine
whi ch does all the matrix al gebra associated with
corrections to the solution conponents.
PARANMETERS . . .

The user should use paraneter nanes in the call sequence of CDRIV1
for those quantities whose value nmay be altered by CORIV1. The
paraneters in the call sequence are:

N
T

(I nput) The nunber of differential equations, N .LE 200

(Real) The independent variable. On input for the first
call, Tis the initial point. On output, T is the point
at which the solution is given

(Conpl ex) The vector of dependent variables. Y is used as
input on the first call, to set the initial values. n
output, Y is the conputed solution vector. This array Y
is passed in the call sequence of the user-provided
routine F. Thus paraneters required by F can be stored in
this array in conponents N+1 and above. (Note: Changes by
the user to the first N components of this array will take
effect only after a restart, i.e., after setting MSTATE to
+1(-1).)

A subroutine supplied by the user. The name nust be
decl ared EXTERNAL in the user's calling program This
subroutine is of the form

SUBROUTINE F (N, T, Y, YDOT)

COWPLEX Y(*), YDOT(*)

YDOT(1) = ...

YDOT(N) = ...

END ( Sanpl e)
This conputes YDOT = F(Y,T), the right hand side of the
differential equations. Here Y is a vector of length at
least N The actual length of Y is determ ned by the
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TOUT
MSTATE

user's declaration in the program which calls CDRI VL.

Thus the dinensioning of Yin F, while required by FORTRAN
convention, does not actually allocate any storage. Wen
this subroutine is called, the first N conponents of Y are
i nternedi ate approxi mations to the solution conponents.
The user should not alter these values. Here YDOT is a
vector of length N. The user should only conpute YDOT(I)
for | fromlto N Nornmally a return fromF passes
control back to CDRIV1. However, if the user would like
to abort the calculation, i.e., return control to the
program which calls CDRI V1, he should set Nto zero.
CDRIV1 will signal this by returning a val ue of MSTATE
equal to +5(-5). Altering the value of Nin F has no
effect on the value of Nin the call sequence of CDRI V1.

(I'nput, Real) The point at which the solution is desired.

An integer describing the status of integration. The user
must initialize MSTATE to +1 or -1. |If MSTATE is

positive, the routine will integrate past TOUT and
interpolate the solution. This is the nost efficient
node. |f MSTATE is negative, the routine will adjust its

internal step to reach TOUT exactly (useful if a

singularity exists beyond TQUT.) The neani ng of the

nagnltude of MSTATE:
(I'nput) Means the first call to the routine. This
val ue nust be set by the user. On all subsequent
calls the val ue of MSTATE should be tested by the
user. Unless CDRIV1 is to be reinitialized, only the
sign of MSTATE may be changed by the user. (As a
conveni ence to the user who may wish to put out the
initial conditions, CDRIV1 can be called with
MSTATE=+1(-1), and TOQUT=T. In this case the program
will return with MSTATE unchanged, i.e.
MSTATE=+1(-1).)

2 (Qutput) Means a successful integration. |If a norma
continuation is desired (i.e., a further integration
in the same direction), sinply advance TOUT and cal
again. Al other paraneters are automatically set.

3 (Qutput)(Unsuccessful) Means the integrator has taken
1000 steps without reaching TOUT. The user can
continue the integration by sinply calling CDRI V1
agai n.

4 (CQutput)(Unsuccessful) Means too nmuch accuracy has
been requested. EPS has been increased to a val ue
the programestinmates is appropriate. The user can
continue the integration by sinply calling CDRI V1
agai n.

5 (Qutput)(Unsuccessful) N has been set to zero in
SUBROUTI NE F.

6 (Qutput)(Successful) For MSTATE negative, T is beyond
TOQUT. The solution was obtai ned by interpolation.
The user can continue the integration by sinply
advanci ng TQUT and calling CDRI V1 again.

7 (Qutput)(Unsuccessful) The solution could not be
obtai ned. The value of | ERFLG (see description
bel ow) for a "Recoverable" situation indicates the
type of difficulty encountered: either an illegal
val ue for a paranmeter or an inability to continue the
solution. For this condition the user should take
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corrective action and reset MSTATE to +1(-1) before
calling CDRIV1 again. Qherw se the programwil |
term nate the run

EPS = (Real) On input, the requested relative accuracy in al
sol ution conmponents. On output, the adjusted relative
accuracy if the input value was too snmall. The val ue of
EPS shoul d be set as large as is reasonabl e, because the
anount of work done by CDRIV1 increases as EPS decreases.
WWORK
LENW = (I nput)
WORK is an array of LENW conpl ex words used
internally for tenporary storage. The user nust allocate
space for this array in the calling programby a statenment
such as
COVPLEX WORK(. ..)
The length of WORK should be at least N*N + 11*N + 300
and LENW shoul d be set to the value used. The contents of
WORK shoul d not be di sturbed between calls to CDRI V1.
| ERFLG = An error flag. The error nunber associated with a
di agnostic nessage (see Section |IV-A below) is the sane as
the correspondi ng value of | ERFLG  The neani ng of | ERFLG
0 The routine conpleted successfully. (No nessage is
i ssued.)
3 (Warning) The nunber of steps required to reach TOUT
exceeds 1000 .
4 (Warning) The value of EPS is too small.
11 (Warning) For MSTATE negative, T is beyond TOUT.
The sol ution was obtained by interpolation.

15 (Warning) The integration step size is belowthe
roundoff level of T. (The programissues this
nessage as a warning but does not return control to
t he user.)

21 (Recoverable) Nis greater than 200

22 (Recoverable) Nis not positive.

26 (Recoverable) The magni tude of MSTATE is either 0 or
greater than 7

27 (Recoverable) EPS is |ess than zero.

32 (Recoverable) Insufficient storage has been all ocated
for the WORK array.

41 (Recoverable) The integration step size has gone
to zero.

42 (Recoverable) The integration step size has been
reduced about 50 tinmes w thout advancing the
solution. The problemsetup may not be correct.

999 (Fatal) The magnitude of MSTATE is 7 .
USAGE ..

PROGRAM SAMPLE
EXTERNAL F
COWPLEX ALFA
REAL EPS, T, TOUT
N is the nunber of equations
PARAVETER(ALFA = (1.EO0, 1.E0), N = 3,
8 LENW = N*N + 11*N + 300)
COVPLEX WORK(LENW, Y(N+1)
Initial point
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T = 0. 00001EO

C Set initial conditions
Y(1) = 10.EO
Y(2) = 0.EO
Y(3) = 10.EO

C Pass paraneter
Y(4) = ALFA
TOUT = T
MSTATE = 1
EPS = . 001EO

10 CALL CDRIV1 (N, T, Y, F, TOQUT, MSTATE, EPS, WORK, LENW
8 | ERFLG)

| F (MSTATE . GT. 2) STOP

WRI TE(*, ' (5E12.3)') TOUT, (Y(1), 1=1,3)
TOUT = 10. EO* TOUT

| F (TOUT .LT. 50.E0) GO TO 10

END

SUBROUTINE F (N, T, Y, YDOT)

COVPLEX ALFA, Y(*), YDOT(*)

REAL T

ALFA = Y(N+#1)

YDOT(1) = 1.E0 + ALFA*(Y(2) - Y(1)) - Y(1)*Y(3)

YDOT(2) = ALFA*(Y(1) - Y(2)) - Y(2)*Y(3)
YDOT(3) = 1.E0 - Y(3)*(Y(1) + Y(2))
END

V. OTFHER COVMUNI CATION TO THE USER ... ... ... . . . .

A. The solver comuni cates to the user through the paraneters
above. In addition it wites diagnostic nmessages through the
standard error handling program XERMSG. A conpl ete description
of XERMSG is given in "Quide to the SLATEC Conmon Mat hemat i cal
Li brary” by Kirby W Fong et al.. At installations which do not
have this error handling package the short but serviceable
routine, XERMSG available with this package, can be used. That
program uses the file named OQUTPUT to transnit nessages.

B. The nunber of evaluations of the right hand side can be found
in the WORK array in the |ocation determ ned by:
LENW- (N + 50) + 4

V. REMARKS
For other information, see Section IV of the witeup for CDRIV3.

***REFERENCES C. W GCear, Nunerical Initial Value Problens in
Odinary Differential Equations, Prentice-Hall, 1971.
*** ROUJTI NES CALLED CDRI V3, XERMSG
***REVI SI ON H STORY ( YYMVDD)
790601 DATE WRI TTEN
900329 Initial subm ssion to SLATEC.
END PROLOGUE
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CDRIV2

SUBROUTINE CDRIV2 (N, T, Y, F, TOUT, MSTATE, NROOT, EPS, EW
8 M NT, WORK, LENW |IWORK, LENIW G | ERFLG
***BEA N PROLOGUE CDRI V2
***PURPOSE The function of CORIV2 is to solve N ordinary differential
equations of the formdY(l)/dT = F(Y(l),T), given the
initial conditions Y(I) = Yl. The programhas options to
allow the solution of both stiff and non-stiff differential
equations. CDRIV2 allows conpl ex-valued differential
equati ons.
***| | BRARY  SLATEC ( SDRI VE)
*** CATEGORY |11A2, |11A1B
*** TYPE COWPLEX (SDRI V2-S, DDRIV2-D, CDRIV2-Q)
*** KEYWORDS COWPLEX VALUED, GEAR S METHOD, | NI TI AL VALUE PROBLEMS,
ODE, ORDI NARY DI FFERENTI AL EQUATI ONS, SDRI VE, STI FF
*** AUTHOR Kahaner, D. K., (N ST)
Nati onal Institute of Standards and Technol ogy
Gai t hersburg, MD 20899
Sutherland, C. D., (LANL)
Mai | Stop D466
Los Al anpbs National Laboratory
Los Al anbs, NM 87545
*** DESCRI PTI ON

. PARANETERS . . . .
The user shoul d use paraneter nanes in the call sequence of CDRI V2

for those quantities whose value nmay be altered by CDRI V2. The
paraneters in the call sequence are:

N (I'nput) The nunber of differential equations.

T = (Real) The independent variable. On input for the first
call, Tis the initial point. On output, T is the point
at which the solution is given

Y = (Conpl ex) The vector of dependent variables. Y is used as
input on the first call, to set the initial values. n
output, Y is the conmputed solution vector. This array Y
is passed in the call sequence of the user-provided
routines F and G Thus parameters required by F and G can
be stored in this array in conponents N+1 and above.
(Note: Changes by the user to the first N conponents of
this array will take effect only after a restart, i.e.,
after setting MSTATE to +1(-1).)

F = A subroutine supplied by the user. The name nust be
declared EXTERNAL in the user's calling program This
subroutine is of the form

SUBROUTINE F (N, T, Y, YDOT)
COVPLEX Y(*), YDOT(*)

YDOT( 1)

YDOT( N)
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TOUT
MSTATE

END ( Sanpl e)
This conputes YDOT = F(Y,T), the right hand side of the
differential equations. Here Y is a vector of length at
least N. The actual length of Y is determined by the
user's declaration in the programwhich calls CDRI V2.
Thus the dinensioning of Yin F, while required by FORTRAN
convention, does not actually allocate any storage. Wen
this subroutine is called, the first N conponents of Y are
i nternedi ate approxi mations to the solution conponents.
The user should not alter these values. Here YDOT is a
vector of length N. The user should only conpute YDOT(I)
for I froml1l to N Normally a return fromF passes
control back to CDRI V2. However, if the user would |ike
to abort the calculation, i.e., return control to the
program which calls CDRI V2, he should set Nto zero.
CDRIV2 will signal this by returning a value of MSTATE
equal to +6(-6). Altering the value of Nin F has no
effect on the value of Nin the call sequence of CDRI V2.

(I'nput, Real) The point at which the solution is desired.

An integer describing the status of integration. The user
must initialize MSTATE to +1 or -1. |If MSTATE is

positive, the routine will integrate past TOUT and
interpolate the solution. This is the nost efficient
node. |f MSTATE is negative, the routine will adjust its

internal step to reach TOUT exactly (useful if a

singularity exists beyond TOUT.) The neaning of the

nagnltude of MSTATE:
(I'nput) Means the first call to the routine. This
val ue nmust be set by the user. On all subsequent
calls the val ue of MSTATE should be tested by the
user. Unless CDRIV2 is to be reinitialized, only the
sign of MSTATE may be changed by the user. (As a
conveni ence to the user who may wi sh to put out the
initial conditions, CDRIV2 can be called with
MSTATE=+1(-1), and TOUT=T. In this case the program
will return with MSTATE unchanged, i.e.
MBTATE=+1(-1).)

2 (Qutput) Means a successful integration. |f a norma
continuation is desired (i.e., a further integration
in the same direction), sinply advance TOUT and cal
again. Al other paraneters are automatically set.

3 (Qutput)(Unsuccessful) Means the integrator has taken
1000 steps without reaching TOQUT. The user can
continue the integration by sinply calling CDRI V2
again. Oher than an error in problemsetup, the
nost likely cause for this condition is trying to
integrate a stiff set of equations with the non-stiff
i ntegrator option. (See description of MNT bel ow.)

4 (CQutput)(Unsuccessful) Means too nmuch accuracy has
been requested. EPS has been increased to a val ue
the programestinmates is appropriate. The user can
continue the integration by sinply calling CDRIV2
agai n.

5 (Qutput) Aroot was found at a point |ess than TOUT.
The user can continue the integration toward TOUT by
sinply calling CDRIV2 again.

6 (Qutput)(Unsuccessful) N has been set to zero in
SUBROUTI NE F.
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NROOT

EPS

M NT

7 (Qutput)(Unsuccessful) N has been set to zero in
FUNCTI ON G See description of G bel ow

8 (Qutput)(Successful) For MSTATE negative, T is beyond
TOQUT. The solution was obtained by interpolation.
The user can continue the integration by sinply
advanci ng TQUT and cal ling CDRI V2 again.

9 (Qutput)(Unsuccessful) The solution could not be
obtai ned. The value of | ERFLG (see description
bel ow) for a "Recoverable" situation indicates the
type of difficulty encountered: either an illegal
val ue for a paranmeter or an inability to continue the
solution. For this condition the user should take
corrective action and reset MSTATE to +1(-1) before
calling CDRIV2 again. Qherw se the programwill
terminate the run

= (Input) The nunber of equations whose roots are desired.

If NROOT is zero, the root search is not active. This
option is useful for obtaining output at points which are
not known in advance, but depend upon the solution, e.g.,
when sonme sol uti on conponent takes on a specified val ue.
The root search is carried out using the user-witten
function G (see description of G below.) CDRIV2 attenpts
to find the value of T at which one of the equations
changes sign. CDRIV2 can find at npost one root per
equation per internal integration step, and will then
return the solution either at TOUT or at a root, whichever
occurs first in the direction of integration. The initial
point is never reported as a root. The index of the
equati on whose root is being reported is stored in the
sixth el ement of | WORK

NOTE: NROOT is never altered by this program

(Real) On input, the requested relative accuracy in al
solution conponents. EPS = 0 is allowed. On output, the
adj usted relative accuracy if the input value was too
small. The value of EPS should be set as large as is
reasonabl e, because the anount of work done by CDRI V2

i ncreases as EPS decreases.

(I nput, Real) Problemzero, i.e., the smallest physically
meani ngful value for the solution. This is used inter-
nally to conpute an array YWI(1) = MAX(ABS(Y(1)), BEW).
One step error estimates divided by YWI(1) are kept |ess
than EPS. Setting EWI to zero provides pure relative
error control. However, setting EWI smaller than
necessary can adversely affect the running tinmne.

(I nput) The i ntegration nethod fl ag.

M NT = Means the Adans met hods, and is used for
non-stiff problens.
Means the stiff nmethods of Gear (i.e., the
backward differentiation fornulas), and is
used for stiff problens.

M NT = 3 Means the programdynanically selects the
Adans net hods when the problemis non-stiff
and the Gear nethods when the problemis
stiff.

M NT may not be changed wi thout restarting, i.e., setting
t he magni tude of MSTATE to 1.
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WWORK
LENW =

| VORK
LENIW =

| ERFLG =

(I nput)
WORK is an array of LENW conpl ex words used
internally for tenporary storage. The user nust allocate
space for this array in the calling programby a statenent
such as
COVPLEX WORK(. ..)
The | ength of WORK should be at |
16*N + 2*NROOT + 250 if MNT is 1, or
N*N + 10*N + 2*NROOT + 250 if MNT is 2, or
N*N + 17*N + 2*NROOT + 250 if MNT is 3,
and LENW shoul d be set to the value used. The contents of
WORK shoul d not be di sturbed between calls to CDRI V2.

east

(I nput)
IWORK is an integer array of length LENIWused internally
for tenporary storage. The user nust allocate space for
this array in the calling programby a statenment such as
| NTEGER | WORK( . . .)

The |l ength of | WORK shoul d be at | east

50 if MNT is 1, or

N+50 if MNT is 2 or 3,
and LENI Wshoul d be set to the value used. The contents
of 1 WORK shoul d not be disturbed between calls to CDRI V2.

A real FORTRAN function supplied by the user
if NROOT is not 0. |In this case, the nane nust be
declared EXTERNAL in the user's calling program Gis
repeatedly called with different values of IROOT to
obtain the value of each of the NROOT equations for which
aroot is desired. Gis of the form

REAL FUNCTION G (N, T, Y, |ROOT)

COWPLEX Y(*)

&0 TO (10, ...), IROOT

10 G=...

END ( Sanpl e)
Here, Y is a vector of length at least N, whose first N
conponents are the solution conponents at the point T.
The user should not alter these values. The actual |ength
of Yis determined by the user's declaration in the
program which calls CDRIV2. Thus the dinensioning of Y in
G while required by FORTRAN convention, does not actually
al l ocate any storage. Normally a return from G passes
control back to CDRIV2. However, if the user would |ike
to abort the calculation, i.e., return control to the
program which calls CDRI V2, he should set Nto zero.
CDRIV2 will signal this by returning a value of MSTATE
equal to +7(-7). In this case, the index of the equation
being evaluated is stored in the sixth el enent of |WORK
Altering the value of Nin G has no effect on the val ue of
N in the call sequence of CDRI V2.

An error flag. The error nunmber associated with a

di agnosti c nessage (see Section |II-A below) is the sane as

t he correspondi ng value of IERFLG  The meani ng of | ERFLG
0O The routine conpleted successfully. (No nessage is
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i ssued.)

3 (Warning) The nunber of steps required to reach TOUT
exceeds MXSTEP.

4 (wWarning) The value of EPS is too small.

11 (Warning) For MSTATE negative, T is beyond TOUT.
The sol ution was obtained by interpolation.

15 (Warning) The integration step size is belowthe
roundoff level of T. (The programissues this
nessage as a warning but does not return control to
t he user.)

22 (Recoverable) Nis not positive.

23 (Recoverable) MNT is less than 1 or greater than 3 .

26 (Recoverable) The magni tude of MSTATE is either 0 or
greater than 9

27 (Recoverable) EPS is | ess than zero.

32 (Recoverable) Insufficient storage has been all ocated
for the WORK array.

33 (Recoverable) Insufficient storage has been all ocated
for the | WORK arr ay.

41 (Recoverable) The integration step size has gone
to zero.

42 (Recoverable) The integration step size has been
reduced about 50 tinmes w thout advancing the
solution. The problem setup nay not be correct.

999 (Fatal) The magnitude of MSTATE is 9 .

OTHER COMMUNI CATION TO THE USER ... ... ... .. . . i

The sol ver communi cates to the user through the paraneters
above. In addition it wites diagnhostic nessages through the
standard error handling program XERMSG A conpl ete description
of XERMSG is given in "Quide to the SLATEC Cormon Mat hemati ca

Li brary” by Kirby W Fong et al.. At installations which do not
have this error handling package the short but serviceable

routi ne, XERVMSG, available with this package, can be used. That
program uses the file named QUTPUT to transnmt nessages.

The first three elenments of WORK and the first five elenments of
IVWORK will contain the followi ng statistical data

AVCGH The average step size used.

HUSED The step size |ast used (successfully).

AVGORD The average order used.

| MKERR  The index of the elenment of the solution vector that

contributed nost to the last error test.
NQUSED The order |ast used (successfully).

NSTEP The nunber of steps taken since last initialization.
NFE The nunber of evaluations of the right hand side.
NJE The nunber of eval uations of the Jacobian matrix.

REMARKS .

On any return fromCDRIV2 all information necessary to continue

the calculation is contained in the call sequence paraneters,
i ncluding the work arrays. Thus it is possible to suspend one
problem integrate another, and then return to the first.

If this package is to be used in an overlay situation, the user

nmust declare in the prinmary overlay the variables in the cal
sequence to CDRI V2.
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C. Wen the routine Gis not required, difficulties associated with
an unsatisfied external can be avoi ded by using the nane of the
routi ne which calculates the right hand side of the differential
equations in place of Gin the call sequence of CDRI V2.

LV, USACE ..
PROGRAM SAMPLE
EXTERNAL F
PARAMETER(M NT = 1, NROOT = 0, N= ...,
8 LENW = 16*N + 2*NROOT + 250, LENIW = 50)

C N is the nunber of equations
COVPLEX WORK(LENW, Y(N)
REAL EPS, EWI, T, TOUT
| NTEGER | WORK( LENI' W
OPEN( FI LE="' TAPE6' , UNI T=6, STATUS=' NEW )
Initial point
T =0.
Set initial conditions
DO 10 I = 1,N
10 Y(1) .
TOUT =
EWr = ...
MSTAT
EPS = ...
20 CALL CDRIV2 (N, T, Y, F, TOQUT, MSTATE, NROOT, EPS, EW,
8 M NT, WORK, LENW |WORK, LENIW F, |ERFLG
Next to last argunent is not
Fif rootfinding is used.

— 1l

1

00

| F (MSTATE . GI. 2) STOP
WRI TE(6, 100) TOUT, (Y(l), I=1,N
TOUT = TOUT + 1.
|F (TOUT .LE. 10.) GO TO 20
100 FORMAT(...)
END ( Sanpl e)

***REFERENCES C. W Gear, Nunerical Initial Value Problens in
Odinary Differential Equations, Prentice-Hall, 1971.
*** ROUTI NES CALLED CDRI V3, XERMVSG
***REVI SI ON H STORY ( YYMVDD)
790601 DATE WRI TTEN
900329 Initial subm ssion to SLATEC.
END PROLOGUE
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CDRIV3

SUBROUTINE CDRIV3 (N, T, Y, F, NSTATE, TOUT, NTASK, NROOT, EPS,
8 EWr, ERROR, M NT, MTER, |IML, M, MJ MXORD, HVAX, WORK
8 LENW |IWORK, LENIW JACOBN, FA, NDE, MXSTEP, G USERS, |ERFLG
***BEG N PROLOGUE CDRI V3
***PURPOSE The function of CDRIV3 is to solve N ordinary differenti al
equations of the formdY(1)/dT = F(Y(l),T), given the
initial conditions Y(I) = Yl. The programhas options to
allow the solution of both stiff and non-stiff differential
equations. Oher inportant options are available. CDRIV3
al l ows conpl ex-val ued differential equations.
***| | BRARY  SLATEC ( SDRI VE)
*** CATEGORY | 1A2, |11A1B
*** TYPE COVWPLEX (SDRI V3-S, DDRIV3-D, CDRIV3-Q)
*** KEYWORDS COVPLEX VALUED, GEAR S METHCD, | NI Tl AL VALUE PROBLENMNS,
ODE, ORDI NARY DI FFERENTI AL EQUATI ONS, SDRI VE, STIFF
*** AUTHOR Kahaner, D. K., (N ST)
National Institute of Standards and Technol ogy
Gai t hersburg, MD 20899
Sutherland, C. D., (LANL)
Mai | Stop D466
Los Al anpbs National Laboratory
Los Al anbs, NM 87545
*** DESCRI PTI ON

[, ABSTRACT .

The primary function of CORIV3 is to solve N ordinary differential
equations of the formdY(l)/dT = F(Y(l),T), given the initial
conditions Y(lI) = Yl. The programhas options to allow the
solution of both stiff and non-stiff differential equations. In
addition, CDRIV3 may be used to sol ve:

1. The initial value problem A*dY(1)/dT = F(Y(1),T), where Ais
a non-singular matrix depending on Y and T.

2. The hybrid differential/algebraic initial value problem
A*dY(1)/dT = F(Y(1),T), where Ais a vector (whose val ues my
depend upon Y and T) sone of whose conponents will be zero
correspondi ng to those equations which are al gebraic rather
than differenti al

CDRIV3 is to be called once for each output point of T.

[T, PARANMETERS . . .

The user should use paraneter nanes in the call sequence of CDRIV3
for those quantities whose value nmay be altered by CDRI V3. The
paraneters in the call sequence are:

N = (I nput) The nunber of dependent functions whose sol ution
is desired. N nmust not be altered during a problem
T = (Real) The independent variable. On input for the first

call, Tis the initial point. On output, T is the point
at which the solution is given

Y = (Conpl ex) The vector of dependent variables. Y is used as
input on the first call, to set the initial values. n
output, Y is the conputed solution vector. This array Y
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NSTATE =

is passed in the call sequence of the user-provided
routines F, JACOBN, FA, USERS, and G Thus paraneters
required by those routines can be stored in this array in
components N+1 and above. (Note: Changes by the user to
the first N conponents of this array will take effect only
after a restart, i.e., after setting NSTATE to 1 .)

A subroutine supplied by the user. The nanme nust be
decl ared EXTERNAL in the user's calling program This
subroutine is of the form

SUBROUTINE F (N, T, Y, YDOT)

COWPLEX Y(*), YDOT(*)

YDOT(1) = ...

YDOT(N) = ...

END ( Sanpl e)
This conputes YDOT = F(Y,T), the right hand side of the
differential equations. Here Y is a vector of length at
least N. The actual length of Y is determined by the
user's declaration in the programwhich calls CDRI V3.
Thus the dinensioning of Yin F, while required by FORTRAN
convention, does not actually allocate any storage. Wen
this subroutine is called, the first N conponents of Y are
i nternedi ate approxi mations to the solution conponents.
The user should not alter these values. Here YDOT is a
vector of length N. The user should only conpute YDOT(I)
for I froml1l to N Normally a return fromF passes
control back to CDRI V3. However, if the user would |ike
to abort the calculation, i.e., return control to the
program which calls CDRI V3, he should set Nto zero.
CDRIV3 will signal this by returning a value of NSTATE
equal to 6 . Altering the value of Nin F has no effect
on the value of Nin the call sequence of CDRI V3.

An integer describing the status of integration. The
nmeani ng of NSTATE is as foll ows:

1 (Input) Means the first call to the routine. This
val ue nmust be set by the user. On all subsequent
calls the value of NSTATE should be tested by the
user, but nust not be altered. (As a convenience to
the user who may wish to put out the initial
conditions, CDRIV3 can be called with NSTATE=1, and

TOQUT=T. In this case the programw || return with
NSTATE unchanged, i.e., NSTATE=1.)
2 (Qutput) Means a successful integration. |If a norma

continuation is desired (i.e., a further integration
in the same direction), sinply advance TOUT and cal
again. Al other paraneters are automatically set.

3 (Qutput)(Unsuccessful) Means the integrator has taken
MXSTEP steps w thout reaching TQUT. The user can
continue the integration by sinply calling CDRI V3
agai n.

4 (CQutput)(Unsuccessful) Means too nmuch accuracy has
been requested. EPS has been increased to a val ue
the programestinmates is appropriate. The user can
continue the integration by sinply calling CDRI V3
agai n.
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TOUT

NTASK

NROOT

5 (Qutput) Aroot was found at a point |ess than TOUT.

The user can continue the integration toward TOUT by

sinply calling CDRIV3 again.

(Qut put) (Unsuccessful) N has been set to zero in

SUBROUTI NE F.

(Qut put) (Unsuccessful) N has been set to zero in

FUNCTI ON G See description of G bel ow

(Qut put) (Unsuccessful) N has been set to zero in

SUBROUTI NE JACOBN. See description of JACOBN bel ow.

(Qut put) (Unsuccessful) N has been set to zero in

SUBROUTI NE FA. See description of FA bel ow.

10 (Qutput) (Unsuccessful) N has been set to zero in
SUBRQUTI NE USERS. See description of USERS bel ow.

11 (CQutput)(Successful) For NTASK = 2 or 3, T is beyond
TQUT. The solution was obtai ned by interpolation.
The user can continue the integration by sinply
advanci ng TOUT and cal |i ng CDRI V3 agai n.

12 (Qutput) (Unsuccessful) The solution could not be
obtai ned. The value of | ERFLG (see description
bel ow) for a "Recoverable" situation indicates the
type of difficulty encountered: either an illegal
val ue for a paranmeter or an inability to continue the
solution. For this condition the user should take
corrective action and reset NSTATE to 1 before
calling CDRIV3 again. Qherw se the programwill
termnate the run.

© 00 N O

(I nput, Real) The point at which the solution is desired.
The position of TOUT relative to T on the first call
determ nes the direction of integration.

(I'nput) An index specifying the manner of returning the
sol ution, according to the foll ow ng:
NTASK = 1 Means CDRIV3 will integrate past TOUT and
interpolate the solution. This is the nost
efficient node.

NTASK = 2 Means CDRIV3 will return the solution after
each internal integration step, or at TOUT,
whi chever cones first. 1In the latter case,
the programintegrates exactly to TOUT.

NTASK = 3 Means CDRIV3 will adjust its internal step to

reach TOUT exactly (useful if a singularity
exi sts beyond TQUT.)

(I nput) The nunber of equati ons whose roots are desired.
If NROOT is zero, the root search is not active. This
option is useful for obtaining output at points which are
not known i n advance, but depend upon the solution, e.g.,
when sone sol ution conponent takes on a specified val ue.
The root search is carried out using the user-witten
function G (see description of G below.) CDRIV3 attenpts
to find the value of T at which one of the equations
changes sign. CDRIV3 can find at nbst one root per
equation per internal integration step, and will then
return the solution either at TOUT or at a root, whi chever
occurs first in the direction of integration. The initial
point is never reported as a root. The index of the
equati on whose root is being reported is stored in the

si xth el ement of | WORK.

NOTE: NROOT is never altered by this program
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EPS

| ERROR

M NT

M TER

(Real) On input, the requested relative accuracy in al

sol ution components. EPS = 0 is allowed. On output, the
adj usted relative accuracy if the input value was too
small. The value of EPS should be set as large as is
reasonabl e, because the anmobunt of work done by CDRI V3

i ncreases as EPS decreases.

(I nput, Real) Problemzero, i.e., the smallest, nonzero,
phy5|cally meani ngful value for the solution. (Array,
possibly of length one. See follow ng description of
|ERROR. ) Setting EWI snaller than necessary can adversely
affect the running tine.

(I'nput) Error control indicator. A value of 3 is
suggested for nobst problens. Oher choices and detailed
expl anations of EWI and | ERROR are given bel ow for those
who may need extra flexibility.

These last three input quantities EPS, EW and | ERROR
control the accuracy of the conmputed solution. EW and
| ERROR are used internally to conpute an array YW. One
step error estimates divided by YWI(I) are kept |ess than
EPS in root mean square norm

| ERROR (Set by the user) =

1 Means YWI(I) = 1. (Absolute error control)
EWI i s ignored.
2 Means YWI(I) = ABS(Y(l)), (Relative error control)
EWr is ignored.
3 Means YWI(I) = MAX(ABS(Y(1)), EWI(1)).
4 Means YWI(1) = MAX(ABS(Y(1)), BWI(l)).
This choice is useful when th | ution conponents
have differing scales.
5 Means YWI(I) = EWI(I)

If TERROR is 3, EW need only be di mensi oned one.
If TERROR is 4 or 5, the user nust di nension EWI at | east
N, and set its val ues.

= (I nput) The i ntegrati on method indicator.

M NT = Means the Adans nethods, and is used for
non-stiff problens.

Means the stiff methods of Gear (i.e., the

backward differentiation fornmulas), and is

used for stiff problens.

M NT = 3 Means the program dynanically selects the
Adans net hods when the problemis non-stiff
and the Gear methods when the problemis
stiff. \When using the Adanms net hods, the
program uses a val ue of M TER=0; when using
the CGear nethods, the programuses the val ue
of MTER provided by the user. Only a val ue
of IMPL = 0 and a value of MTER = 1, 2, 4, or
5is allowed for this option. The user may
not alter the value of M NT or MTER w t hout
restarting, i.e., setting NSTATE to 1.

M NT

1]
N

= (Input) The iteration nmethod indicator.

M TER = 0 Means functional iteration. This value is
suggested for non-stiff problens.
MTER = 1 Means chord nethod with anal ytic Jacobi an.
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MXCRD

HVAX

WWORK
LENW

In this case, the user supplies subroutine
JACOBN (see description bel ow).

M TER = 2 Means chord nethod with Jacobi an cal cul at ed
internally by finite differences.
M TER = 3 Means chord nethod with corrections conputed

by the user-witten routine USERS (see
description of USERS below.) This option
allows all matrix al gebra and storage
deci sions to be nade by the user. Wen using
a value of MTER = 3, the subroutine FA is
not required, even if IMPL is not 0. For
further information on using this option, see
Section | V-E bel ow.
MTER = 4 Means the sane as MTER = 1 but the A and
Jacobian natrices are assuned to be banded.
Means the sanme as MTER = 2 but the A and
Jacobi an matrices are assuned to be banded.

<
_|
m
Py
I
o

Means solving dY(1)/dT = F(Y(1),T).

Means sol ving A*dY(1)/dT = F(Y(l),T), non-

singular A (see description of FA bel ow.)

Only MNT =1 or 2, and MTER = 1, 2, 3, 4,

or 5 are allowed for this option

IMPL = 2,3 Means solving certain systens of hybrid
differential/al gebraic equations (see
description of FA below.) Only MNT = 2 and
MTER =1, 2, 3, 4, or 5 are allowed for
this option.

The val ue of I MPL nust not be changed during a problem

(Input) The inplicit nethod indicator.
I 0
| 1

(I'nput) The lower half-bandwi dth in the case of a banded
A or Jacobian matrix. (l.e., maximunm{R-C) for nonzero
AR Q.)

(I'nput) The upper half-bandwidth in the case of a banded
A or Jacobian matrix. (l.e., maximum(CGR).)

(I'nput) The maxi mum order desired. This is .LE. 12 for

t he Adans nethods and .LE. 5 for the Gear nethods. Nornal
value is 12 and 5, respectively. |If MNT is 3, the
maxi mum order used will be M N(MXORD, 12) when using the
Adans net hods, and M N(MXORD, 5) when using the CGear

nmet hods. MXORD nust not be altered during a problem

(I'nput, Real) The maxi mum magni tude of the step size that
will be used for the problem This is useful for ensuring
that inmportant details are not mssed. |If this is not the
case, a large value, such as the interval length, is
suggest ed.

(I nput)
WORK is an array of LENW conpl ex words used
internally for tenporary storage. The user nust allocate
space for this array in the calling programby a statenent
such as

COVPLEX WORK(. . .)
The follow ng table gives the required m ni nrum val ue for
the Iength of WORK, depending on the value of | MPL and
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| MPL =
MTER = O

1,2

4,5

I WORK
LENIW =

JACOBN =

M TER. LENW shoul d be set to the value used. The
contents of WORK shoul d not be disturbed between calls to
CDRI V3.

0 1 2 3

(MXORD+4)*N  Not al | owed Not al | owed Not al | owed

+ 2* NROOT

+ 250

N*N + 2*NFN + N*N + N*(N + NDE)

( MXORD+5) *N ( MXORD+5) *N ( MXORD+6) *N + ( MXORD+5) *N
+ 2* NROOT + 2* NROOT + 2* NROOT + 2* NROOT

+ 250 + 250 + 250 + 250

( MXORD+4) *N  ( MXORD+4) * N ( MXORD+4) *N  ( MXORD+4) * N

+ 2* NROOT + 2* NROOT + 2* NROOT + 2* NROOT

+ 250 + 250 + 250 + 250

(2* ML+MH+1) 2% (2* ML+MU+1) (2* ML+MH+1) (2* ML+MUH+1) *
*N + *N + *N + (N+NDE) +

( MXORD+5) *N  ( MXORD+5) * N ( MXORD+6) *N  + ( MXORD+5) *N
+ 2* NROOT + 2* NROOT + 2* NROOT + 2* NROOT

+ 250 + 250 + 250 + 250

WORK is an integer array of |length LENIWused internally
for temporary storage. The user nust allocate space for
this array in the calling programby a statenent such as

| NTEGER | WORK( . . .)

The | ength of | WORK should be at | east
50 if MTERis 0 or 3, or
N+50 if MTERis 1, 2, 4, or 5, or MNT is 3,

and LENI Wshoul d be set to the value used. The contents
of I WORK shoul d not be disturbed between calls to CDRI V3.

A subroutine supplied by the user, if MTER is 1 or 4.

If this is the case, the name nust be declared EXTERNAL in
the user's calling program G ven a systemof N
differential equations, it is meaningful to speak about
the partial derivative of the I-th right hand side with
respect to the J-th dependent variable. |n general there
are N*N such quantities. Oten however the equations can
be ordered so that the I-th differential equation only

i nvol ves dependent variables with index near |, e.g., |+1,
I-2. Such a systemis called banded. 1If, for all I, the
| -th equation depends on at nost the vari abl es

Y(I-M), Y(I-M+1), ... , Y(I), Y(I+1), ... , Y(I+M)

then we call M.+MH1 the bandwi dth of the system In a
banded system many of the partial derivatives above are
automatically zero. For the cases MTER = 1, 2, 4, and 5,
sone of these partials are needed. For the cases

M TER = 2 and 5 the necessary derivatives are

approxi mated nunerically by CDRI V3, and we only ask the
user to tell CDRIV3 the value of ML and MJ if the system
is banded. For the cases MTER = 1 and 4 the user nust
derive these partials algebraically and encode themin
subroutine JACOBN. By conputing these derivatives the
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FA

user can often save 20-30 per cent of the conputing tine.
Usual Iy, however, the accuracy is not nuch affected and
nost users will probably forego this option. The optional
user-witten subroutine JACOBN has the form
SUBROUTI NE JACOBN (N, T, Y, DFDY, MATDIM M., M)
COWLEX Y(*), DFDY(MATDI M *)

Calculate val ues of DFDY

END ( Sanpl e)
Here Y is a vector of length at |east N The actual
length of Y is determined by the user's declaration in the
program which calls CDRIV3. Thus the dinensioning of Y in
JACCBN, while required by FORTRAN convention, does not
actually allocate any storage. Wen this subroutine is
called, the first N conponents of Y are internediate
approxi mations to the solution conponents. The user
should not alter these values. |[|f the systemis not
banded (M TER=1), the partials of the I-th equation with
respect to the J-th dependent function are to be stored in
DFDY(Il,J). Thus partials of the I-th equation are stored
inthe I-th row of DFDY. |If the systemis banded
(MTER=4), then the partials of the I-th equation with
respect to Y(J) are to be stored in DFDY(K,J), where
K=I-J+MJ#1 . Normally a return from JACOBN passes control
back to CDRI V3. However, if the user would |like to abort
the calculation, i.e., return control to the program which
calls CDRIV3, he should set Nto zero. CDRIV3 will signa
this by returning a val ue of NSTATE equal to +8(-8).
Altering the value of Nin JACOBN has no effect on the
value of Nin the call sequence of CDRI V3.

A subroutine supplied by the user if IMPL is not zero, and
MTER is not 3. |f so, the nane nust be decl ared EXTERNAL
in the user's calling program This subroutine conputes
the array A, where A*dY(1)/dT = F(Y(l),T).

There are three cases:

| MPL=1.

Subroutine FAis of the form
SUBROUTINE FA (N, T, Y, A, MATDIM M., MJ, NDE)
COWVPLEX Y(*), A(MATDI M *)

Calculate ALL val ues of A

END ( Sanpl e)
In this case Ais assunmed to be a nonsingular matriXx,
with the sane structure as DFDY (see JACOBN description
above). Progranmm ng consi derations prevent conplete
generality. If MTERis 1 or 2, Ais assuned to be ful
and the user nust conpute and store all val ues of
ACl,Jd), 1,J=1, ... ,N If MTERis 4 or 5, A is assuned
to be banded with | ower and upper half bandwi dth M. and
MJ. The left hand side of the I-th equation is a |inear
conbi nation of dY(I-M)/dT, dY(Il-M+1)/dT, ... ,
dy(1)/dT, ... , dY(I+MJ1)/dT, dY(I+MJ)/dT. Thus in the
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|-th equation, the coefficient of dY(J)/dT is to be
stored in A(K,J), where K=l-J+MKi1
NOTE: The array A will be altered between calls to FA

| MPL=2.

Subroutine FAis of the form
SUBROUTINE FA (N, T, Y, A, MATDIM M., MJ, NDE)
COWPLEX Y(*), A(*)

Cal cul ate non-zero val ues of A(1),...,A(NDE)

END ( Sanpl e)
In this case it is assuned that the systemis ordered by
the user so that the differential equations appear
first, and the al gebraic equations appear last. The
al gebraic equations nmust be witten in the form
0 = F(Y(1),T). Wen using this optionit is up to the
user to provide initial values for the Y(I) that satisfy
the al gebraic equations as well as possible. It is
further assunmed that Ais a vector of length NDE. Al
of the conponents of A which may depend on T, Y(I),
etc., nust be set by the user to non-zero val ues.

| MPL=3.

Subroutine FA is of the form
SUBROUTINE FA (N, T, Y, AL MATDIM M., MJ, NDE)
COWPLEX Y(*), A(MATDI M *)

Calculate ALL val ues of A

END ( Sanpl e)
In this case Ais assuned to be a nonsingular NDE by NDE
matrix with the same structure as DFDY (see JACOBN
description above). Progranm ng considerations prevent
conplete generality. If MTERis 1 or 2, Ais assuned
to be full and the user nust conpute and store all
val ues of A(l,J), 1,J=1, ... ,NDE. If MTER is 4 or 5,
A is assuned to be banded with | ower and upper half
bandwi dths M. and MJ. The left hand side of the I-th
equation is a |inear conbination of dY(I-M)/dT,
dy(l-mwm+1)/dT, ... , dY(1)/dT, ... , dY(I+MJ1)/dT,
dY(1+MJ)/dT. Thus in the I-th equation, the coefficient
of dY(J)/dT is to be stored in A(K J), where K=I-J+MJ1.
It is assuned that the systemis ordered by the user so
that the differential equations appear first, and the
al gebrai c equations appear last. The al gebraic
equations nust be witten in the formO = F(Y(1),T).
When using this option it is up to the user to provide
initial values for the Y(I) that satisfy the al gebraic
equations as well as possible.
NOTE: For IMPL = 3, the array Awill be altered between
calls to FA

Here Y is a vector of length at |east N. The actual
length of Y is determined by the user's declaration in the
program which calls CDRIV3. Thus the dinensioning of Y in
FA, while required by FORTRAN convention, does not
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NDE

MXSTEP

USERS

actually allocate any storage. Wen this subroutine is
called, the first N conponents of Y are internediate
approxi mations to the solution conponents. The user
shoul d not alter these values. FA is always called
imedi ately after calling F, with the sane values of T
and Y. Nornmally a return from FA passes control back to
CDRI V3. However, if the user would |ike to abort the
calculation, i.e., return control to the program which
calls CDRIV3, he should set Nto zero. CDRIV3 will signa
this by returning a val ue of NSTATE equal to +9(-9).
Altering the value of Nin FA has no effect on the val ue
of Nin the call sequence of CDRI V3.

(I'nput) The nunber of differential equations. This is
required only for IMPL = 2 or 3, with NDE .LT. N

(I'nput) The maxi mrum nunber of internal steps allowed on
one call to CDRIV3.

A real FORTRAN function supplied by the user
if NROOT is not 0. |In this case, the nane nust be
decl ared EXTERNAL in the user's calling program Gis
repeatedly called with different values of IROOT to obtain
the val ue of each of the NROOT equations for which a root
is desired. Gis of the form

REAL FUNCTION G (N, T, Y, I ROQOT)

COVPLEX Y(*)

GO TO (10, ...), IROOT

10 G=...

END ( Sanpl e)
Here, Y is a vector of length at least N, whose first N
conmponents are the solution conponents at the point T.
The user should not alter these values. The actual |ength
of Yis determned by the user's declaration in the
program which calls CDRIV3. Thus the dinensioning of Y in
G while required by FORTRAN convention, does not actually
all ocate any storage. Normally a return from G passes
control back to CDRIV3. However, if the user would like
to abort the calculation, i.e., return control to the
program which calls CDRIV3, he should set Nto zero.
CDRIV3 will signal this by returning a value of NSTATE
equal to +7(-7). In this case, the index of the equation
being evaluated is stored in the sixth el enent of |WORK
Altering the value of Nin G has no effect on the val ue of
N in the call sequence of CDRI V3.

A subroutine supplied by the user, if MTER is 3.

If this is the case, the name must be declared EXTERNAL in
the user's calling program The routine USERS is called
by CDRI V3 when certain |inear systens nust be solved. The
user may choose any nethod to form store and sol ve these
systens in order to obtain the solution result that is
returned to CDRIV3. In particular, this allows sparse
matri x methods to be used. The call sequence for this
routine is:

SUBROUTI NE USERS (Y, YH, YW, SAVEl, SAVE2, T, H EL
8 I MPL, N, NDE, |FLAG
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The

COWPLEX Y(*), YH(*), YWI(*), SAVEL(*), SAVE2(*)
REAL T, H, EL

i nput variable I FLAG i ndi cates what action is to be

taken. Subroutine USERS should performthe foll ow ng
oper ati ons, depending on the value of |FLAG and | MPL.

| FLAG = 0

IMPL = 0. USERS is not call ed.

IMPL = 1, 2 or 3. Solve the system A*X = SAVE2,
returning the result in SAVE2. The array SAVEl can
be used as a work array. For IMPL = 1, there are N
conmponents to the system and for IMPL = 2 or 3,
there are NDE conponents to the system

| FLAG = 1

IMPL = 0. Conpute, deconpose and store the matrix
(I - HEL*J), where | is the identity matrix and J
is the Jacobian matrix of the right hand side. The
array SAVEL can be used as a work array.

IMPL = 1, 2 or 3. Conpute, deconpose and store the
matrix (A - H*EL*J). The array SAVEl can be used as
a work array.

| FLAG = 2

| f

| MPL = 0. Sol ve the system
(I - HEL*J)*X = H*SAVE2 - YH - SAVEl
returning the result in SAVE2.
IMPL = 1, 2 or 3. Solve the system
(A - HEL*J)*X = H*SAVE2 - A*(YH + SAVEl)
returning the result in SAVE2.
The array SAVELl shoul d not be altered.

|FLAGis O and IMPL is 1 or 2 and the matrix Ais

singular, or if IFLAGis 1 and one of the matrices

(1

H*EL*J), (A - HEL*J) is singular, the | NTEGER

variable IFLAGis to be set to -1 before RETURN ng.
Normal |y a return from USERS passes control back to

CDRI V3. However, if the user would like to abort the
calculation, i.e., return control to the program which
calls CDRIV3, he should set Nto zero. CDRIV3 will signa
this by returning a val ue of NSTATE equal to +10(-10).
Altering the value of Nin USERS has no effect on the
value of Nin the call sequence of CDRI V3.

| ERFLG = An error flag. The error nunber associated with a

di agnosti c nmessage (see Section II1-A below) is the sane
as the correspondi ng value of | ERFLG  The neani ng of
| ERFLG
0 The routine conpleted successfully. (No nessage is
i ssued.)
3 (Warning) The nunber of steps required to reach TOUT
exceeds MXSTEP.
4 (Warning) The value of EPS is too small.
11 (Warning) For NTASK = 2 or 3, T is beyond TOUT.
The sol ution was obtained by interpolation.

15 (Warning) The integration step size is belowthe
roundoff level of T. (The programissues this
nessage as a warning but does not return control to
t he user.)

22 (Recoverable) Nis not positive.
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23 (Recoverable) MNT is less than 1 or greater than 3 .
24 (Recoverable) MTER is less than 0 or greater than
5.
25 (Recoverable) IMPL is less than O or greater than 3
26 (Recoverable) The value of NSTATE is less than 1 or
greater than 12
27 (Recoverable) EPS is | ess than zero.
28 (Recoverable) MXORD is not positive.
29 (Recoverable) For MNT = 3, either MTER
IMPL = 0 .
30 (Recoverable) For MTER = 0, IMPL is not O .
31 (Recoverable) For MNT =1, IMPL is 2 or 3 .
32 (Recoverable) Insufficient storage has been all ocated
for the WORK array.
33 (Recoverable) Insufficient storage has been all ocated
for the I WORK array.
41 (Recoverable) The integration step size has gone
to zero.
42 (Recoverable) The integration step size has been
reduced about 50 tines w thout advancing the
sol ution. The problem setup nay not be correct.
43 (Recoverable) For IMPL greater than O, the matrix A
s singular.
999 (Fatal) The val ue of NSTATE is 12 .

0 or 3, or

OTHER COVMUNI CATION TO THE USER ... ... ... . .. . . . i

The sol ver communi cates to the user through the paraneters
above. In addition it wites diagnostic nessages through the
standard error handling program XERMSG. A conpl ete description
of XERMSG is given in "@uide to the SLATEC Cormbn Mat hemat i ca
Library" by Kirby W Fong et al.. At installations which do not
have this error handling package the short but serviceable
routi ne, XERMSG available with this package, can be used. That
programuses the file named OQUTPUT to transmt nmessages.

The first three elenments of WORK and the first five elenments of
IVWORK will contain the followi ng statistical data:

AVCGH The average step size used.

HUSED The step size |last used (successfully).

AVGORD The average order used.

I MKERR The index of the elenment of the solution vector that

contributed nost to the last error test.
NQUSED The order |ast used (successfully).

NSTEP The nunber of steps taken since last initialization.

NFE The nunber of evaluations of the right hand side.

NJE The nunber of evaluations of the Jacobian matrix.
REMARKS .

O her routines used:
CDNTP, CDZRO, CDSTP, CDNTL, CDPST, CDCOR, CDCST
CDPSC, and CDSCL;
CGEFA, CGESL, CGBFA, CGBSL, and SCNRM2 (from LI NPACK)
RIMACH (fromthe Bell Laboratories Machi ne Constants Package)
XERMSG (from the SLATEC Common Mat h Li brary)
The | ast seven routines above, not having been witten by the
present authors, are not explicitly part of this package.

On any return from CDRIV3 all information necessary to continue
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the calculation is contained in the call sequence paraneters,
including the work arrays. Thus it is possible to suspend one
problem integrate another, and then return to the first.

C. If this package is to be used in an overlay situation, the user
must declare in the prinmary overlay the variables in the call
sequence to CDRI V3.

D. Changi ng paraneters during an integration.
The val ue of NROOT, EPS, EW, |ERROR, M NT, MTER, or HVAX may
be altered by the user between calls to CDRIV3. For exanple, if
too nmuch accuracy has been requested (the programreturns with
NSTATE = 4 and an increased value of EPS) the user nmay wish to
increase EPS further. In general, prudence is necessary when
maki ng changes in paraneters since such changes are not
i mpl emented until the next integration step, which is not
necessarily the next call to CORIV3. This can happen if the
program has already integrated to a point which is beyond the
new poi nt TOUT.

E. As the price for conplete control of matrix al gebra, the CDRIV3
USERS option puts all responsibility for Jacobian matrix

evaluation on the user. It is often useful to approximte
nurerically all or part of the Jacobian matrix. However this
nmust be done carefully. The FORTRAN sequence below illustrates
the method we reconmmend. It can be inserted directly into

subroutine USERS to approxi mate Jacobian elements in rows |1
to 12 and colums J1 to J2.
COWPLEX DFDY(N, N, R SAVEL(N), SAVE2(N, Y(N, YJ, YW(N
REAL EPSJ, H, RIMACH, T, UROUND
UROUND = R1MACH( 4)
EPSJ = SQRT( UROUND)
DO 30 J = J1,J2
| F (ABS(Y(J)) .GT. ABS(YWI(J))) THEN
R = EPSJ*Y(J)
ELSE
R = EPSJ* YWI(J)
END | F
IF (R.EQ 0.E0) R = YWI(J)
YJ = Y(J)
Y(J) =YJ) +R
CALL F (N, T, Y, SAVEl)
IF (N .EQ 0) RETURN

Y(J) = YJ
DO20 I =11,12
20 DFDY(1,J) = (SAVEL(l) - SAVE2(1))/R
30 CONTI NUE
Many problenms give rise to structured sparse Jacobi ans, e.g.,
bl ock banded. It is possible to approxinmate themw th fewer

function evaluations than the above procedure uses; see Curtis,
Powel | and Reid, J. Inst. Maths Applics, (1974), Vol. 13,
pp. 117-119.

F. When any of the routines JACOBN, FA, G or USERS, is not
required, difficulties associated with unsatisfied externals can
be avoi ded by using the nanme of the routine which calculates the
right hand side of the differential equations in place of the
corresponding nane in the call sequence of CDRI V3.

***REFERENCES C. W GCear, Nunerical Initial Value Problens in
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Odinary Differential Equations, Prentice-Hall, 1971.
*** ROUTI NES CALLED CDNTP, CDSTP, CDZRO CG&BFA, C@ESL, CGEFA, CGESL,
R1IMACH, SCNRM2, XERMSG
***REVI SI ON HI STORY ( YYMVDD)
790601 DATE WRI TTEN
900329 Initial subm ssion to SLATEC.
END PROLOGUE
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CEXPRL

COVWPLEX FUNCTI ON CEXPRL (Z)
***BEA N PROLOGUE CEXPRL
***PURPOSE Cal culate the relative error exponential (EXP(X)-1)/X
***| | BRARY  SLATEC ( FNLI B)
*** CATEGORY C4B
*** TYPE COWLEX (EXPREL-S, DEXPRL-D, CEXPRL-C)
*** KEYWORDS ELEMENTARY FUNCTI ONS, EXPONENTI AL, FI RST ORDER, FNLI B
*** AUTHOR Ful l erton, W, (LANL)
*** DESCRI PTI ON

Evaluate (EXP(2)-1)/Z . For small ABS(Z), we use the Tayl or
series. W could instead use the expression
CEXPRL( 2) (EXP(X)*EXP(1*Y)-1)/Z
(X*EXPREL(X) * (1 - 2*SIN(Y/2)**2) - 2*SIN(Y/2)**2
+ 1 *SIN(Y) * (1+X*EXPREL(X))) / Z

*** REFERENCES ( NONE)

*** ROUTI NES CALLED R1MACH

***REVI SI ON HI STORY ( YYMVDD)
770801 DATE WRI TTEN
890531 Changed all specific intrinsics to generic. (\WRB)
890531 REVI SI ON DATE from Version 3.2
891214 Prol ogue converted to Version 4.0 format. (BAB)
END PROLOGUE
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CFFTB1

SUBRQUTI NE CFFTBL1 (N, C, CH, WA, |FAQ
***BEA N PROLOGUE CFFTB1
***PURPOSE Conpute the unnormalized inverse of CFFTF1
***| | BRARY  SLATEC ( FFTPACK)
*** CATEGORY J1A2
*** TYPE COWLEX (RFFTB1-S, CFFTB1-C)
*** KEYWORDS FFTPACK, FOURI ER TRANSFORM
*** AUTHOR Swar ztrauber, P. N., (NCAR
*** DESCRI PTI ON

Subroutine CFFTBLl conput es the backward conpl ex di screte Fourier
transform (the Fourier synthesis). Equivalently, CFFTBl1 conputes
a conpl ex periodic sequence fromits Fourier coefficients.

The transformis defined bel ow at output paraneter C

A call of CFFTFl1 followed by a call of CFFTBL will multiply the
sequence by N

The arrays WA and | FAC which are used by subroutine CFFTB1 nust be
initialized by calling subroutine CFFTI1 (N, WA, | FAC).

| nput Paraneters

N the length of the conplex sequence C. The nethod is
nore efficient when Nis the product of small prines.
C a conplex array of length N which contains the sequence
CH a real work array of length at | east 2*N
WA a real work array which nust be dinmensioned at | east 2*N.
| FAC an integer work array which nust be dinmensioned at |east 15.

The WA and | FAC arrays nmust be initialized by calling
subroutine CFFTI1 (N, WA, IFAC), and different WA and | FAC
arrays nust be used for each different value of N. This
initialization does not have to be repeated so long as N
remai ns unchanged. Thus subsequent transfornms can be
obtai ned faster than the first. The sane WA and | FAC arrays
can be used by CFFTF1 and CFFTBL.

Qut put Paraneters

C For J=1,...,N

C(J)=the sumfromK=1,...,N of
C(KY*EXP(1*(J-1)*(K-1)*2*PI / N)
where | =SQRT(-1)

NOTE: WA and | FAC contain initialization cal cul ati ons whi ch nust
not be destroyed between calls of subroutine CFFTF1 or CFFTBL

***REFERENCES P. N. Swar ztrauber, Vectorizing the FFTs, in Parall el
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Comput ations (G Rodrigue, ed.), Acadenic Press,
1982, pp. 51-83.

***ROUTI NES CALLED PASSB, PASSB2, PASSB3, PASSB4, PASSB5
***REVI SI ON HI STORY ( YYMVDD)

790601 DATE WRI TTEN

830401 Modified to use SLATEC |library source file format.

860115 Modified by Ron Boisvert to adhere to Fortran 77 by
changi ng dumrmy array size declarations (1) to (*).

881128 Modified by Dick Valent to neet prol ogue standards.

891214 Prol ogue converted to Version 4.0 format. (BAB)

900131 Routine changed from subsidiary to user-callable. (WRB)

920501 Reformatted the REFERENCES section. (WRB)

END PROLOGUE
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CFFTF1

SUBRQUTI NE CFFTF1 (N, C, CH, WA, |FAQ
***BEA N PROLOGUE CFFTF1
***PURPOSE Conpute the forward transform of a conpl ex, periodic
sequence.
***| | BRARY  SLATEC ( FFTPACK)
*** CATEGORY J1A2
*** TYPE COWLEX (RFFTF1-S, CFFTF1-C)
*** KEYWORDS FFTPACK, FOURI ER TRANSFORM
*** AUTHOR Swar ztrauber, P. N., (NCAR
*** DESCRI PTI ON

Subrouti ne CFFTF1 conputes the forward conpl ex discrete Fourier
transform (the Fourier analysis). Equivalently, CFFTFl conputes
the Fourier coefficients of a conplex periodic sequence.

The transformis defined bel ow at output paraneter C

The transformis not normalized. To obtain a nornalized transform
the output nust be divided by NN O herwise a call of CFFTF1
followed by a call of CFFTB1 will nmultiply the sequence by N

The arrays WA and | FAC whi ch are used by subroutine CFFTB1 nust be
initialized by calling subroutine CFFTI1 (N, WA, | FAC).

| nput Paraneters

N the length of the conplex sequence C. The nethod is
nore efficient when Nis the product of small prines.
C a conplex array of length N which contains the sequence
CH a real work array of length at |east 2*N
WA a real work array which nust be dinmensioned at | east 2*N.
| FAC an integer work array which nmust be di nensioned at | east 15.

The WA and | FAC arrays nmust be initialized by calling
subroutine CFFTI1 (N, WA, IFAC), and different WA and | FAC
arrays nust be used for each different value of N. This
initialization does not have to be repeated so long as N
remai ns unchanged. Thus subsequent transforms can be
obtai ned faster than the first. The sane WA and | FAC arrays
can be used by CFFTF1 and CFFTBL.

Qut put Paraneters

C For J=1,...,N

C(J)=the sumfromK=1,...,N of
C(K)*EXP(-1*(J-1)*(K-1)*2*Pl / N)
where | =SQRT(-1)

NOTE: WA and | FAC contain initialization cal cul ati ons whi ch nust
not be destroyed between calls of subroutine CFFTF1 or CFFTB1
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***REFERENCES P. N. Swar ztrauber, Vectorizing the FFTs, in Parall el

Comput ations (G Rodrigue, ed.), Academ c Press,
1982, pp. 51-83.

***ROUTI NES CALLED PASSF, PASSF2, PASSF3, PASSF4, PASSF5
***REVI SI ON HI STORY ( YYMVDD)

790601 DATE WRI TTEN

830401 Modified to use SLATEC library source file format.

860115 Modified by Ron Boisvert to adhere to Fortran 77 by
changi ng dunmy array size declarations (1) to (*).

881128 Modified by D ck Valent to neet prol ogue standards.

891214 Prol ogue converted to Version 4.0 format. (BAB)

900131 Routine changed from subsidiary to user-callable. (WRB)

920501 Reformatted the REFERENCES section. (WRB)

END PROLOGUE
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CFFTI

SUBRQUTI NE CFFTI (N, WSAVE)
***BEG N PROLOGUE CFFTI
*** SUBSI DI ARY
***PURPCSE Initialize a work array for CFFTF and CFFTB.
***] | BRARY  SLATEC ( FFTPACK)
*** CATEGORY J1A2
***TYPE COWLEX (RFFTI-S, CFFTI-C)
*** KEYWORDS FFTPACK, FOURI ER TRANSFORM
*** AUTHOR Swar ztrauber, P. N., (NCAR
*** DESCRI PTI ON

kkhkkhkkhkkhkhkhkhkhkhkhkhkhkhkhkhkhkhkhkhkhkhkhkhkhkhkhkhkhkhkhkhkhkhkhkhkhkhkhkhkhkhkhkhkhkhkhkhkhk ki ki khkhk ik ik, kkkk**%

* NOTICE NOTICE NOTICE NOTICE NOTICE NOTICE NOTce *

Rk Ik Sk Ik Sk Sk Sk kS Ik R Rk kb Sk b Sk kIR Rk Ik I Sk Ik b Sk b kI kI IR Ik kI Sk b Ik Sk Ik kS kI Sk b S I O

* *
* This routine uses non-standard Fortran 77 constructs and will *
* be renmoved fromthe library at a future date. You are *
* requested to use CFFTI 1. *
* *
kkhkkkkhkkhkhhkkhkhkhkhkhkkhkhhkhkkhkhkkhkhkhkhkhkkhkhhkhkhkhkkhkhhkhkhkhkhkkhkhkhkhkkkhkhkk kkhkikk kkkk kkkkkk*k*%

Subroutine CFFTI initializes the array WSAVE which is used in
both CFFTF and CFFTB. The prinme factorization of N together with
a tabulation of the trigononetric functions are conputed and
stored i n WSAVE

| nput Par anmet er
N the length of the sequence to be transfornmed
Qut put Par anet er

WSAVE a work array which nust be dinmensioned at | east 4*N+15.
The sanme work array can be used for both CFFTF and CFFTB
as long as N remains unchanged. Different WSAVE arrays
are required for different values of N The contents of
WSAVE nmust not be changed between calls of CFFTF or CFFTB.

***REFERENCES P. N. Swar ztrauber, Vectorizing the FFTs, in Parall el
Comput ations (G Rodrigue, ed.), Academ c Press,
1982, pp. 51-83.
*** ROUTI NES CALLED CFFTI 1
***REVI SI ON HI STORY ( YYMVDD)
790601 DATE WRI TTEN
830401 Modified to use SLATEC library source file fornmat.
860115 Modified by Ron Boisvert to adhere to Fortran 77 by
changi ng dummy array size declarations (1) to (*).
861211 REVI SI ON DATE from Version 3.2
881128 Modified by Dick Valent to neet prol ogue standards.
891214 Prol ogue converted to Version 4.0 format. (BAB)
900131 Routine changed fromuser-callable to subsidiary
because of non-standard Fortran 77 argunments in the
call to CFFTBL. (WRB)
920501 Reformatted the REFERENCES section. (WRB)
END PROLOGUE
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CFFTI1

SUBROUTI NE CFFTI1 (N, WA, | FAC
***BEG N PROLOGUE CFFTI 1
***PURPOSE I nitialize a real and an integer work array for CFFTF1 and
CFFTBL1.
***| | BRARY  SLATEC ( FFTPACK)
*** CATEGORY J1A2
*** TYPE COWPLEX (RFFTI 1-S, CFFTI1-C)
*** KEYWORDS FFTPACK, FOURI ER TRANSFORM
*** AUTHOR Swar ztrauber, P. N., (NCAR
*** DESCRI PTI ON

Subroutine CFFTI1 initializes the work arrays WA and | FAC which are
used in both CFFTF1 and CFFTBl1. The prine factorization of N and a
tabul ati on of the trigononmetric functions are conputed and stored in
| FAC and WA, respectively.

| nput Par anet er

N the length of the sequence to be transforned

Qut put Paraneters

WA a real work array which nust be di nensioned at | east 2*N.

| FAC an i nteger work array which nust be di mensi oned at |east 15.

The same work arrays can be used for both CFFTF1 and CFFTB1
as long as N remai ns unchanged. Different WA and | FAC arrays
are required for different values of N The contents of

WA and | FAC nust not be changed between calls of CFFTFl or
CFFTBL.

***REFERENCES P. N. Swar ztrauber, Vectorizing the FFTs, in Parall el
Comput ations (G Rodrigue, ed.), Academ c Press,
1982, pp. 51-83.
*** ROUTI NES CALLED ( NONE)
***REVI SI ON HI STORY ( YYMVDD)
790601 DATE WRI TTEN
830401 Modified to use SLATEC library source file fornmat.
860115 Modified by Ron Boisvert to adhere to Fortran 77 by
(a) changing dummy array size declarations (1) to (*),
(b) changing references to intrinsic function FLOAT
to REAL, and
(c) changing definition of variable TPl by using
FORTRAN intrinsic function ATAN i nstead of a DATA
st at enent .
881128 Modified by Dick Valent to nmeet prol ogue standards.
890531 Changed all specific intrinsics to generic. (WRB)
891214 Prol ogue converted to Version 4.0 format. (BAB)
900131 Routine changed from subsidiary to user-callable. (WRB)
920501 Reformatted the REFERENCES section. (WRB)
END PROLOGUE
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CG

SUBROQUTINE CG (NM N, AR, A, WVR W, MTZ ZR ZI, FV1, FV2, FV3,

+ 1ERR
*+*BEG N PROLOGUE CG

***PURPOSE Conpute the eigenval ues and, optionally, the eigenvectors

of a conplex general matrix.
***| | BRARY  SLATEC ( El SPACK)
*** CATEGORY D4A4
*** TYPE COWLEX (RG'S, CG Q)
*** KEYWORDS El GENVALUES, ElI GENVECTORS, EI SPACK
*** AUTHOR Smith, B. T., et al
*** DESCRI PTI ON

This subroutine calls the recomended sequence of

subroutines fromthe eigensystem subroutine package (El SPACK)

to find the eigenval ues and ei genvectors (if desired)
of a COWPLEX GENERAL matri X.

On | NPUT

NM nust be set to the row di nension of the two-di nensional
array paraneters, AR, Al, ZR and ZI, as declared in the

calling program di nension statenent. NMis an | NTEGER
vari abl e.

Nis the order of the matrix A=(AR Al). N is an | NTEGER
variable. N nust be less than or equal to NM

AR and Al contain the real and inmaginary parts, respectively,
of the conplex general matrix. AR and Al are two-di nensiona

REAL arrays, dinensioned ARRNM N) and Al (NM N).

MATZ is an | NTEGER variable set equal to zero if only
ei genval ues are desired. Oherwise, it is set to any
non-zero i nteger for both eigenval ues and ei genvectors.

On QUTPUT

WR and W contain the real and imaginary parts, respectively,
of the eigenvalues. WR and W are one-di nensi onal REAL

arrays, dinensioned WR(N) and W (N).

ZR and ZI contain the real and inmagi nary parts, respectively,
of the eigenvectors if MATZ is not zero. ZR and ZI are

two- di mensi onal REAL arrays, dinmensioned ZR(NM N) and

ZI (NM N) .
IERR is an I NTEGER flag set to
Zero for normal return,
10*N if Nis greater than NM
J if the J-th eigenval ue has not been

determ ned after a total of 30 iterations.

The ei genval ues should be correct for indices
| ERR+1, IERR+2, ..., N, but no eigenvectors are

conput ed.

FV1l, FV2, and FV3 are one-di nensional REAL arrays used for
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tenporary storage, dinmensioned FVI(N), FV2(N), and FV3(N).

Questions and comments should be directed to B. S. Garbow,
APPLI ED MATHENMATI CS DI VI SI ON, ARGONNE NATI ONAL LABORATORY

***REFERENCES B. T. Smith, J. M Boyle, J. J. Dongarra, B. S. Garbow,
Y. Ikebe, V. C Klema and C. B. Mler, Mitrix Eigen-
system Routi nes - ElI SPACK Gui de, Springer-Verl ag,
1976.

***ROUTI NES CALLED CBABK2, CBAL, COMQR, COMQR2, CORTH

***REVI SI ON HI STORY ( YYMVDD)

760101 DATE WRI TTEN

890831 Modified array declarations. (WRB)

890831 REVI SI ON DATE from Version 3.2

891214 Prol ogue converted to Version 4.0 format. (BAB)
920501 Reformatted the REFERENCES section. (WRB)

END PROLOGUE
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CGAMMA

COVWPLEX FUNCTI ON CGAMVA ( Z)
*** BEG N PROLOGUE CGAMVA
***PURPOSE Conpute the conplete Gamma functi on.
***| | BRARY  SLATEC ( FNLI B)
*** CATEGORY C7A
*** TYPE COWLEX (GAMVA-S, DGAWMVA- D, CGAMVA- C)
*** KEYWORDS COVPLETE GAMVA FUNCTI ON, FNLI B, SPECI AL FUNCTI ONS
*** AUTHOR Fullerton, W, (LANL)
*** DESCRI PTI ON

CGAMVA(Z) cal cul ates the conpl ete ganma function for COVPLEX
argument Z. This is a prelimnary version that is portable
but not accurate.

*** REFERENCES  ( NONE)
*** ROUTI NES CALLED CLNGAM
***REVI S| ON H STORY ( YYMVDD)
770701 DATE WRI TTEN
861211 REVI SI ON DATE from Version 3.2
891214 Prol ogue converted to Version 4.0 format. (BAB)
END PROLOGUE

S ATEC2 (AAAAAA through DOUPAK) - 207



CGAMR

COVPLEX FUNCTI ON CGAMR ( 2)
*** BEG N PROLOGUE CGAMR
***PURPOSE Conpute the reciprocal of the Gamma functi on.
***| | BRARY  SLATEC ( FNLI B)
*** CATEGORY C7A
*** TYPE COWLEX (GAMR-S, DGAMR-D, CGAMR- Q)
*** KEYWORDS FNLI B, RECI PROCAL GAMVA FUNCTI ON, SPECI AL FUNCTI ONS
*** AUTHOR Fullerton, W, (LANL)
*** DESCRI PTI ON

CGAMR(Z) cal cul ates the reciprocal gamra function for COVPLEX
argunment Z. This is a prelimnary version that is not accurate.

*** REFERENCES  ( NONE)
***ROUTI NES CALLED CLNGAM XERCLR, XGETF, XSETF
***REVI SI ON HI STORY ( YYMVDD)
770701 DATE WRI TTEN
861211 REVI SI ON DATE from Version 3.2
891214 Prol ogue converted to Version 4.0 format. (BAB)
END PROLOGUE
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CGBCO

SUBROUTI NE CGBCO (ABD, LDA, N, M., MJ, |IPVT, RCOND, Z)
***BEG N PROLOGUE CGBCO
***PURPOSE Factor a band nmatrix by Gaussian elinination and
estimate the condition nunber of the matrix.
***| | BRARY  SLATEC (LI NPACK)
*** CATEGORY D2C2
*** TYPE COWLEX (SGBCO- S, DGBCO D, CGBCO Q)
*** KEYWORDS BANDED, CONDI TI ON NUMBER, LI NEAR ALGEBRA, LI NPACK,
MATRI X FACTORI ZATI ON
*** AUTHOR Mler, C B., (U of New Mexico)
*** DESCRI PTI ON

CEBCO factors a conpl ex band matrix by Gaussi an
elimnpnation and estimtes the condition of the matri x.

If RCOND is not needed, CGBFA is slightly faster.
To solve A*X =B, follow CECO by CGBSL.

To conpute |INVERSE(A)*C , follow CGEGCO by CGBSL.
To conpute DETERM NANT(A) , follow CGCO by CGBDI.

On Entry

ABD COVWPLEX(LDA, N
contains the matrix in band storage. The col umms
of the matrix are stored in the colums of ABD and
the diagonals of the matrix are stored in rows
M.+1 t hrough 2*M_.+MHK1 of ABD .
See the comments bel ow for details.

LDA | NTEGER
the | eadi ng di nmension of the array ABD .
LDA nmust be .CGE. 2*M. + MJ + 1 .

N | NTEGER
the order of the original matrix.

M. | NTEGER
nunmber of di agonal s bel ow the main di agonal .
0O .LE. M. .LT. N.

wJ | NTEGER
nunber of diagonal s above the nmin diagonal.
0 .LE. MU .LT. N.
More efficient if M .LE MJ.

On Return

ABD an upper triangular matrix in band storage and
the multipliers which were used to obtain it.
The factorization can be witten A = L*U where
L is a product of pernutation and unit |ower
triangular matrices and U is upper triangular.

| PVT | NTEGER(N)

an integer vector of pivot indices.
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RCOND

REAL

an estimate of the reciprocal condition of A .

For the system A*X = B, relative perturbations

in A And B of size EPSILON nmay cause

relative perturbations in X of size EPSILOV RCOND

If RCOND is so small that the | ogical expression
1.0 + RCOND .EQ 1.0

is true, then A may be singular to working

precision. In particular, RCOND is zero if

exact singularity is detected or the estimte

under f | ows.

COVPLEX( N)

a work vector whose contents are usually uninportant.
If A is close to a singular matrix, then Z is

an approximate null vector in the sense that

NORM A*Z) = RCOND* NORM A) * NORM 2Z)

Band Storage

i f
Wi |

A is a band natrix, the foll ow ng program segment

set up the input.

nd wi dt h bel ow t he di agonal)
nd wi dt h above the diagonal)
+1

N

11

—~

O T

y + 0
2.2

prd
<=

B=EER
S-Sz

> X

93]

2 _=
mx—

,J) = AL )
10  CONTI
20 CONTI NUE

Z
c

This uses rows M+1 through 2*M.+MHi1 of ABD.

In addition, the first M. rows in ABD are used for
el enents generated during the triangularizati on.

The total number of rows needed in ABD is 2*M.+MH1 .

The

M.+MJ by ML.+MJ upper left triangle and the

M. by ML lower right triangle are not referenced.

Exanpl e:

t hen

11
21

*** REFERENCES

If the original matrix is

1213 0 0 O
22 2324 0 O
32 333435 O
0 43 44 45 46
0 O 54 55 56
0O O O 65 66

=6, M =1, MJ=2, LDA .CGE. 5 and ABD should contain

*
*

* + + +  * not used
13 24 35 46 , + used for pivoting

12 23 34 45 56
22 33 44 55 66
32 43 54 65 *

J.

J. Dongarra, J. R Bunch, C. B. Mler, and G W
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Stewart, LINPACK Users' Cuide, SIAM 1979.

*++* ROUTI NES CALLED CAXPY, CDOTC, CGBFA, CSSCAL, SCASUM
*+* REVI S| ON HI STORY  ( YYMVDD)

780814
890531
890831
890831
891214
900326

920501

DATE VWRI TTEN

Changed all specific intrinsics to generic. (WRB)

Modi fied array declarations. (VRB)

REVI SI ON DATE from Version 3.2

Prol ogue converted to Version 4.0 format. (BAB)
Renoved duplicate information from DESCRI PTI ON secti on.
(VRB)

Ref ormatt ed t he REFERENCES section. (WRB)

END PROLOGUE
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CGBDI

SUBROUTI NE CGBDI (ABD, LDA, N, M., MJ, |PVT, DET)
***BEG N PROLOGUE CGBDI
***PURPOSE Conpute the determinant of a conplex band matrix using the
factors from CGBCO or CGBFA.
***| | BRARY  SLATEC (LI NPACK)
*** CATEGORY D3C2

***TYPE COWLEX (SGBDI -S, DGBDI-D, CGBDI-C)
***KEYWORDS BANDED, DETERM NANT, | NVERSE, LI NEAR ALGEBRA, LI NPACK,
MATRI X

*** AUTHOR Mler, C B., (U of New Mexico)
*** DESCRI PTI ON

CAEBDI conputes the determ nant of a band matrix
using the factors conmputed by CGBCO or CGBFA.
If the inverse is needed, use CGBSL N tines.

On Entry
ABD COWPLEX(LDA, N
the output from CGEGCO or CGBFA.
LDA | NTEGER
the | eading dinension of the array ABD .
N | NTEGER
the order of the original matrix.
M. | NTEGER
nunber of diagonals bel ow the nmi n di agonal .
wJ | NTEGER
nunmber of di agonal s above the main di agonal .
| PVT | NTEGER(N)
the pivot vector from CEGCO or CGBFA.
On Return
DET COVPLEX( 2)

determ nant of original matrix.

Determ nant = DET(1) * 10.0**DET(2)
with 1.0 .LE. CABS1(DET(1)) .LT. 10.0
or DET(1) = 0.0 .

***REFERENCES J. J. Dongarra, J. R Bunch, C. B. Mder, and G W
Stewart, LINPACK Users' Cuide, SIAM 1979.
*** ROUTI NES CALLED ( NONE)
***REVI SI ON HI STORY ( YYMVDD)
780814 DATE WRI TTEN
890831 Modified array declarations. (VRB)
890831 REVI SI ON DATE from Version 3.2
891214 Prol ogue converted to Version 4.0 format. (BAB)
900326 Renopved duplicate infornmation from DESCRI PTI ON secti on.
(VRB)
920501 Reformatted the REFERENCES section. (WRB)
END PROLOGUE
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CGBFA

SUBROUTI NE CGBFA (ABD, LDA, N, M., MJ, |IPVT, |NFO
***BEG N PROLOGUE CGBFA
***PURPOSE Factor a band nmatrix using Gaussian elimnation.
***| | BRARY  SLATEC (LI NPACK)
*** CATEGORY D2C2
*** TYPE COWLEX ( SGBFA-S, DGBFA-D, CGBFA-Q)
*** KEYWORDS BANDED, LI NEAR ALGEBRA, LI NPACK, MATRI X FACTORI ZATI ON
*** AUTHOR Mler, C B., (U of New Mexico)
*** DESCRI PTI ON

CGEBFA factors a conplex band natrix by elimnation.

CEBFA is usually called by CEGBCO but it can be called
directly with a saving in tine if RCOND is not needed.

On Entry

ABD COVWPLEX(LDA, N
contains the matrix in band storage. The col umms
of the matrix are stored in the colums of ABD and
the diagonals of the matrix are stored in rows
M.+1 t hrough 2*M_.+MH&1 of ABD .
See the comments bel ow for details.

LDA | NTEGER
the | eadi ng di nension of the array ABD .
LDA nmust be .CGE. 2*M. + MJ + 1 .

N | NTEGER
the order of the original matrix.

ML | NTEGER
nunmber of di agonal s bel ow the main di agonal .
0 .LE. M. .LT. N.

wJ | NTEGER
nunber of diagonals above the nmin diagonal.
0 .LE. MJ.LT. N.
More efficient if M .LE. MJ.

On Return

ABD an upper triangular matrix in band storage and
the multipliers which were used to obtain it.
The factorization can be witten A = L*U where
L is a product of pernutation and unit |ower
triangular matrices and U is upper triangular.

| PVT | NTEGER(N)
an i nteger vector of pivot indices.

I NFO | NTEGER

0 nornmal val ue.

K if UKK .EQ 0.0. This is not an error
condition for this subroutine, but it does
indicate that CEGSL will divide by zero if
called. Use RCOND in CE&CO for a reliable
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i ndication of singularity.
Band Storage

If A is a band matrix, the follow ng program segnent
W ll set up the input.

and wi dth bel ow t he di agonal)
and wi dt h above the di agonal)
+ MJ+ 1

:(b
:(b

10 CONTI NU
20 CONTI NUE

This uses rows M+1 through 2*M.+MH1 of ABD .

In addition, the first M rows in ABD are used for
el enents generated during the triangul arizati on.

The total number of rows needed in ABD is 2*M.+MH1 .
The M+MJ by ML+MJ wupper left triangle and the
M. by M. lower right triangle are not referenced.

***REFERENCES J. J. Dongarra, J. R Bunch, C. B. Mdler, and G W
Stewart, LINPACK Users' Cuide, SIAM 1979.
*** ROUTI NES CALLED CAXPY, CSCAL, | CAMVAX
***REVI SI ON HI STORY ( YYMVDD)
780814 DATE WRI TTEN
890531 Changed all specific intrinsics to generic. (WRB)
890831 Modified array declarations. (VRB)
890831 REVI SI ON DATE from Version 3.2
891214 Prol ogue converted to Version 4.0 format. (BAB)
900326 Renopved duplicate infornmation from DESCRI PTI ON secti on.
(VRB)
920501 Reformatted the REFERENCES section. (WRB)
END PROLOGUE
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CGBMV

SUBROUTI NE CGBW (TRANS, M N, KL, KU, ALPHA, A, LDA X [|INCX
$ BETA, Y, |INCY)
***BEG N PROLOGUE CGBW
***PURPOSE Multiply a conplex vector by a conplex general band matri x.
***| | BRARY  SLATEC ( BLAS)
*** CATEGORY D1B4
*** TYPE COWPLEX (SGBW-S, DGBW-D, CGEBW- C)
***KEYWORDS LEVEL 2 BLAS, LI NEAR ALGEBRA
***AUTHOR Dongarra, J. J., (ANL)
Du Croz, J., (NAG
Hammarling, S., (NAG
Hanson, R J., (SNLA)
*** DESCRI PTI ON

CGBMW perfornms one of the matrix-vector operations
y .= al pha*A*x + beta*y, or y .= alpha*A *x + beta*y, or
y := al pha*conjg( A )*x + beta*y,

where al pha and beta are scalars, x and y are vectors and Ais an
m by n band matrix, with kIl sub-diagonals and ku super-di agonal s.

Par aneters

TRANS - CHARACTER*1.
On entry, TRANS specifies the operation to be perfornmed as
fol | ows:

TRANS = 'N or 'n' y := al pha*A*x + beta*y.

TRANS = 'T" or al pha*A' *x + beta*y.

—-
<
Il

TRANS = 'C or 'c' y := alpha*conjg( A )*x + beta*y.
Unchanged on exit.

M - | NTEGER.
On entry, Mspecifies the nunber of rows of the matrix A
M must be at | east zero.
Unchanged on exit.

N - | NTEGER
On entry, N specifies the nunber of colums of the matrix A
N nust be at |east zero.
Unchanged on exit.

KL - | NTEGER
On entry, KL specifies the nunber of sub-diagonals of the
matrix A. KL nust satisfy O .le. KL.
Unchanged on exit.

KU - | NTEGER
On entry, KU specifies the nunber of super-diagonals of the
matrix A. KU nust satisfy O .le. KU

S ATEC2 (AAAAAA through DOUPAK) - 215



Unchanged on exit.

ALPHA - COVPLEX .
On entry, ALPHA specifies the scal ar al pha.
Unchanged on exit.

A - COWPLEX array of DIMENSION ( LDA, n ).
Before entry, the leading ( kI + ku + 1 ) by n part of the
array A must contain the matrix of coefficients, supplied
colum by columm, with the |eading diagonal of the matrix in
row ( ku + 1 ) of the array, the first super-diagona
starting at position 2 in row ku, the first sub-diagonal
starting at position 1 inrow ( ku + 2 ), and so on.
Elements in the array A that do not correspond to el enents
in the band matrix (such as the top left ku by ku triangle)
are not referenced.
The followi ng programsegnment will transfer a band matrix
fromconventional full matrix storage to band storage:

DO 20, J =1, N
K=KU+1-1J
DO10, | = MAX( 1, J - KU), MN( M J + KL )
ACK+1, J) =mtrix( I, J)
10  CONTI NUE
20 CONTI NUE

Unchanged on exit.

LDA - I NTEGER
On entry, LDA specifies the first dinension of A as declared
in the calling (sub) program LDA nust be at |east
( kI + ku +1).
Unchanged on exit.

X - COWPLEX array of DI MENSI ON at | east
(1 +(n-1)*abs( INCX) ) when TRANS = 'N or 'n’
and at | east
(1 +( m- 1)*abs( INCX) ) otherwi se.
Before entry, the increnented array X nust contain the
vector X.
Unchanged on exit.

I NCX - | NTEGER
On entry, INCX specifies the increment for the el enents of
X. I'NCX nust not be zero.
Unchanged on exit.

BETA - COWPLEX .
On entry, BETA specifies the scalar beta. Wen BETA is
supplied as zero then Y need not be set on input.
Unchanged on exit.

Y - COWPLEX array of DI MENSION at | east
(1 +( m- 1)*abs( INCY) ) when TRANS = 'N or 'n’
and at | east
(1 +(n-1)*abs( INCY ) ) otherwi se.
Before entry, the increnented array Y nust contain the
vector y. On exit, Y is overwitten by the updated vector vy.
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INCY - |INTEGER
On entry, INCY specifies the increment for the el enents of

Y. I NCY nust not be zero.
Unchanged on exit.

*** REFERENCES Dongarra, J. J., Du Croz, J., Hanmmarling, S., and

An extended set of Fortran basic |inear

Hanson, R J.
al gebra subprograns. ACM TOMV5, Vol. 14, No. 1

. 1-17, March 1988.
*** ROUTI NES CALLED LSAME, XERBLA
***REVI SI ON HI STORY ( YYMVDD)

861022 DATE WRI TTEN
910605 Modified to neet SLATEC prol ogue standards. Only coment

lines were nodified. (BKS)
END PROLOGUE
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CGBSL

SUBROUTI NE CGBSL (ABD, LDA, N, M., MJ, IPVT, B, JOB)
*** BEGA N PROLOGUE CGBSL
***PURPOSE Sol ve the conpl ex band system A*X=B or CTRANS(A)*X=B usi ng
the factors conmputed by CGEBCO or CGBFA.
***| | BRARY  SLATEC (LI NPACK)
*** CATEGORY D2C2
*** TYPE COWLEX (SGBSL-S, DGBSL-D, CGBSL-CQ)
*** KEYWORDS BANDED, LI NEAR ALGEBRA, LI NPACK, MATRI X, SOLVE
*** AUTHOR Mler, C B., (U of New Mexico)
*** DESCRI PTI ON

CAEBSL sol ves the conpl ex band system
A* X=B or CITRANS(A) * X =B
using the factors conmputed by CGBCO or CGBFA.

On Entry
ABD COVWPLEX(LDA, N
the output from CGEGCO or CGBFA.
LDA | NTEGER
the | eadi ng dinmension of the array ABD .
N | NTEGER
the order of the original matrix.
ML | NTEGER
nunmber of di agonal s bel ow the main di agonal .
wJ | NTEGER
nunber of diagonal s above the nmin diagonal .
| PVT | NTEGER( N)
the pivot vector from CEGBCO or CGBFA.
B COVPLEX( N)
the right hand side vector.
JOB | NTEGER
=0 to solve A*X =B,
= nonzero to solve CTRANS(A)*X = B, where
CTRANS(A) is the conjugate transpose.
On Return
B the solution vector X.

Error Condition

A division by zero will occur if the input factor contains a
zero on the diagonal. Technically this indicates singularity
but it is often caused by inproper argunents or inproper
setting of LDA . It will not occur if the subroutines are
called correctly and if CGBCO has set RCOND .GI. 0.0

or CGBFA has set INFO.EQ O .
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To conpute |INVERSE(A) * C where C is a matrix
with P colums
CALL CGBCOQ(ABD, LDA, N, M_, MJ, I PVT, RCOND, 2)
IF (RCOND is too small) GO TO ...
DO10J =1, P
CALL CGBSL(ABD, LDA, N, M, MJ, | PVT, C(1, J), 0)
10 CONTI NUE

***REFERENCES J. J. Dongarra, J. R Bunch, C. B. Mdler, and G W
Stewart, LINPACK Users' Cuide, SIAM 1979.
*** ROUTI NES CALLED CAXPY, CDOTC
***REVI SI ON HI STORY ( YYMVDD)
780814 DATE WRI TTEN
890531 Changed all specific intrinsics to generic. (WRB)
890831 Modified array declarations. (VRB)
890831 REVI SI ON DATE from Version 3.2
891214 Prol ogue converted to Version 4.0 format. (BAB)
900326 Renopved duplicate infornmation from DESCRI PTI ON secti on.
(VRB)
920501 Reformatted the REFERENCES section. (WRB)
END PROLOGUE
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CGECO

SUBROUTI NE CGECO (A, LDA, N, IPVT, RCOND, 2)
***BEG N PROLOGUE CCECO
***PURPOSE Factor a matrix using Gaussian elinmination and estimate
the condition nunber of the matrix.
***| | BRARY  SLATEC (LI NPACK)
*** CATEGORY D2C1
*** TYPE COWLEX (SGECO- S, DGECO- D, CGECO Q)
*** KEYWORDS CONDI TI ON NUMBER, GENERAL MATRI X, LI NEAR ALGEBRA, LI NPACK,
MATRI X FACTORI ZATI ON
*** AUTHOR Mler, C B., (U of New Mexico)
*** DESCRI PTI ON

CGECO factors a conplex matrix by Gaussian elinination
and estinmates the condition of the matrix.

If RCOND is not needed, CGEFA is slightly faster.
To solve A*X =B, follow CGECO By CGESL.

To Conpute |INVERSE(A)*C , follow CGECO by CGESL.
To conpute DETERM NANT(A) , follow CGECO by CGEDI
To conpute | NVERSE(A) , follow CGECO by CGEDI

On Entry

A COVWPLEX(LDA, N
the matrix to be factored.

LDA | NTEGER
the | eading dinmension of the array A .

N | NTEGER
the order of the matrix A .

On Return

A an upper triangular matrix and the multipliers
whi ch were used to obtain it.
The factorization can be witten A = L*U where
L is a product of permnutation and unit |ower
triangular matrices and U is upper triangular.

| PVT | NTEGER(N)
an i nteger vector of pivot indices.

RCOND REAL
an estimate of the reciprocal condition of A .
For the system A*X = B, relative perturbations
in A and B of size EPSILON nay cause
relative perturbations in X of size EPSILON RCOND .
If RCOND is so small that the |ogical expression

1.0 + RCOND .EQ 1.0

is true, then A may be singular to working
precision. In particular, RCOND is zero if
exact singularity is detected or the estimate
under f | ows.

Z COWPLEX( N)
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a work vector whose contents are usually uninportant.
If A is close to a singular matrix, then Z is
an approximate null vector in the sense that
NORM A*Z) = RCOND* NORM A) * NORM Z)

***REFERENCES J. J. Dongarra, J. R Bunch, C. B. Mdler, and G W

Stewart, LINPACK Users' Cuide, SIAM 1979.

*++* ROUTI NES CALLED CAXPY, CDOTC, CGEFA, CSSCAL, SCASUM
*+* REVI S| ON HI STORY  ( YYMVDD)

780814 DATE WRI TTEN

890531 Changed all specific intrinsics to generic. (WRB)

890831 Modified array declarations. (VRB)

890831 REVI SI ON DATE from Version 3.2

891214 Prol ogue converted to Version 4.0 format. (BAB)

900326 Renoved duplicate infornmation from DESCRI PTI ON secti on.
(VRB)

920501 Reformatted the REFERENCES section. (WRB)

END PROLOGUE
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CGEDI

SUBRQUTI NE CGEDI (A, LDA, N, |PVT, DET, WORK, JOB)

*** BEG N PROLOGUE CGEDI

***PURPOSE Conpute the determnant and inverse of a matrix using the
factors conmputed by CGECO or CGEFA.

***| | BRARY  SLATEC (LI NPACK)

*** CATEGORY D2Cl, D3C1

*** TYPE COWPLEX (SGEDI -S, DGEDI -D, CGED - Q)

*** KEYWORDS DETERM NANT, | NVERSE, LI NEAR ALGEBRA, LI NPACK, MATRI X

*** AUTHOR Mler, C B., (U of New Mexico)

*** DESCRI PTI ON

CGEDI conputes the determ nant and inverse of a natrix
using the factors conputed by CGECO or CGEFA.

On Entry
A COVWPLEX(LDA, N
the output from CGECO or CGEFA.
LDA | NTEGER
the | eading dinmension of the array A .
N | NTEGER
the order of the matrix A .
| PVT | NTEGER( N)

the pivot vector from CGECO or CGEFA.

WORK COVPLEX( N)
work vector. Contents destroyed.

JOB | NTEGER
=11 bot h determ nant and inverse.
=01 i nverse only.
= 10 determ nant only.

On Return

A inverse of original matrix if requested.
O herw se unchanged.

DET COWPLEX( 2)

determ nant of original matrix if requested.
O herwi se not referenced.

Det erm nant = DET(1) * 10.0**DET(2)

with 1.0 .LE. CABS1(DET(1)) .LT. 10.0

or DET(1) .EQ 0.0 .

Error Condition

A division by zero will occur if the input factor contains
a zero on the diagonal and the inverse is requested.

It will not occur if the subroutines are called correctly
and i f CGECO has set RCOND .GTI. 0.0 or CGEFA has set
INFO .EQ O .
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***REFERENCES J. J. Dongarra, J. R Bunch, C. B. Mder, and G W
Stewart, LINPACK Users' Cuide, SIAM 1979.
***ROUTI NES CALLED CAXPY, CSCAL, CSWAP
***REVI SI ON HI STORY ( YYMVDD)
780814 DATE WRI TTEN
890831 Modified array declarations. (VRB)
890831 REVI SI ON DATE from Version 3.2
891214 Prol ogue converted to Version 4.0 format. (BAB)
900326 Renoved duplicate infornmation from DESCRI PTI ON secti on.
(VRB)
920501 Reformatted the REFERENCES section. (WRB)
END PROLOGUE
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CGEEV

SUBROUTI NE CGEEV (A, LDA, N, E, V, LDV, WORK, JOB, |NFO

***BEG N PROLOGUE CCEEV

***PURPOSE Conpute the eigenval ues and, optionally, the eigenvectors
of a conpl ex general matri x.

***| | BRARY  SLATEC

*** CATEGORY D4A4

*** TYPE COWPLEX (SCGEEV-S, CGEEV- Q)

*** KEYWORDS EI GENVALUES, EI GENVECTORS, CGENERAL MATRI X

*** AUTHOR Kahaner, D. K., (NBS)
Moler, C B., (U of New Mexico)
Stewart, G W, (U of Mryland)

*** DESCRI PTI ON

Abstract
CCEEV conputes the eigenval ues and, optionally,
the eigenvectors of a general conplex matrix.

Call Sequence Paraneters-
(The val ues of paraneters marked with * (star) will be changed
by CGEEV.)

A* COVPLEX( LDA, N)
conpl ex nonsymetric i nput natri x.

LDA | NTEGER
set by the user to
the | eadi ng di mension of the conplex array A

N | NTEGER
set by the user to
the order of the matrices A and V, and
t he nunber of elenents in E

E* COVPLEX( N)
on return from CGEEV E contai ns the eigenval ues of A
See al so | NFO bel ow.

Vi COVPLEX( LDV, N)
on return from CGEEV if the user has set JOB
=0 V is not referenced.
= nonzero the N eigenvectors of A are stored in the
first Ncolums of V. See also INFO bel ow
(If the input matrix Ais nearly degenerate, V
will be badly conditioned, i.e. have nearly
dependent col umms.)

LDV | NTEGER
set by the user to
the | eading dinmension of the array Vif JOB is also
set nonzero. |In that case N nust be .LE. LDV.
If JOBis set to zero LDV is not referenced.

WORK* REAL( 3N)
tenporary storage vector. Contents changed by CCEEV.

JOB | NTECER
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set by the user to

=0

= nonzero

| NFO* | NTECER

ei genval ues only to be cal cul ated by CGEEV.

neither V nor LDV are referenced.

ei genval ues and vectors to be cal cul at ed.

In this case A & V nust be distinct arrays.
Also, if LDA > LDV, CGEEV changes all the
elenments of A thru columm N. [|f LDA < LDV,
CGEEV changes all the elenments of V through
colum N. If LDA = LDV only A(l,J) and V(I,
J) for I,J =1,...,N are changed by CGEEV.

on return from CGEEV the value of INFOis

0 normal
K if the eigenvalue iteration fails to converge,

return, cal cul ation successful.

ei genval ues K+1 through N are correct, but
no eigenvectors were conputed even if they were
requested (JOB nonzero).

Error Messages

war ni ng

& 6855
(631 AWNPEF

war ni ng

*%* REFERENCES ~ ( NONE)

recover abl e
recoverabl e _ .
recoverable JOB is nonzero and Nis greater than LDV

N is greater than LDA

N is less than one.

LDA > LDV, elenents of A other than the
N by N input elenents have been changed
LDA < LDV, elenents of V other than the
N by N out put el enents have been changed

***ROUTI NES CALLED CBABK2, CBAL, COMQR, COMQR2, CORTH, SCOPY, XERM5G
***REVI SI ON HI STORY ( YYMVDD)

800808 DATE WRI TTEN

890531 Changed all specific intrinsics to generic. (WRB)
890531 REVI SI ON DATE from Version 3.2

891214 Prol ogue converted to Version 4.0 format. (BAB)
900315 CALLs to XERROR changed to CALLs to XERMSG  (THJ)
900326 Renpved duplicate informati on from DESCRI PTI ON section

(VRB)
END PROLOGUE
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CGEFA

SUBRQUTI NE CGEFA (A, LDA, N, |IPVT, INFO
*** BEG N PROLOGUE CGEFA
***PURPOSE Factor a matrix using Gaussian elimnation.
***] | BRARY  SLATEC (LI NPACK)
*** CATEGORY D2Cl
***TYPE COWPLEX (SGEFA-S, DGEFA-D, CGEFA-Q)
*** KEYWORDS GENERAL MATRI X, LI NEAR ALGEBRA, LI NPACK,
MATRI X FACTORI ZATI ON
*** AUTHOR Mler, C B., (U of New Mexico)
*** DESCRI PTI ON

CGEFA factors a conplex matrix by Gaussian elinination.
CCEFA is usually called by CGECO, but it can be called

directly with a saving in tine if RCOND is not needed.
(Time for CGECO = (1 + 9/N*(Time for CGEFA)

On Entry
A COVPLEX(LDA, N)
the matrix to be factored.
LDA | NTEGER
the |l eading dinension of the array A .
N | NTEGER
the order of the matrix A .
On Return
A an upper triangular matrix and the nultipliers
which were used to obtain it.
The factorization can be witten A = L*U where
L is a product of pernutation and unit |ower
triangular matrices and U is upper triangul ar.
| PVT | NTEGER(N)
an i nteger vector of pivot indices.
| NFO | NTEGER

0 nornmal val ue.

K if UWKK .EQ 0.0. This is not an error
condition for this subroutine, but it does
i ndicate that CGESL or CGEDI will divide by zero
if called. Use RCOND in CGECO for a reliable
i ndication of singularity.

***REFERENCES J. J. Dongarra, J. R Bunch, C. B. Mder, and G W
Stewart, LINPACK Users' Cuide, SIAM 1979.
*** ROUTI NES CALLED CAXPY, CSCAL, | CAMVAX
***REVI SI ON HI STORY ( YYMVDD)
780814 DATE WRI TTEN
890831 Modified array declarations. (VRB)
890831 REVI SI ON DATE from Version 3.2
891214 Prol ogue converted to Version 4.0 format. (BAB)
900326 Renoved duplicate infornation from DESCRI PTI ON secti on.
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(VRB)
920501 Reformatted the REFERENCES section. (WRB)
END PROLOGUE
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CGEFS

SUBROUTI NE CGEFS (A, LDA, N, V, ITASK, IND, WORK, |WORK)

***BEG N PROLOGUE CGEFS

***PURPOSE Sol ve a general system of |inear equations.

***| | BRARY  SLATEC

*** CATEGORY D2C1

*** TYPE COWPLEX (SCGEFS-S, DCEFS-D, CGEFS-C)

*** KEYWORDS COWVPLEX LI NEAR EQUATI ONS, GENERAL MATRI X,
GENERAL SYSTEM OF LI NEAR EQUATI ONS

*** AUTHOR Voorhees, E. A, (LANL)

*** DESCRI PTI ON

Subrouti ne CGEFS sol ves A general NxN system of conpl ex
| i near equations using LI NPACK subroutines CGECO

and CGESL. That is, if Ais an NxN conplex matriXx

and if X and B are conplex N vectors, then CGEFS

sol ves the equation

A* X=B.

The matrix Ais first factored into upper and |ower tri-
angul ar matrices U and L using partial pivoting. These
factors and the pivoting information are used to find the
solution vector X. An approximte condition nunber is
calcul ated to provide a rough estimate of the nunber of
digits of accuracy in the conputed sol ution.

If the equation A*X=B is to be solved for nore than one vector
B, the factoring of A does not need to be perfornmed again and
the option to only solve (ITASK .GI. 1) will be faster for

the succeeding solutions. |n this case, the contents of A
LDA, N and I WORK nust not have been altered by the user follow
ing factorization (I TASK=1). IND will not be changed by CGEFS

in this case.
Argunent Description ***

A COVPLEX( LDA, N)
on entry, the doubly subscripted array with di nension
(LDA, N which contains the coefficient matrix.
on return, an upper triangular matrix U and the
multipliers necessary to construct a matrix L
so that A=L*U
LDA | NTEGER
the | eadi ng di nension of the array A LDA nust be great-
er than or equal to N. (Termi nal error message | ND=-1)
N | NTEGER
the order of the matrix A The first N el enents of
the array A are the elenents of the first colum of
the matrix A. N nust be greater than or equal to 1.
(Term nal error nmessage | ND=-2)
\Y; COVPLEX( N)
on entry, the singly subscripted array(vector) of di-
mensi on N which contains the right hand side B of a
system of simnultaneous |inear equations A*X=B.
on return, V contains the solution vector, X.
| TASK | NTEGER
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if ITASK=1, the matrix Ais factored and then the
| i near equation is solved.
if ITASK .GI. 1, the equation is solved using the existing
factored matrix A and | WORK.
if ITASK .LT. 1, then ternminal error nessage IND=-3 is
printed.
| ND | NTEGER
GI.0 INDis a rough estinate of the nunber of digits
of accuracy in the solution, X
LT.0 see error message corresponding to | ND bel ow.
WORK  COVPLEX( N)
a singly subscripted array of dinension at |east N
| WORK | NTECGER( N)
a singly subscripted array of dinension at |east N

Error Messages Printed ***

IND=-1 term nal N is greater than LDA

I ND=-2 termnal Nis less than 1.

| ND=-3 termnal I TASK is | ess than 1.

I ND=-4 terninal The matrix A is conputationally singular.
A sol ution has not been conputed.

| ND=- 10 war ni ng The sol ution has no apparent significance.

The solution may be inaccurate or the matrix
A may be poorly scal ed.

NOTE- The above terminal (*fatal*) error nessages are
designed to be handl ed by XERMSG i n which
LEVEL=1 (recoverable) and | FLAG=2 . LEVEL=0
for warning error nessages from XERVSG  Unl ess
the user provides otherw se, an error nessage
will be printed followed by an abort.

***REFERENCES J. J. Dongarra, J. R Bunch, C. B. Mder, and G W
Stewart, LINPACK Users' Cuide, SIAM 1979.
*** ROUTI NES CALLED CGECO, CGESL, R1MACH, XERMSG
***REVI SI ON HI STORY ( YYMVDD)
800328 DATE WRI TTEN
890531 Changed all specific intrinsics to generic. (WRB)
890831 Modified array declarations. (VRB)
890831 REVI SI ON DATE from Version 3.2
891214 Prol ogue converted to Version 4.0 format. (BAB)
900315 CALLs to XERROR changed to CALLs to XERVMBG  (THJ)
900510 Convert XERRW calls to XERMSG calls, cvt GOTO s to
| F- THEN- ELSE.  ( RWC)
920501 Reformatted the REFERENCES section. (WRB)
END PROLOGUE
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CGEIR

SUBROUTI NE CCGEIR (A, LDA, N, V, ITASK, IND, WORK, |WORK)

***BEG N PROLOGUE CCEl R

***PURPOSE Sol ve a general system of |inear equations. Iterative
refinement is used to obtain an error estinate.

***| | BRARY  SLATEC

*** CATEGORY D2C1

***TYPE COWLEX (SCEI R-S, CCEIR-Q)

*** KEYWORDS COVPLEX LI NEAR EQUATI ONS, GENERAL MATRI X,
GENERAL SYSTEM OF LI NEAR EQUATI ONS

*** AUTHOR Voorhees, E. A, (LANL)

*** DESCRI PTI ON

Subroutine CGEIR solves a general NxN system of conpl ex

l'i near equations using LINPACK subroutines CGEFA and CCESL.
One pass of iterative refinenent is used only to obtain an
estimate of the accuracy. That is, if Ais an NxN conplex
matrix and if X and B are conplex N-vectors, then CGEIR sol ves
the equation

A* X=B.

The matrix Ais first factored into upper and |ower tri-
angular matrices U and L using partial pivoting. These
factors and the pivoting informati on are used to calcul ate
the solution, X. Then the residual vector is found and
used to calculate an estinate of the relative error, |ND
IND estimates the accuracy of the solution only when the
input matrix and the right hand side are represented
exactly in the conputer and does not take into

account any errors in the input data.

If the equation A*X=B is to be solved for nore than one vector
B, the factoring of A does not need to be perfornmed again and
the option to only solve (ITASK .GI. 1) will be faster for

the succeeding solutions. In this case, the contents of A,
LDA, N, WORK, and | WORK nust not have been altered by the
user following factorization (I TASK=1). [IND will not be

changed by CCEIR in this case.
Argunent Description ***

A COVPLEX( LDA, N)
t he doubly subscripted array with dinmension (LDA N)
whi ch contains the coefficient matrix. A is not
altered by the routine.
LDA | NTEGER
the | eading di nension of the array A. LDA nust be great-
er than or equal to N. (Terminal error nessage | ND=-1)
N | NTEGER
the order of the matrix A The first N el enents of
the array A are the elenents of the first colum of
matrix A. N nust be greater than or equal to 1.
(Term nal error nessage | ND=-2)
Y COVPLEX( N)
on entry, the singly subscripted array(vector) of di-
nmensi on N which contains the right hand side B of a
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| TASK

| ND

WWORK
I WORK

system of simnultaneous |linear equations A*X=B.

on return, V contains the solution vector, X.

| NTEGER

if I TASK=1, the matrix Ais factored and then the
i near equation is solved.

if ITASK .GI. 1, the equation is solved using the existing
factored matrix A (stored in work).

if ITASK .LT. 1, then terninal error nessage IND=-3 is

print ed.
| NTEGER
GI.O INDis a rough estimate of the nunber of digits
of accuracy in the solution, X |IND=75 nmeans

that the solution vector X is zero.
LT.0 see error nessage corresponding to | ND bel ow

COVPLEX( N* ( N#+1))

a singly subscripted array of dinmension at |east N‘(N+1).
| NTEGER( N)
a singly subscripted array of dinension at |east N

Error Messages Printed ***

IND=-1 termnal N is greater than LDA

I ND=-2 terninal N is less than one.

I ND=-3 termni nal I TASK i s | ess than one.

| ND=-4 termn nal The matrix A is conputationally singular.
A sol ution has not been conputed.

| ND=- 10 war ni ng The sol ution has no apparent significance.

The solution may be inaccurate or the matrix
A may be poorly scal ed.

NOTE- The above terminal (*fatal*) error nessages are
desi gned to be handl ed by XERMSG i n whi ch
LEVEL=1 (recoverable) and | FLAG=2 . LEVEL=0
for warning error nessages from XERM5G  Unl ess
t he user provides otherw se, an error nessage
will be printed foll owed by an abort.

***REFERENCES J. J. Dongarra, J. R Bunch, C. B. Mler, and G W

Stewart, LINPACK Users' Cuide, SIAM 1979.

***ROUTI NES CALLED CCOPY, CDCDOT, CGEFA, CGESL, RIMACH, SCASUM XERMSG
***REVI SI ON H STORY  ( YYMVDD)

800502 DATE WRI TTEN

890531 Changed all specific intrinsics to generic. (WRB)

890831 Modified array declarations. (WRB)

890831 REVI SI ON DATE from Version 3.2

891214 Prol ogue converted to Version 4.0 format. (BAB)

900315 CALLs to XERROR changed to CALLs to XERVBG  (THJ)

900510 Convert XERRW/ calls to XERMSG calls, cvt GOTO s to
| F- THEN- ELSE. ( RWC)

920501 Reformatted the REFERENCES section. (WRB)

END PROLOGUE
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CGEMM

SUBROUTI NE CGEMM ( TRANSA, TRANSB, M N, K, ALPHA, A, LDA, B, LDB,
$ BETA C, LDC
***BEG N PROLOGUE CCGEMM
***PURPOSE Multiply a conplex general matrix by a conpl ex general
mat ri x.
***| | BRARY  SLATEC ( BLAS)
*** CATEGORY D1B6
*** TYPE COWPLEX (SGEMV'S, DGEMMV D, CGEMM C)
***KEYWORDS LEVEL 3 BLAS, LI NEAR ALGEBRA
***AUTHOR Dongarra, J., (ANL)
Duff, I., (AERE)
Du Croz, J., (NAG
Hammarl i ng, S. (NAG
*** DESCRI PTI ON

CCGEMM perfornms one of the matrix-matrix operations
C := al pha*op( A)*op( B ) + beta*C,
where op( X ) is one of
op( X) =X or op( X) =X or op( X ) =conjg( X ),

al pha and beta are scalars, and A, B and C are matrices, with op( A)
an mby k matrix, op( B) a k by n matrix and C an mby n matri X.

Par anmet er s

TRANSA - CHARACTER*1.
On entry, TRANSA specifies the formof op( A) to be used in
the matrix nmultiplication as foll ows:

TRANSA = 'N or 'n', op( A) = A
TRANSA = 'T" or '"t', op( A) = A.
TRANSA = 'C or 'c', op( A) =conjg( A ).

Unchanged on exit.

TRANSB - CHARACTER*1.
On entry, TRANSB specifies the formof op( B) to be used in
the matrix nmultiplication as foll ows:

TRANSB = 'N or 'n', op( B) = B.
TRANSB = 'T" or 't', op( B) =B.
TRANSB = 'C or 'c', op( B) =conjg( B ).

Unchanged on exit.

M - | NTEGER
On entry, M specifies the nunber of rows of the mtrix
op( A) and of the matrix C. M nust be at l|east zero.
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ALPHA

LDA

LDB

BETA

Unchanged on exit.

| NTEGER.

On entry, N specifies the nunber of colums of the matrix
op( B ) and the nunber of colums of the matrix C. N nust be
at | east zero.

Unchanged on exit.

| NTEGER.

On entry, K specifies the nunber of colums of the matrix
op( A ) and the nunber of rows of the matrix op( B ). K nust
be at |east zero.

Unchanged on exit.

COWPLEX .
On entry, ALPHA specifies the scal ar al pha.
Unchanged on exit.

COVPLEX array of DIMENSION ( LDA, ka ), where ka is
k when TRANSA ='N or 'n', and is m otherw se.

Before entry with TRANSA ="'N or 'n', the leading mby k
part of the array A nust contain the matrix A, otherw se
the leading k by m part of the array A nust contain the
matrix A

Unchanged on exit.

| NTEGER.

On entry, LDA specifies the first dinmension of A as decl ared
in the calling (sub) program Wwen TRANSA ='N or 'n' then
LDA nmust be at least max( 1, m), otherwise LDA nust be at
least max( 1, k).

Unchanged on exit.

COMPLEX array of DIMENSION ( LDB, kb ), where kb is
n when TRANSB ='N or 'n', and is k otherw se.

Before entry with TRANSB = 'N or 'n', the leading k by n
part of the array B nust contain the matrix B, otherw se
the leading n by k part of the array B nust contain the
matri x B.

Unchanged on exit.

| NTEGER

On entry, LDB specifies the first dinension of B as decl ared
in the calling (sub) program Wwen TRANSB ='N or 'n' then
LDB nust be at least max( 1, k ), otherwise LDB nust be at
least max( 1, n ).

Unchanged on exit.

COWPLEX .

On entry, BETA specifies the scalar beta. Wen BETA is
supplied as zero then C need not be set on input.

Unchanged on exit.

COVPLEX array of DIMENSION ( LDC, n ).

Before entry, the leading mby n part of the array C nust
contain the matrix C, except when beta is zero, in which
case C need not be set on entry.

On exit, the array C is overwitten by the mby n matrix
( al pha*op( A )*op( B ) + beta*C).
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LDC - I NTEGER
On entry, LDC specifies the first dinmension of C as decl ared
in the calling (sub) program LDC nust be at |east
max( 1, m).
Unchanged on exit.

*** REFERENCES Dongarra, J., Du Croz, J., Duff, |., and Hammarling, S.
A set of level 3 basic linear al gebra subprograns.
ACM TOVB, Vol. 16, No. 1, pp. 1-17, March 1990.
***ROUTI NES CALLED LSANME, XERBLA
***REVI SI ON HI STORY ( YYMVDD)
890208 DATE WRI TTEN
910605 Modified to neet SLATEC prol ogue standards. Only coment
lines were nodified. (BKS)
END PROLOGUE
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CGEMV

SUBROUTI NE CGEMV (TRANS, M N, ALPHA, A, LDA X, |INCX, BETA Y,

$  INCY)

***BEG N PROLOGUE CCEW
***PURPOSE Multiply a conplex vector by a conpl ex general matrix.
***] | BRARY  SLATEC ( BLAS)

***CATEGORY D1B4

*** TYPE COWPLEX (SCGEMV-S, DGEMWV-D, CGEMW-C)
***KEYWORDS LEVEL 2 BLAS, LI NEAR ALGEBRA
*** AUTHOR Dongarra, J. J., (ANL)

Du Croz,

J.

, (NAG

Hammarling, S., (NAG
Hanson, R J., (SNLA)

***DESCRI PTI ON

CCGEMW/ perfornms one of the matrix-vector operations

y .= al pha*A*x + beta*y, or y .= alpha*A *x + beta*y, or

y := al pha*conjg( A )*x + beta*y,

where al pha and beta are scalars, x and y are vectors and Ais an

mby n matrix.

Par aneters

TRANS - CHARACTER*1.

On entry,
foll ows:

TRANS
TRANS
TRANS

TRANS specifies the operation to be performed as

"N or 'n al pha*A*x + beta*y.

<
1

al pha*A *x + beta*y.

"T" or 't' y

"C or 'c y := alpha*conjg( A )*x + beta*y.

Unchanged on exit.

M - | NTEGER.
On entry,
M nust be
Unchanged

N - | NTEGER
On entry,
N nust be
Unchanged

ALPHA - COWPLEX
On entry,
Unchanged

A - COMPLEX

M speci fies the nunmber of rows of the matrix A
at | east zero.
on exit.

N specifies the nunmber of columms of the matrix A
at | east zero.
on exit.

ALPHA épecifies t he scal ar al pha.
on exit.

array of DIMENSION ( LDA, n ).

Before entry, the leading mby n part of the array A nust
contain the matrix of coefficients.
Unchanged on exit.
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LDA

I NCX

BETA

I NCY

| NTEGER

On entry, LDA specifies the first dinmension of A as decl ared
in the calling (sub) program LDA nust be at |east

max( 1, m).

Unchanged on exit.

COVPLEX array of DI MENSI ON at | east

(1 +(n-1)*abs( INCX) ) when TRANS = 'N or 'n'
and at | east

(1 +( m- 1)*abs( INCX) ) otherw se.

Before entry, the increnented array X nust contain the
vector X.

Unchanged on exit.

| NTEGER.

On entry, INCX specifies the increment for the el enents of
X. I'NCX must not be zero.

Unchanged on exit.

COWPLEX .

On entry, BETA specifies the scalar beta. Wen BETA is
supplied as zero then Y need not be set on input.
Unchanged on exit.

COVPLEX array of DI MENSI ON at | east

(1 +( m- 1)*abs( INCY ) ) when TRANS = 'N or 'n'

and at | east

(1 +(n- 1)*abs( INCY ) ) otherw se.

Before entry with BETA non-zero, the increnented array Y
must contain the vector y. On exit, Y is overwitten by the
updat ed vector vy.

| NTEGER.

On entry, INCY specifies the increment for the el enents of
Y. INCY must not be zero.

Unchanged on exit.

*** REFERENCES Dongarra, J. J., Du Croz, J., Hammarling, S., and

Hanson, R J. An extended set of Fortran basic |inear
al gebra subprogranms. ACM TOV5, Vol. 14, No. 1
1-17, NMarch 1988.

***ROUTI NES CALLED LSAME, XERBLA
***REVI SI ON HI STORY ( YYMVDD)
861022 DATE WRI TTEN
910605 Modified to neet SLATEC prol ogue standards. Only coment

lines were nodified. (BKS)

END PROLOGUE
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CGERC

SUBROUTI NE CGERC (M N, ALPHA, X, INCX, Y, INCY, A LDA)
*** BEG N PROLOGUE CGERC
***PURPOSE Perform conjugated rank 1 update of a conpl ex genera

matri x.

***|L| BRARY  SLATEC ( BLAS)

***CATEGORY D1B4

***TYPE COWLEX (SGERC-S, DGERC-D, CGERC- Q)

*** KEYWORDS LEVEL 2
*** AUTHOR Dongarr a,
Du Croz,

BLAS, LINEAR ALGEBRA
J. J., (ANL)
., (NAG

Hammarling, S., (NAG
Hanson, R J., (SNLA)

***DESCRI PTI ON

CCERC performs the rank 1 operation

A = alpha*x*conjg( y') + A

where alpha is a scalar, x is an melenent vector, y is an n el enent

vector and A is an

Par aneters

M - I NTEGER
On entry,
M nust be
Unchanged

N - I NTEGER
On entry,
N nust be
Unchanged

ALPHA - COWPLEX
On entry,
Unchanged

X - COWPLEX

mby n matri x.

M speci fies the nunber of rows of the matrix A
at | east zero.
on exit.

N specifies the nunber of columms of the matrix A
at | east zero.
on exit.

ALPHA épecifies t he scal ar al pha.
on exit.

array of dinmension at |east

(1 +( m- 1)*abs( INCX) ).
Before entry, the increnented array X nust contain the m
el ement vector Xx.

Unchanged

I NCX - | NTEGER
On entry,

on exit.

I NCX specifies the increment for the el enents of

X. INCX nmust not be zero.

Unchanged

Y - COVPLEX
(1+(n

on exit.

array of dinension at |east
- 1 )*abs( INCY ) ).

Before entry, the increnented array Y nust contain the n
el ement vector vy.

Unchanged
I NCY - | NTEGER.

on exit.
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On entry, INCY specifies the increnment for the el enents of
Y. I NCY nmust not be zero.
Unchanged on exit.

A - COMPLEX array of DIMENSION ( LDA, n ).
Before entry, the leading mby n part of the array A nust
contain the matrix of coefficients. On exit, Ais
overwitten by the updated matri x.

LDA - I NTEGER
On entry, LDA specifies the first dinmension of A as decl ared
in the calling (sub) program LDA nust be at | east
max( 1, m).
Unchanged on exit.

*** REFERENCES Dongarra, J. J., Du Croz, J., Hammarling, S., and
Hanson, R J. An extended set of Fortran basic linear
al gebra subprograns. ACM TOMS, Vol. 14, No. 1,
. 1-17, March 1988.
***ROUTI NES CALLED XERBLA
***REVI SI ON HI STORY ( YYMVDD)
861022 DATE WRI TTEN
910605 Modified to nmeet SLATEC prol ogue standards. Only conment
lines were nodified. (BKS)
END PROLOGUE
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CGERU

SUBROUTI NE CGERU (M N, ALPHA, X, INCX, Y, INCY, A LDA
***BEG N PROLOGUE CCERU
***PURPOSE Perform unconjugated rank 1 update of a conplex genera
mat ri x.
***| | BRARY  SLATEC ( BLAS)
*** CATEGORY D1B4
*** TYPE COWPLEX (SCGERU- S, DGERU-D, CGERU- Q)
*** KEYWORDS LEVEL 2 BLAS, LI NEAR ALGEBRA
***AUTHOR Dongarra, J. J., (ANL)
Du Croz, J., (NAGQ
Hammarling, S., (NAG
Hanson, R J., (SNLA)
*** DESCRI PTI ON

CCERU performs the rank 1 operation
A = al pha*x*y' + A

where alpha is a scalar, x is an melenment vector, y is an n el enent
vector and Ais an mby n matriXx.

Par aneters

M - | NTEGER
On entry, Mspecifies the nunber of rows of the matrix A
M nust be at |east zero.
Unchanged on exit.

N - | NTEGER
On entry, N specifies the nunber of colums of the matrix A
N nust be at |east zero.
Unchanged on exit.

ALPHA - COWPLEX .
On entry, ALPHA specifies the scal ar al pha.
Unchanged on exit.

X - COWPLEX array of dinmension at | east
(1 +( m- 1*abs( INCX)).
Before entry, the increnented array X nust contain the m
el ement vector Xx.
Unchanged on exit.

I NCX - | NTEGER
On entry, INCX specifies the increnment for the el enents of
X. I'NCX must not be zero.
Unchanged on exit.

Y - COWPLEX array of dinmension at | east
(1 +(n- 1)*abs( INCY ) ).
Before entry, the increnented array Y nust contain the n
el ement vector vy.
Unchanged on exit.

I NCY - | NTEGER
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On entry, INCY specifies the increnment for the el enents of
Y. I NCY nmust not be zero.
Unchanged on exit.

A - COMPLEX array of DIMENSION ( LDA, n ).
Before entry, the leading mby n part of the array A nust
contain the matrix of coefficients. On exit, Ais
overwitten by the updated matri x.

LDA - I NTEGER
On entry, LDA specifies the first dinmension of A as decl ared
in the calling (sub) program LDA nust be at | east
max( 1, m).
Unchanged on exit.

*** REFERENCES Dongarra, J. J., Du Croz, J., Hammarling, S., and
Hanson, R J. An extended set of Fortran basic linear
al gebra subprograns. ACM TOMS, Vol. 14, No. 1,
. 1-17, March 1988.
***ROUTI NES CALLED XERBLA
***REVI SI ON HI STORY ( YYMVDD)
861022 DATE WRI TTEN
910605 Modified to nmeet SLATEC prol ogue standards. Only conment
lines were nodified. (BKS)
END PROLOGUE
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CGESL

SUBROUTI NE CGESL (A, LDA, N, IPVT, B, JOB)
***BEG N PROLOGUE CGESL
***PURPOSE Sol ve the conpl ex system A*X=B or CTRANS(A)*X=B using the
factors conmputed by CGECO or CGEFA.
***| | BRARY  SLATEC (LI NPACK)
*** CATEGORY D2C1
*** TYPE COWLEX (SGESL-S, DGESL-D, CGESL-CQ)
*** KEYWORDS LI NEAR ALGEBRA, LI NPACK, MATRI X, SOLVE
*** AUTHOR Mler, C B., (U of New Mexico)
*** DESCRI PTI ON

CGESL solves the conpl ex system
A* X=B or CITRANS(A) * X =B
using the factors conmputed by CGECO or CGEFA.

On Entry
A COVWPLEX(LDA, N
the output from CGECO or CGEFA.
LDA | NTEGER
the | eading dinension of the array A .
N | NTEGER
the order of the matrix A .
| PVT | NTEGER( N)
the pivot vector from CGECO or CGEFA.
B COVPLEX( N)
the right hand side vector.
JOB | NTEGER
=0 to solve A*X =B,
= nonzero to solve CTRANS(A)*X = B where
CTRANS(A) is the conjugate transpose.
On Return
B the solution vector X.

Error Condition

A division by zero will occur if the input factor contains a
zero on the diagonal. Technically this indicates singularity
but it is often caused by inproper argunments or inproper
setting of LDA . It will not occur if the subroutines are
called correctly and if CGECO has set RCOND .GT. 0.0

or CGEFA has set INFO .EQ O .

To conpute |INVERSE(A) * C where C is a matrix
with P colunmms
CALL CGECO A, LDA, N, | PVT, RCOND, Z)
IF (RCOND is too small) GO TO ...
DO10J =1, P
CALL CGESL(A, LDA N, I PVT, C(1,J), 0)
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10 CONTI NUE

***REFERENCES J. J. Dongarra, J. R Bunch, C. B. Mdler, and G W
Stewart, LINPACK Users' Cuide, SIAM 1979.
*** ROUTI NES CALLED CAXPY, CDOTC
***REVI SI ON HI STORY ( YYMVDD)
780814 DATE WRI TTEN
890831 Modified array declarations. (WRB)
890831 REVI SI ON DATE from Version 3.2
891214 Prol ogue converted to Version 4.0 format. (BAB)
900326 Renpved duplicate infornmation from DESCRI PTI ON secti on.
(WRB)
920501 Reformatted the REFERENCES section. (WRB)
END PROLOGUE
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CGTSL

SUBROUTI NE CGTSL (N, C, D, E, B, INFO
***BEGA N PROLOGUE CGTSL
***PURPOSE Sol ve a tridiagonal |inear system
***| | BRARY  SLATEC (LI NPACK)
*** CATEGORY D2C2A
*** TYPE COWPLEX (SGTSL-S, DGTSL-D, CGTSL-C)
*** KEYWORDS LI NEAR ALGEBRA, LI NPACK, MATRI X, SOLVE, TRI DI AGONAL
*** AUTHOR Dongarra, J., (ANL)
*** DESCRI PTI ON

CGISL given a general tridiagonal matrix and a right hand
side wll find the solution

On Entry
N | NTEGER
is the order of the tridiagonal matrix.
C COVPLEX( N)
i s the subdi agonal of the tridiagonal matrix.
C(2) through C(N) should contain the subdi agonal
On output Cis destroyed.
D COVPLEX( N)
is the diagonal of the tridiagonal matrix.
On output D is destroyed.
E COVPLEX( N)
i s the superdi agonal of the tridiagonal natrix.
E(1) through E(N-1) should contain the superdi agonal
On output E is destroyed.
B COVPLEX( N)
is the right hand side vector.
On Return
B is the solution vector.
| NFO | NTEGER

0 nornmal val ue.

Kif the K-th elenent of the diagonal becones
exactly zero. The subroutine returns when
this is detected.

***REFERENCES J. J. Dongarra, J. R Bunch, C. B. Mdler, and G W
Stewart, LINPACK Users' Cuide, SIAM 1979.
*** ROUTI NES CALLED ( NONE)
***REVI SI ON HI STORY ( YYMVDD)
780814 DATE WRI TTEN
890831 Modified array declarations. (VRB)
890831 REVI SI ON DATE from Version 3.2
891214 Prol ogue converted to Version 4.0 format. (BAB)
900326 Renpved duplicate information from DESCRI PTI ON section
(V\RB)
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920501 Reformatted the REFERENCES section. (WRB)
END PROLOGUE
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CH

SUBROUTINE CH (NM N, AR, Al, W MTZ, ZR ZI, FV1, FV2, FM,
+ | ERR)

***BEA N PROLOGUE CH

***PURPOSE Conpute the eigenval ues and, optionally, the eigenvectors

of a conplex Hermtian matriXx.

***| | BRARY  SLATEC ( El SPACK)

*** CATEGORY D4A3

** * TYPE COWPLEX (RS-S, CH O

*** KEYWORDS EI GENVALUES, EI GENVECTORS, EI SPACK

***AUTHOR Smith, B. T., et al.

*** DESCRI PTI ON

This subroutine calls the recomended sequence of
subroutines fromthe eigensystem subroutine package (El SPACK)
to find the eigenval ues and ei genvectors (if desired)

of a COWPLEX HERM TI AN matri x.

On | NPUT

NM rmust be set to the row di mensi on of the two-di nensi onal
array paraneters, AR, Al, ZR and ZI, as declared in the
calling program di nension statenent. NMis an | NTEGER
vari abl e.

Nis the order of the matrix A=(AR Al). N is an | NTEGER
variable. N nust be less than or equal to NM

AR and Al contain the real and inmaginary parts, respectively,
of the conplex Hermitian matrix. AR and Al are
two-di mensi onal REAL arrays, dinmensioned AR(NM N)
and Al (NM N).

MATZ is an | NTEGER vari able set equal to zero if only
ei genval ues are desired. Oherwise, it is set to any
non-zero i nteger for both eigenval ues and ei genvect ors.

On QUTPUT

W contains the eigenval ues in ascendi ng order.
Wis a one-di nensional REAL array, dinmensioned WN).

ZR and ZI contain the real and inmagi nary parts, respectively,
of the eigenvectors if MATZ is not zero. ZR and ZI are
two- di mensi onal REAL arrays, dinmensioned ZR(NM N) and

ZI (NM N) .
IERR is an I NTEGER flag set to
Zero for normal return,
10*N if Nis greater than NM
J if the J-th eigenval ue has not been

determ ned after a total of 30 iterations.
The ei genval ues should be correct for indices
1, 2, ..., IERR-1, but no eigenvectors are
conput ed.

FV1 and FV2 are one-di nensi onal REAL arrays used for
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tenporary storage, dinmensioned FVI(N) and FV2(N).

FML is a two-di nensional REAL array used for tenporary
storage, dinmensioned FML(2, N).

Questions and conmments should be directed to B. S. Garbow,
APPLI ED MATHEMATI CS DI VI SI ON, ARGONNE NATI ONAL LABORATORY

***REFERENCES B. T. Smith, J. M Boyle, J. J. Dongarra, B. S. Garbow,
Y. lkebe, V. C. Klema and C. B. Mler, Mitrix Eigen-
system Routi nes - EI SPACK Gui de, Springer-Verl ag,
1976.

***ROUTI NES CALLED HTRIBK, HTRI D, TQL2, TQLRAT

***REVI SI ON HI STORY ( YYMVDD)

760101 DATE WRI TTEN

890831 Modified array declarations. (VRB)

890831 REVI SI ON DATE from Version 3.2

891214 Prol ogue converted to Version 4.0 format. (BAB)
920501 Reformatted the REFERENCES section. (WRB)

END PROLOGUE
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SUBROUTI NE CHBW (UPLO, N, K, ALPHA, A LDA X
| NCY)

$

CHBMV

I NCX, BETA, Y,

***BEG N PROLOGUE CHBW
***PURPCSE Ml tiply a conplex vector by a conplex Hermtian band

*** Ll BRARY

*** TYPE

*** AUTHOR Dongarra, J. J.,

matri X.

SLATEC ( BLAS)
*%* CATEGORY D1B4
COVPLEX ( SHBW-S, DHBW-D, CHBW-C)
*** KEYWORDS LEVEL 2 BLAS, LINEAR ALGEBRA

Du Croz,

Hammarl i ng, S.,
R J.,

Hanson,

***DESCRI PTI ON

CHBW performs the matri x-vector
y

where al pha and beta are scal ars,
Ais an n by n hernmitian band matri X,

Par aneters

ALPHA

( ANL)

., (NAG
(NAG

( SNLA)

operati on

al pha*A*x + beta*y,

x and y are n element vectors and
with k super-diagonal s.

CHARACTER* 1.
On entry, UPLO specifies whether the upper or | ower
triangular part of the band matrix A is being supplied as
fol | ows:
UPLO="'U or '"u The upper triangular part of Ais
bei ng suppli ed.
UPLO = '"L" or 'I' The lower triangular part of Ais
bei ng suppli ed.
Unchanged on exit.
| NTEGER.
On entry, N specifies the order of the matrix A
N nust be at |east zero.
Unchanged on exit.
| NTEGER.
On entry, K specifies the nunber of super-diagonals of the
matrix A. K nust satisfy O .le. K
Unchanged on exit.
COVPLEX .
On entry, ALPHA specifies the scal ar al pha.
Unchanged on exit.
COVPLEX array of DIMENSION ( LDA, n ).
Before entry with UPLO="'U or 'u', the leading ( k + 1)
by n part of the array A nust contain the upper triangular
band part of the hermtian matrix, supplied colum by
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LDA

I NCX

BETA

colum, with the | eading diagonal of the matrix in row

( k +1) of the array, the first super-diagonal starting at
position 2 in row k, and so on. The top left k by k triangle
of the array A is not referenced.

The foll ow ng program segnment will transfer the upper
triangular part of a hermtian band matrix from conventi onal
full matrix storage to band storage:

DO 20, J =1, N
M=K+1-J
DO10, | = MAX( 1, J - K), J

ACM+1, J) =mtrix( 1, J)
10  CONTI NUE
20 CONTI NUE

Before entry with UPLO="L" or 'I', the leading ( k + 1)
by n part of the array A nust contain the |ower triangular
band part of the hermtian matrix, supplied columm by
colum, with the |eading diagonal of the matrix in row 1 of
the array, the first sub-diagonal starting at position 1 in
row 2, and so on. The bottomright k by k triangle of the
array Ais not referenced.

The foll ow ng programsegnment will transfer the |ower
triangular part of a hermtian band matrix from conventi onal
full matrix storage to band storage:

DO 20, J =1, N
M=1-J
DO10, | =J, MN( N, J + K)
ACM+ 1, J) =mtrix( 1, J)
10  CONTI NUE
20 CONTI NUE

Note that the inaginary parts of the diagonal el enents need
not be set and are assuned to be zero.
Unchanged on exit.

| NTEGER

On entry, LDA specifies the first dinmension of A as decl ared
in the calling (sub) program LDA nust be at |east

(k +1).

Unchanged on exit.

COVPLEX array of DI MENSI ON at | east

(1 +(n-1)*abs( INCX) ).

Before entry, the increnented array X nust contain the
vector X.

Unchanged on exit.

| NTEGER.

On entry, INCX specifies the increnent for the el enments of
X. I NCX nust not be zero.

Unchanged on exit.

COWPLEX .
On entry, BETA specifies the scal ar beta.
Unchanged on exit.

COVPLEX array of DI MENSION at | east
(1 +( n- 1)*abs( INCY ) ).
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Before entry, the increnented array Y nust contain the
vector y. On exit, Y is overwitten by the updated vector vy.

INCY - | NTEGER
On entry, INCY specifies the increment for the el enents of

Y. INCY nust not be zero.
Unchanged on exit.

*** REFERENCES Dongarra, J. J., Du Croz, J., Hammarling, S., and
Hanson, R J. An extended set of Fortran basic linear
al gebra subprograns. ACM TOVS, Vol. 14, No. 1,
. 1-17, March 1988.
***ROUTI NES CALLED LSAME, XERBLA
***REVI SI ON HI STORY ( YYMVDD)
861022 DATE WRI TTEN
910605 Modified to neet SLATEC prol ogue standards. Only coment

lines were nodified. (BKS)
END PROLOGUE
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CHEMM

$SUBR(JJTI NE CHEWM (SIDE, UPLOL M N, ALPHA, A, LDA, B, LDB, BETA,
C, LDC)
***BEG N PROLOGUE CHEMM
***PURPOSE Multiply a conplex general matrix by a conplex Hermitian
mat ri x.
***| | BRARY  SLATEC ( BLAS)
*** CATEGORY D1B6
*** TYPE COWPLEX (SHEMW S, DHEMM D, CHEMM C)
***KEYWORDS LEVEL 3 BLAS, LI NEAR ALGEBRA
***AUTHOR Dongarra, J., (ANL)
Duff, I., (AERE)
Du Croz, J., (NAG
Hammarl i ng, S. (NAG
*** DESCRI PTI ON

CHEMM perfornms one of the matrix-matrix operations
C := al pha*A*B + beta*C,
or

C := al pha*B*A + beta*C,

where al pha and beta are scalars, Ais an hermitian matrix and B and

Care mby n matrices.

Par anmet er s

SIDE - CHARACTER*1.
On entry, SIDE specifies whether the hermtian matrix

appears on the |left or right in the operation as follows:

SIDE ="'L" or "I’

al pha*A*B + beta*C,
S| DE

'R or 'r' C := al pha*B*A + beta*C,
Unchanged on exit.

UPLO - CHARACTER*1.

On entry, UPLO specifies whether the upper or |[|ower

triangular part of the hermtian matrix A is to
referenced as foll ows:

UPLO="'U or '"u Only the upper triangular part of the
hermitian matrix is to be referenced.

UPLO ="'L" or 'I' Only the lower triangular part of the
hermitian matrix is to be referenced.

Unchanged on exit.

M - | NTEGER
On entry, M specifies the nunber of rows of the matrix C.
M nust be at |east zero.
Unchanged on exit.
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LDA

LDB

BETA

| NTEGER

On entry, N specifies the nunber of colums of the matrix C
N rmnust be at |east zero.

Unchanged on exit.

COWPLEX .
On entry, ALPHA specifies the scal ar al pha.
Unchanged on exit.

COMPLEX array of DIMENSION ( LDA, ka ), where ka is
m when SIDE ='L' or 'I' and is n otherw se.
Before entry with SIDE="'L" or 'I', the mby m part of

the array A must contain the hernitian matrix, such that
when UPLO ="'U or 'u', the leading mby mupper triangul ar
part of the array A nust contain the upper triangular part
of the hermtian matrix and the strictly |ower triangular
part of A is not referenced, and when UPLO="'L' or 'I",
the leading mby m lower triangular part of the array A
must contain the Ilower triangular part of the hermtian
matrix and the strictly upper triangular part of A is not
ref erenced.

Before entry with SIDE='R or 'r', the n by n part of
the array A nust contain the hermtian matrix, such that
when UPLO="'U or 'u', the leading n by n upper triangul ar
part of the array A nust contain the upper triangular part
of the hermitian matrix and the strictly [|ower triangular
part of A is not referenced, and when UPLO="'L' or 'I",
the leading n by n lower triangular part of the array A
must contain the lower triangular part of the hermtian
matrix and the strictly upper triangular part of A is not
ref erenced.

Note that the inaginary parts of the diagonal elenments need
not be set, they are assuned to be zero.

Unchanged on exit.

| NTEGER
On entry, LDA specifies the first dinmension of A as declared
inthe calling (sub) program Wwen SIDE ="'L" or 'I' then

LDA nust be at least max( 1, m), otherwi se LDA nust be at
| east max( 1, n ).
Unchanged on exit.

COVPLEX array of DIMENSION ( LDB, n ).

Before entry, the leading mby n part of the array B nmnust
contain the matrix B

Unchanged on exit.

| NTEGER
On entry, LDB specifies the first dimension of B as decl ared
in the calling (sub) program LDB nust be at |east

max( 1, m).
Unchanged on exit.

COWPLEX .

On entry, BETA specifies the scalar beta. Wen BETA is
supplied as zero then C need not be set on input.

Unchanged on exit.

COVPLEX array of DIMENSION ( LDC, n ).
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Before entry, the leading mby n part of the array C nust
contain the matrix C, except when beta is zero, in which
case C need not be set on entry.

On exit, the array C is overwitten by the mby n updated

matri x.

LDC - | NTEGER
On entry, LDC specifies the first dinmension of C as decl ared
in the calling (sub) program LDC nust be at |east

max( 1, m).
Unchanged on exit.

*** REFERENCES Dongarra, J., Du Croz, J., Duff, |., and Hammarling, S.
A set of level 3 basic linear al gebra subprograns.
ACM TOVB, Vol. 16, No. 1, pp. 1-17, March 1990.
***ROUTI NES CALLED LSANME, XERBLA
***REVI SI ON HI STORY ( YYMVDD)
890208 DATE WRI TTEN
910605 Modified to neet SLATEC prol ogue standards. Only coment
lines were nodified. (BKS)
END PROLOGUE
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CHEMV

SUBROUTI NE CHEMWV (UPLO, N, ALPHA, A, LDA, X, INCX, BETA, Y, INCY)
***BEG N PROLOGUE CHEW
***PURPOSE Multiply a conplex vector by a conplex Hernmitian matri x.
***| | BRARY  SLATEC ( BLAS)
*** CATEGORY D1B4
*** TYPE COWPLEX (SHEMV-S, DHEWV-D, CHEW- C)
*** KEYWORDS LEVEL 2 BLAS, LINEAR ALGEBRA
*** AUTHOR Dongarra, J. J., (ANL)
Du Croz, J., (NAG
Hammarling, S., (NAQ
Hanson, R J., (SNLA)
*** DESCRI PTI ON

CHEMV perfornms the matrix-vector operation
y := al pha*A*x + beta*y,

where al pha and beta are scalars, x and y are n el enment vectors and
Ais an n by n hernmitian matri x.

Par anmet er s

UPLO - CHARACTER*1.
On entry, UPLO specifies whether the upper or | ower
triangular part of the array Ais to be referenced as

foll ows:
UPLO="'U or 'u Only the upper triangular part of A
is to be referenced.
UPLO = '"L" or 'I' Only the lower triangular part of A

is to be referenced.
Unchanged on exit.

N - | NTEGER
On entry, N specifies the order of the matrix A
N nust be at |east zero.
Unchanged on exit.

ALPHA - COWPLEX .
On entry, ALPHA specifies the scal ar al pha.
Unchanged on exit.

A - COMPLEX array of DIMENSION ( LDA, n ).
Before entry with UPLO="'U or 'u', the leading n by n
upper triangular part of the array A nust contain the upper
triangular part of the hermitian natrix and the strictly
lower triangular part of Ais not referenced.
Before entry with UPLO="L" or 'I', the leading n by n
lower triangular part of the array A nust contain the | ower
triangular part of the hermtian matrix and the strictly
upper triangular part of Ais not referenced.
Note that the inaginary parts of the diagonal el enents need
not be set and are assuned to be zero.
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LDA

I NCX

BETA

I NCY

Unchanged on exit.

| NTEGER.

On entry, LDA specifies the first dinmension of A as decl ared
in the calling (sub) program LDA nust be at |east

max( 1, n ).

Unchanged on exit.

COVPLEX array of dinension at |east
1+ (n- 1)*abs( INCX)
Before entry, the increnented array X nust contain the n
el ement vector X.
Unchanged on exit.

| NTEGER.

On entry, INCX specifies the increment for the el enents of
X. I'NCX must not be zero.

Unchanged on exit.

COWPLEX .

On entry, BETA specifies the scalar beta. Wen BETA is
supplied as zero then Y need not be set on input.
Unchanged on exit.

COVPLEX array of dinmension at | east

(1 +( n- 1)*abs( INCY) ).

Before entry, the increnented array Y nust contain the n
el enment vector y. On exit, Y is overwitten by the updated
vector vy.

| NTEGER

On entry, INCY specifies the increment for the el enents of
Y. INCY nmust not be zero.

Unchanged on exit.

*** REFERENCES Dongarra, J. J., Du Croz, J., Hanmmarling, S., and

Hanson, R J. An extended set of Fortran basic |inear
al gebra subprograns. ACM TOMV5, Vol. 14, No. 1
1-17, March 1988.

***ROUTI NES CALLED LSANME, XERBLA
***REVI SI ON HI STORY ( YYMVDD)
861022 DATE WRI TTEN
910605 Modified to neet SLATEC prol ogue standards. Only coment

lines were nodified. (BKS)

END PROLOGUE
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CHER

SUBROUTI NE CHER (UPLO, N, ALPHA, X, INCX, A, LDA)
***BEG N PROLOGUE CHER
***PURPOSE Perform Hermitian rank 1 update of a conplex Hermtian
matri x.
***] | BRARY  SLATEC ( BLAS)
*** CATEGORY Di1B4
***TYPE COWLEX (SHER-S, DHER-D, CHER-C)
*** KEYWORDS LEVEL 2 BLAS, LI NEAR ALGEBRA
***AUTHOR Dongarra, J. J., (ANL)
Du Croz, J., (NAGQ
Hammarling, S., (NAG
Hanson, R J., (SNLA)
*** DESCRI PTI ON

CHER perfornms the hermitian rank 1 operation
A = al pha*x*conjg( x') + A

where alpha is a real scalar, x is an n element vector and Ais an
n by n hermtian natrix.

Par aneters

UPLO - CHARACTER*1.
On entry, UPLO specifies whether the upper or |ower
triangular part of the array Ais to be referenced as
foll ows:

UPLO="'U or '"u Only the upper triangular part of A
is to be referenced.

UPLO = '"L" or 'I' Only the lower triangular part of A
is to be referenced.

Unchanged on exit.

N - | NTEGER.
On entry, N specifies the order of the matrix A
N nust be at |east zero.
Unchanged on exit.

ALPHA - REAL .
On entry, ALPHA specifies the scal ar al pha.
Unchanged on exit.

X - COWPLEX array of dinension at |east
(1 +(n- 1)*abs( INCX) ).
Before entry, the increnented array X nust contain the n
el enment vector Xx.
Unchanged on exit.

I NCX - | NTEGER
On entry, INCX specifies the increnent for the el enents of
X. I NCX must not be zero.
Unchanged on exit.
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A - COWPLEX array of DIMENSION ( LDA, n ).
Before entry with UPLO="'U or '"u', the leading n by n
upper triangular part of the array A nust contain the upper
triangular part of the hermtian matrix and the strictly
| ower triangular part of Ais not referenced. On exit, the
upper triangular part of the array Ais overwitten by the
upper triangular part of the updated matri x.
Before entry with UPLO="L" or 'I', the leading n by n
lower triangular part of the array A nust contain the | ower
triangular part of the hermtian matrix and the strictly
upper triangular part of Ais not referenced. On exit, the
| ower triangular part of the array Ais overwitten by the
| ower triangular part of the updated matri x.
Note that the inaginary parts of the diagonal el enents need
not be set, they are assuned to be zero, and on exit they
are set to zero.

LDA - I NTEGER
On entry, LDA specifies the first dinmension of A as declared
in the calling (sub) program LDA nust be at |east
max( 1, n).
Unchanged on exit.

*** REFERENCES Dongarra, J. J., Du Croz, J., Hammarling, S., and
Hanson, R J. An extended set of Fortran basic linear
al gebra subprograns. ACM TOVS, Vol. 14, No. 1,
. 1-17, March 1988.
*** ROUTI NES CALLED LSAME, XERBLA
***REVI SI ON HI STORY ( YYMVDD)
861022 DATE WRI TTEN
910605 Modified to neet SLATEC prol ogue standards. Only coment
lines were nodified. (BKS)
END PROLOGUE
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CHERZ2

SUBRQUTI NE CHER2 (UPLO, N, ALPHA, X, INCX, Y, INCY, A LDA)
*** BEG N PROLOGUE CHER2
***PURPOSE Perform Hermitian rank 2 update of a conplex Hermtian

matri x.

***| | BRARY  SLATEC ( BLAS)
*** CATEGORY D1B4

COWPLEX (SHER2- S, DHER2-D, CHER2-C)
***KEYWORDS LEVEL 2 BLAS, LI NEAR ALGEBRA

*** AUTHOR Dongarra, J. J.,
Du Croz, J., (NAG

* %% TYPE

Hammarling, S.,
Hanson, R J., (

***DESCRI PTI ON

( ANL)

(NAG
SNLA)

CHER2 perfornms the hermitian rank 2 operation

A

al pha*x*conj g( vy’

where al pha is a scal ar
by n hernitian matri x.

Par aneters

ALPHA

I NCX

CHARACTER* 1.

On entry, UPLO s
triangul ar part
foll ows:

UPLO = "U or

UPLO = 'L" or

Unchanged on exi

| NTEGER.
On entry, N spec

) + conjg( alpha)*y*conjg( x") + A

x and y are n elenment vectors and Ais an n

peci fi es whether the upper or | ower
of the array Ais to be referenced as

u' Only the upper triangular part of A
is to be referenced.

" Only the lower triangular part of A
is to be referenced.

t.

ifies the order of the matrix A.

N nust be at | east zero.

Unchanged on exi

COVPLEX
On entry, ALPHA
Unchanged on exi

COWPLEX
(1 +(n-1)*
Before entry, th

t.

épecifies t he scal ar al pha.
t.

array of dinension at |east
abs( INCX ) ).
e incremented array X nust contain the n

el enent vector x.

Unchanged on exi

| NTEGER

On entry, INCX s
X. I NCX nust not
Unchanged on exi

SLATEC2

t.

pecifies the increment for the el enents of
be zero.
t.
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Y - COWPLEX array of dinmension at | east
(1 +(n-1)*abs( INCY ) ).
Before entry, the increnmented array Y nust contain the n
el ement vector vy.
Unchanged on exit.

INCY - | NTEGER
On entry, INCY specifies the increnent for the el enments of
Y. I NCY nmust not be zero.
Unchanged on exit.

A - COWPLEX array of DIMENSION ( LDA, n ).
Before entry with UPLO='U or '"u', the leading n by n
upper triangular part of the array A nust contain the upper
triangular part of the hermtian matrix and the strictly
| ower triangular part of Ais not referenced. On exit, the
upper triangular part of the array Ais overwitten by the
upper triangular part of the updated matri x.
Before entry with UPLO="L" or 'I', the leading n by n
| ower triangular part of the array A nust contain the | ower
triangular part of the hermtian matrix and the strictly
upper triangular part of Ais not referenced. On exit, the
| ower triangular part of the array Ais overwitten by the
| ower triangular part of the updated matri x.
Note that the inaginary parts of the diagonal el enents need
not be set, they are assuned to be zero, and on exit they
are set to zero.

LDA - I NTEGER
On entry, LDA specifies the first dinension of A as declared
in the calling (sub) program LDA nmust be at |east
max( 1, n).
Unchanged on exit.

*** REFERENCES Dongarra, J. J., Du Croz, J., Hanmmarling, S., and
Hanson, R J. An extended set of Fortran basic |inear
al gebra subprograns. ACM TOMV5, Vol. 14, No. 1
. 1-17, March 1988.
***ROUTI NES CALLED LSANME, XERBLA
***REVI SI ON HI STORY ( YYMVDD)
861022 DATE WRI TTEN
910605 Modified to neet SLATEC prol ogue standards. Only coment
lines were nodified. (BKS)
END PROLOGUE
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CHER2K

$SUBRCUTINE CHER2K (UPLO, TRANS, N, K, ALPHA, A, LDA, B, LDB, BETA,
C, LDC)
***BEG N PROLOGUE CHER2K
***PURPOSE Perform Hermitian rank 2k update of a conpl ex.
***] | BRARY  SLATEC ( BLAS)
*** CATEGORY D1B6
***TYPE COWLEX (SHER2-S, DHER2-D, CHER2-C, CHER2K-C)
*** KEYWORDS LEVEL 3 BLAS, LINEAR ALGEBRA
*** AUTHOR Dongarra, J., (ANL)
Duff, 1., (AERE)
Du Croz, J., (NAGQ
Hammarli ng, S. (NAG
*** DESCRI PTI ON

CHER2K perforns one of the hermtian rank 2k operations

C := al pha*A*conjg( B ) + conjg( alpha )*B*conjg( A ) + beta*C,
or

C := al pha*conjg( A" )*B + conjg( alpha )*conjg( B )*A + beta*C,
where alpha and beta are scalars with beta real, Cis an n by n
hermitian matrix and A and B are n by k matrices in the first case

and k by n matrices in the second case.

Par anmet er s

UPLO - CHARACTER*1.
On entry, UPLO specifies whether the upper or |ower
triangular part of the array C is to be referenced as

foll ows:
UPLO="'U or 'u Only the wupper triangular part of C
is to be referenced.
UPLO ="L" or "I Only the lower triangular part of C

is to be referenced.
Unchanged on exit.

TRANS - CHARACTER*1.
On entry, TRANS specifies the operation to be perforned as

fol | ows:
TRANS = ‘N or 'n' C := al pha*A*conjg( B ) N
conj g( al pha )*B*conjg( A ) +
bet a*C.
TRANS = 'C or 'c’  C:= al pha*conjg( A )*B N
conj g( al pha )*conjg( B )*A +
bet a*C.

Unchanged on exit.
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ALPHA

LDA

LDB

BETA

| NTEGER

On entry, N specifies the order of the matrix C. N nust be
at | east zero.

Unchanged on exit.

| NTEGER

On entry with TRANS = 'N or 'n', K specifies the nunber
of colums of the matrices A and B, and on entry wth
TRANS = 'C or 'c¢c', K specifies the nunber of rows of the
matrices A and B. K nust be at |east zero.

Unchanged on exit.

COWPLEX .
On entry, ALPHA specifies the scal ar al pha.
Unchanged on exit.

COMPLEX array of DIMENSION ( LDA, ka ), where ka is
k when TRANS ='N or 'n', and is n otherw se.

Before entry with TRANS = 'N or 'n', the leading n by k
part of the array A nust contain the matrix A, otherw se
the leading k by n part of the array A nust contain the
matrix A

Unchanged on exit.

| NTEGER

On entry, LDA specifies the first dinmension of A as declared
in the calling (sub) program When TRANS ='N or 'n'
then LDA nmust be at least nmax( 1, n ), otherwi se LDA nust
be at least max( 1, k).

Unchanged on exit.

COVPLEX array of DIMENSION ( LDB, kb ), where kb is
k when TRANS = 'N or 'n', and is n otherw se.

Before entry with TRANS = 'N or 'n', the leading n by k
part of the array B nust contain the matrix B, otherw se
the leading k by n part of the array B nust contain the
matri x B.

Unchanged on exit.

| NTEGER.

On entry, LDB specifies the first dinmension of B as decl ared
in the calling (sub) program When TRANS = 'N or 'n
then LDB nust be at least nmax( 1, n ), otherwi se LDB nust
be at least max( 1, k).

Unchanged on exit.

REAL .
On entry, BETA specifies the scal ar beta.
Unchanged on exit.

COMPLEX array of DIMENSION ( LDC, n ).

Before entry with UPLO='U or 'u, the leading n by n
upper triangular part of the array C nust contain the upper
triangular part of the hermtian matrix and the strictly
| ower triangular part of Cis not referenced. On exit, the
upper triangular part of the array Cis overwitten by the
upper triangular part of the updated matri x.

Before entry with UPLO="'L" or 'I', the leading n by n
lower triangular part of the array C nust contain the | ower
triangular part of the hermitian matrix and the strictly
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upper triangular part of Cis not referenced. On exit, the
| ower triangular part of the array Cis overwitten by the
| ower triangular part of the updated matri x.

Note that the inaginary parts of the diagonal el enents need
not be set, they are assuned to be zero, and on exit they
are set to zero.

LDC - | NTEGER
On entry, LDC specifies the first dinmension of C as decl ared
in the calling (sub) program LDC nust be at |east

max( 1, n).
Unchanged on exit.

*** REFERENCES Dongarra, J., Du Croz, J., Duff, |I., and Hanmarling, S.
A set of level 3 basic linear al gebra subprograns.
ACM TOVS, Vol. 16, No. 1, pp. 1-17, March 1990.
*** ROUTI NES CALLED LSAME, XERBLA
***REVI SI ON HI STORY ( YYMVDD)
890208 DATE WRI TTEN
910605 Modified to neet SLATEC prol ogue standards. Only coment
lines were nodified. (BKS)
END PROLOGUE
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CHERK

SUBROQUTI NE CHERK (UPLO, TRANS, N, K, ALPHA, A, LDA, BETA, C, LDQ)

***BEG N PROLOGUE CHERK
***PURPOSE Perform Hermitian rank k update of a conplex Hermtian
matri x.
***] | BRARY  SLATEC ( BLAS)
*** CATEGORY D1B6
***TYPE COWLEX ( SHERK-S, DHERK-D, CHERK-C)
*** KEYWORDS LEVEL 3 BLAS, LI NEAR ALGEBRA
*** AUTHOR Dongarra, J., (ANL)
Duff, 1., (AERE)
Du Croz, J., (NAGQ
Hammarli ng, S. (NAG
*** DESCRI PTI ON

CHERK performs one of the hermtian rank k operations
C := al pha*A*conjg( A ) + beta*C,

or
C := al pha*conjg( A" )*A + beta*C,

where alpha and beta are real scalars, Cis an n by n hermti

an

matrix and A is an n by k matrix inthe first case and a k by n

matrix in the second case.

Par anmet er s

UPLO - CHARACTER*1.

On entry, UPLO specifies whether the upper or |ower

triangular part of the array C is to be referenced
foll ows:
UPLO="'U or 'u Only the wupper triangular part of
is to be referenced.
UPLO = '"L" or 'I' Only the Ilower triangular part of

is to be referenced.
Unchanged on exit.
TRANS - CHARACTER* 1.
On entry, TRANS specifies the operation to be perforned
foll ows:

TRANS = 'N or 'n' C := al pha*A*conjg( A ) + beta*C

TRANS = 'C or 'c' C := al pha*conjg( A" )*A + beta*C.
Unchanged on exit.

N - | NTEGER
On entry, N specifies the order of the matrix C. N nust
at | east zero.
Unchanged on exit.
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K - I NTEGER
On entry with TRANS = 'N or 'n', K specifies the nunber
of col umms of the matri x A and on entry wth
TRANS = '"C or 'c¢', K specifies the nunber of rows of the
matrix A. K nust be at |east zero.
Unchanged on exit.

ALPHA - REAL .
On entry, ALPHA specifies the scal ar al pha.
Unchanged on exit.

A - COWPLEX array of DIMENSION ( LDA, ka ), where ka is
k when TRANS = 'N or 'n', and is n otherw se.
Before entry with TRANS = 'N or 'n', the leading n by k
part of the array A nust contain the matrix A, otherw se
the leading k by n part of the array A nust contain the
matrix A
Unchanged on exit.

LDA - | NTEGER.
On entry, LDA specifies the first dinmension of A as decl ared
in the calling (sub) program Wen TRANS ='N or 'n'
then LDA nust be at least max( 1, n ), otherwi se LDA nust
be at least max( 1, k).
Unchanged on exit.

BETA - REAL .
On entry, BETA specifies the scalar beta.
Unchanged on exit.

C - COWPLEX array of DIMENSION ( LDC, n ).
Before entry with UPLO="'U or 'u, the leading n by n
upper triangular part of the array C nust contain the upper
triangular part of the hermtian matrix and the strictly
| ower triangular part of Cis not referenced. On exit, the
upper triangular part of the array Cis overwitten by the
upper triangular part of the updated matri x.
Before entry with UPLO="'L" or 'I', the leading n by n
lower triangular part of the array C nust contain the | ower
triangular part of the hermtian matrix and the strictly
upper triangular part of Cis not referenced. On exit, the
| ower triangular part of the array Cis overwitten by the
| ower triangular part of the updated matri x.
Note that the inaginary parts of the diagonal el enents need
not be set, they are assunmed to be zero, and on exit they
are set to zero.

LDC - I NTEGER
On entry, LDC specifies the first dinmension of C as decl ared
in the calling (sub) program LDC nust be at |east
max( 1, n).
Unchanged on exit.

*** REFERENCES Dongarra, J., Du Croz, J., Duff, |., and Hammarling, S.

A set of level 3 basic linear al gebra subprograns.
ACM TOVB, Vol. 16, No. 1, pp. 1-17, March 1990.
***ROUTI NES CALLED LSANME, XERBLA
***REVI SI ON HI STORY ( YYMVDD)
890208 DATE WRI TTEN
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910605 Modified to neet SLATEC prol ogue standards. Only coment
lines were nodified. (BKS)
END PROLOGUE
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CHFDV

SUBROUTI NE CHFDV (X1, X2, F1, F2, D1, D2, NE, XE, FE, DE, NEXT,
+ 1ERR
***BEA N PROLOGUE CHFDV
***PURPOSE Eval uate a cubic polynomal given in Hernmite formand its
first derivative at an array of points. Wile designed for
use by PCHFD, it may be useful directly as an eval uator
for a piecewise cubic Hermite function in applications,
such as graphing, where the interval is known in advance.
If only function values are required, use CHFEV instead.
***| | BRARY  SLATEC ( PCHI P)
*** CATEGORY E3, HL
*** TYPE SI NGLE PRECI SI ON ( CHFDV- S, DCHFDV- D)
*** KEYWORDS CUBI C HERM TE DI FFERENTI ATI ON, CUBI C HERM TE EVALUATI ON
CUBI C POLYNOM AL EVALUATI QN, PCHI P
*** AUTHOR Fritsch, F. N, (LLNL)
Lawr ence Livernore National Laboratory
P.O Box 808 (L-316)
Li vernore, CA 94550
FTS 532-4275, (510) 422-4275
*** DESCRI PTI ON

CHFDV: Cubic Hermite Function and Derivative Eval uator
Eval uates the cubic pol ynom al determ ned by function val ues
F1,F2 and derivatives D1,D2 on interval (X1,X2), together with
its first derivative, at the points XE(J), J=1(1)NE.
If only function values are required, use CHFEV, instead.

Cal I i ng sequence:

I NTEGER NE, NEXT(2), |ERR
REAL X1, X2, F1, F2, D1, D2, XE(NE), FE(NE), DE(NE)

CALL CHFDV (X1, X2, F1,F2, Di,D2, N, XE, FE, DE, NEXT, |ERR)
Par anet er s:

X1, X2 -- (input) endpoints of interval of definition of cubic.
(Error return if XL .EQ X2 .)

F1,F2 -- (input) values of function at X1 and X2, respectively.

D1, D2 -- (input) values of derivative at X1 and X2, respectively.

NE -- (input) nunber of evaluation points. (Error return if
NE.LT.1 .)

XE -- (input) real array of points at which the functions are to
be evaluated. |If any of the XE are outside the interval

[ X1, X2], a warning error is returned in NEXT.

FE -- (output) real array of values of the cubic function defined
by X1,X2, F1,F2, D1,D2 at the points XE
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DE -- (output) real array of values of the first derivative of
the sanme function at the points XE

NEXT -- (output) integer array indicating nunber of extrapol ation
poi nts:
NEXT( 1) nunber of evaluation points to left of interval.

NEXT( 2) nunber of evaluation points to right of interval
|ERR -- (output) error flag.
Nor mal return:
IERR = 0 (no errors).
"Recoverabl e" errors:
IERR = -1 if NELT.1
IERR = -2 if Xl1.EQ X2 .
(Qutput arrays have not been changed in either case.)

*** REFERENCES ( NONE)

*** ROUTI NES CALLED XERMSG

***REVI SI ON HI STORY ( YYMVDD)
811019 DATE WRI TTEN
820803 M nor cosnetic changes for release 1
890411 Added SAVE statenents (Vers. 3.2).
890531 Changed all specific intrinsics to generic. (WRB)
890831 Modified array declarations. (WRB)
890831 REVI SI ON DATE from Version 3.2
891214 Prol ogue converted to Version 4.0 format. (BAB)
900315 CALLs to XERROR changed to CALLs to XERVBG  (THJ)
END PROLOGUE
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CHFEV

SUBROUTI NE CHFEV (X1, X2, F1, F2, D1, D2, NE, XE, FE, NEXT, |ERR)

***BEA N PROLOGUE CHFEV

***PURPOSE Eval uate a cubic polynomial given in Hermte format an
array of points. Wile designed for use by PCHFE, it may
be useful directly as an evaluator for a piecew se cubic
Hermite function in applications, such as graphing, where
the interval is known in advance.

***| | BRARY SLATEC ( PCHI P)

*** CATEGORY E3

***TYPE SI NGLE PRECI SI ON ( CHFEV-S, DCHFEV- D)
***KEYWORDS CUBI C HERM TE EVALUATI ON, CUBI C PCLYNOM AL EVALUATI ON
PCHI P

*** AUTHOR Fritsch, F. N, (LLNL)
Lawrence Livernore National Laboratory
P. O Box 808 (L-316)
Li vermore, CA 94550
FTS 532-4275, (510) 422-4275
*** DESCRI PTI ON

CHFEV: Cubic Hermte Function EVal uator
Eval uates the cubic polynom al determ ned by function val ues
F1,F2 and derivatives D1,D2 on interval (X1,X2) at the points
XE(J), J=1(1)NE.

Cal i ng sequence:

I NTEGER NE, NEXT(2), |ERR
REAL X1, X2, F1, F2, D1, D2, XE(NE), FE(NE)

CALL CHFEV (X1, X2, F1,F2, D1,D2, NE, XE, FE, NEXT, |ERR)
Par anet er s:

X1, X2 -- (input) endpoints of interval of definition of cubic.
(Error return if X1.EQ X2 .)

F1,F2 -- (input) values of function at X1 and X2, respectively.

D1,D2 -- (input) values of derivative at X1 and X2, respectively.

NE -- (input) nunber of evaluation points. (Error return if
NE. LT.1 .)

XE -- (input) real array of points at which the function is to be
evaluated. |If any of the XE are outside the interval
[ X1, X2], a warning error is returned in NEXT.

FE -- (output) real array of values of the cubic function defined
by X1,X2, F1,F2, D1,D2 at the points XE

NEXT -- (output) integer array indicating nunber of extrapolation
poi nt s:

NEXT(1) = nunber of evaluation points to left of interval.
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NEXT(2) = nunber of evaluation points to right of interval.

|ERR -- (output) error flag.

Nor mal return:
IERR = 0 (no errors).
"Recoverabl e" errors:
IERR = -1 if NELT.1
lERR = -2 if X1.EQ X2 .
(The FE-array has not been changed in either case.)

*%* REFERENCES ~ ( NONE)
*%* ROUTI NES CALLED XERVSG
***REVI S| ON HI STORY  ( YYMVDD)

811019
820803
890411
890531
890703
890703
891214
900315

DATE WRI TTEN

M nor cosnetic changes for rel ease 1.

Added SAVE statements (Vers. 3.2).

Changed all specific intrinsics to generic. (WRB)
Corrected category record. (WRB)

REVI SI ON DATE from Version 3.2

Prol ogue converted to Version 4.0 format. (BAB)
CALLs to XERRCR changed to CALLs to XERMBG  (THJ)

END PROLOGUE
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CHICO

SUBROUTI NE CHI CO (A, LDA, N, KPVT, RCOND, 2)
***BEG N PROLOGUE CHI CO
***PURPOSE Factor a conplex Hermitian matrix by elimnation with sym
netric pivoting and estimate the condition of the matrix.
***| | BRARY  SLATEC (LI NPACK)
*** CATEGORY D2D1A
*** TYPE COWPLEX (SSICO'S, DSICO D, CH COC, CslCOo Q)
*** KEYWORDS CONDI TI ON NUMBER, HERM TI AN, LI NEAR ALGEBRA, LI NPACK
MATRI X FACTORI ZATI ON
*** AUTHOR Mler, C B., (U of New Mexico)
*** DESCRI PTI ON

CHI CO factors a conplex Hernitian matrix by elimnation with
symetric pivoting and estinmates the condition of the natrix.

If RCOND is not needed, CHIFA is slightly faster
To solve A*X =B, follow CH CO by CHI SL.

To conpute |INVERSE(A)*C, follow CH CO by CHI SL.
To conpute | NVERSE(A) , follow CH CO by CHI DI

To conpute DETERM NANT(A) , follow CH CO by CHI DI
To conpute | NERTIA(A), follow CH CO by CHIDI.

On Entry
A COVWPLEX(LDA, N
the Hernmitian matrix to be factored.
Only the diagonal and upper triangle are used.
LDA | NTEGER
the |l eading dinension of the array A .
N | NTEGER
the order of the matrix A .
Qut put
A a bl ock diagonal matrix and the rmultipliers which
were used to obtain it.
The factorization can be witten A = U*D* CTRANS(U)
where U is a product of pernutation and unit
upper triangular matrices , CTRANS(U) is the
conjugate transpose of U, and D 1is block diagonal
with 1 by 1 and 2 by 2 bl ocks.
KVPT | NTEGER( N)
an i nteger vector of pivot indices.
RCOND  REAL

an estimate of the reciprocal condition of A .

For the system A*X = B, relative perturbations

in A and B of size EPSILON nmay cause

relative perturbations in X of size EPSILOV RCOND

If RCOND is so small that the | ogical expression
1.0 + RCOND .EQ 1.0

is true, then A may be singular to working

precision. In particular, RCOND is zero if
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exact singularity is detected or the estimte
under f | ows.

COVPLEX( N)
a work vector whose contents are usually uninportant.
If A is close to a singular matrix, then Z is
an approximate null vector in the sense that

NORM A*Z) = RCOND* NORM A) * NORM Z)

***REFERENCES J. J. Dongarra, J. R Bunch, C. B. Mder, and G W

Stewart, LINPACK Users' Cuide, SIAM 1979.

***ROUTI NES CALLED CAXPY, CDOTC, CHI FA, CSSCAL, SCASUM
***REVI SI ON HI STORY ( YYMVDD)

780814 DATE WRI TTEN

890531 Changed all specific intrinsics to generic. (WRB)

890831 Modified array declarations. (VRB)

891107 Modified routine equivalence list. (VRB)

891107 REVI SI ON DATE from Version 3.2

891214 Prol ogue converted to Version 4.0 format. (BAB)

900326 Renoved duplicate informati on from DESCRI PTI ON section
(V\RB)

920501 Reformatted the REFERENCES section. (WRB)

END PROLOGUE
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CHIDI

SUBROQUTINE CHI DI (A, LDA, N, KPVT, DET, |INERT, WORK, JOB)
***BEG N PROLOGUE CHI DI
***PURPOSE Conpute the determinant, inertia and inverse of a conplex
Herm tian matrix using the factors obtai ned from CH FA
***| | BRARY  SLATEC (LI NPACK)
*** CATEGORY D2D1A, D3D1A

***TYPE COWLEX (SSID -S, DSISI-D, CH D -C, CslD -C)
***KEYWORDS DETERM NANT, HERM TI AN, | NVERSE, LI NEAR ALGEBRA, LI NPACK,
MATRI X

*** AUTHOR Bunch, J., (UCSD)
*%* DESCRI PT| ON

CHI DI conputes the determinant, inertia and inverse
of a conplex Hermtian matrix using the factors from CH FA

On Entry
A COVPLEX(LDA, N)
the output from CH FA
LDA | NTEGER
t he | eadi ng di nension of the array A
N | NTEGER
the order of the matrix A
KVPT | NTEGER( N)

the pivot vector from CH FA

WWORK COWPLEX( N)
work vector. Contents destroyed.

JOB | NTEGER
JOB has the deci mal expansion ABC where
if C.NE 0, the inverse is conputed,
if B.NE O, the determi nant is conputed,
if A.NE O, the inertia is conputed.

For exanple, JOB = 111 gives all three.
On Return
Vari abl es not requested by JOB are not used.

A contains the upper triangle of the inverse of
the original matrix. The strict lower triangle
is never referenced.

DET REAL( 2)
determ nant of original matrix.
Det ermi nant = DET(1) * 10.0**DET(2)
with 1.0 .LE. ABS(DET(1)) .LT. 10.0
or DET(1) = 0.0.

| NERT | NTECGER( 3)
the inertia of the original matrix.

S ATEC2 (AAAAAA through DOUPAK) - 271



| NERT( 1)
| NERT( 2)
| NERT( 3)

nunber of positive eigenval ues.
nunber of negative eigenval ues.
nunber of zero eigenval ues.

Error Condition

A division by zero may occur if the inverse is requested
and CHI CO has set RCOND .EQ 0.0
or CHIFA has set INFO.NE O .

***REFERENCES J. J. Dongarra, J. R Bunch, C. B. Mdler, and G W
Stewart, LINPACK Users' Cuide, SIAM 1979.
*** ROUTI NES CALLED CAXPY, CCOPY, CDOTC, CSWAP
***REVI SI ON HI STORY ( YYMVDD)
780814 DATE WRI TTEN
890531 Changed all specific intrinsics to generic. (WRB)
890831 Modified array declarations. (VRB)
891107 Modified routine equivalence list. (WRB)
891107 REVI SI ON DATE from Version 3.2
891214 Prol ogue converted to Version 4.0 format. (BAB)
900326 Renoved duplicate infornmation from DESCRI PTI ON secti on.
(V\RB)
920501 Reformatted the REFERENCES section. (WRB)
END PROLOGUE
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CHIEV

SUBROUTINE CHI EV (A, LDA, N, E, V, LDV, WORK, JOB, |INFO
***BEA N PROLOGUE CHI EV
***PURPOSE Conpute the eigenval ues and, optionally, the eigenvectors
of a conplex Hernmitian matri x.
***| | BRARY  SLATEC
*** CATEGORY D4A3

***TYPE COWLEX (SSIEV-S, CHIEV-Q)
***KEYWORDS COVPLEX HERM Tl AN, EI GENVALUES, EI GENVECTORS, MATRI X,
SYMMVETRI C

*** AUTHOR Kahaner, D. K., (NBS)
Mler, C. B., (U of New Mxico)
Stewart, G W, (U of Maryl and)
*** DESCRI PTI ON

Davi d Kahaner, O eve Mler, G W Stewart,
N. B. S. U N M N. B. S./ U. MD.

Abstract
CHI EV conputes the eigenval ues and, optionally,
the eigenvectors of a conplex Hermitian matri x.

Call Sequence Paraneters-
(the values of paraneters marked with * (star) will be changed
by CHI EV.)

A* COWPLEX( LDA, N)
conplex Hermitian input matri x.
Only the upper triangle of A need be
filled in. El enents on diagonal nust be real.

LDA | NTEGER
set by the user to
the | eadi ng di nension of the conplex array A

N | NTEGER
set by the user to
the order of the matrices A and V, and
t he nunber of elenents in E

E* REAL( N)
on return from CH EV E contains the eigenval ues of A
See al so | NFO bel ow.

Vi COVPLEX( LDV, N)
on return fromCHEV if the user has set JOB
=0 V is not referenced.
= nonzero the N eigenvectors of A are stored in the
first Ncolums of V. See also | NFO bel ow.

LDV | NTEGER
set by the user to
t he | eadi ng dinmension of the array Vif JOBis also
set nonzero. In that case N must be .LE. LDV.
[f JOBis set to zero LDV is not referenced.

WORK*  REAL(4N)
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tenporary storage vector. Contents changed by CHI EV.

JOB | NTEGER
set by the user to
=0 ei genval ues only to be cal cul ated by CHI EV.

Neit her V nor LDV are referenced.
= nonzero eigenval ues and vectors to be cal cul at ed.

In this case A and V nust be distinct arrays
also if LDA .GI. LDV CH EV changes all the
el enments of Athru colum N |If LDA < LDV
CH EV changes all the elenents of V through
colum N. If LDA = LDV only A(1,J) and V(I,
J) for I,J =1,...,N are changed by CH EV.

| NFO* | NTEGER
on return from CH EV the value of INFOis
= 0 normal return, calculation successful
= K if the eigenvalue iteration fails to converge,
ei genval ues (and ei genvectors if requested)
1 through K-1 are correct.

Error Messages

No. 1 recoverable N is greater than LDA

No. 2 recoverable N is |less than one.

No. 3 recoverable JOB is nonzero and Nis greater than LDV

No. 4 warning LDA > LDV, elenents of A other than the
N by N input elements have been changed

No. 5 warning LDA < LDV, elenents of V other than the
N by N output elenents have been changed

No. 6 recoverable nonreal elenment on diagonal of A

*** REFERENCES ( NONE)
***ROUTI NES CALLED HTRIBK, HTRI DI, |IMIQ.2, SCOPY, SCOPYM TQLRAT,
XERVSG
***REVI SI ON HI STORY ( YYMVDD)
800808 DATE WRI TTEN
890531 Changed all specific intrinsics to generic. (WRB)
890531 REVI SI ON DATE from Version 3.2
891214 Prol ogue converted to Version 4.0 format. (BAB)
900315 CALLs to XERROR changed to CALLs to XERVBG  (THJ)
END PROLOGUE
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CHIFA

SUBRQUTI NE CHI FA (A, LDA, N, KPVT, |INFO
***BEG N PROLOGUE CHI FA
***PURPOSE Factor a conplex Hermitian matrix by elimnation
(symmretric pivoting).
***| | BRARY  SLATEC (LI NPACK)
*** CATEGORY D2Dl1A
*** TYPE COWPLEX (SSI FA-S, DSl FA-D, CH FA-C, CsSlFA-Q)
*** KEYWORDS HERM TI AN, LI NEAR ALGEBRA, LI NPACK, MATRI X FACTORI ZATI ON
*** AUTHOR Bunch, J., (UCSD)
*** DESCRI PTI ON

CHI FA factors a conplex Hermitian matrix by elimnation
with symretric pivoting.

To solve A*X =B, follow CH FA by CH SL.

To conpute | NVERSE(A)*C , follow CH FA by CHI SL.
To conpute DETERM NANT(A) , follow CH FA by CH DI .
To conpute |INERTIA(A) , follow CH FA by CHI DI .

To conpute |INVERSE(A) , follow CH FA by CHI DI .

On Entry
A COVPLEX(LDA, N)
the Hermitian matrix to be factored.
Only the diagonal and upper triangle are used.
LDA | NTEGER
the | eading dinmension of the array A .
N | NTEGER
the order of the matrix A .
On Return
A a bl ock diagonal matrix and the nmultipliers which
were used to obtain it.
The factorization can be witten A = U*D* CTRANS(U)
where U is a product of permutation and unit
upper triangular matrices , CTRANS(U) is the
conjugate transpose of U, and D 1is block diagonal
with 1 by 1 and 2 by 2 bl ocks.
KVPT | NTEGER(N)
an i nteger vector of pivot indices.
| NFO | NTEGER

0 nornmal val ue.

K if the K-th pivot block is singular. This is
not an error condition for this subroutine,
but it does indicate that CH SL or CH D may
divide by zero if called.

***REFERENCES J. J. Dongarra, J. R Bunch, C. B. Mdler, and G W
Stewart, LINPACK Users' Guide, SIAM 1979.

*** ROUTI NES CALLED CAXPY, CSWAP, | CAMAX

***REVI SI ON HI STORY ( YYMVDD)
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780814 DATE WRI TTEN

890531 Changed all specific intrinsics to generic. (WRB)

890831 Modified array declarations. (VRB)

891107 Modified routine equivalence list. (VRB)

891107 REVI SI ON DATE from Version 3.2

891214 Prol ogue converted to Version 4.0 format. (BAB)

900326 Renopved duplicate informati on from DESCRI PTI ON secti on.
(VRB)

920501 Reformatted the REFERENCES section. (WRB)

END PROLOGUE
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CHISL

SUBROUTI NE CHI SL (A, LDA, N, KPVT, B)
***BEG N PROLOGUE CHI SL
***PURPOSE Sol ve the conplex Hermitian system using factors obtai ned
from CHI FA.
***| | BRARY  SLATEC (LI NPACK)
*** CATEGORY D2D1A
*** TYPE COWPLEX (SSI SL-S, DSISL-D, CH SL-C, CslSL-0Q)
*** KEYWORDS HERM TI AN, LI NEAR ALGEBRA, LI NPACK, MATRI X, SOLVE
*** AUTHOR Bunch, J., (UCSD)
*** DESCRI PTI ON

CHI SL solves the conplex Hernmitian system
A* X=B
using the factors conputed by CHI FA

On Entry
A COVPLEX(LDA, N)
the output from CH FA
LDA | NTEGER
the | eading dinension of the array A .
N | NTEGER
the order of the matrix A .
KVPT | NTEGER(N)
the pivot vector from CH FA
B COVPLEX( N)
the right hand side vector.
On Return
B the solution vector X.

Error Condition

A division by zero may occur if CH CO has set RCOND .EQ 0.0
or CHFA has set INFO.NE. 0 .

To conpute |INVERSE(A) * C where C is a matrix
with P colums
CALL CHI FA(A, LDA, N, KVPT, | NFO
IF (INFO.NE. 0) GO TO...
DO10J =1, p
CALL CHI SL(A, LDA, N, KVPT, C(1,J))
10 CONTI NUE

***REFERENCES J. J. Dongarra, J. R Bunch, C. B. Mdler, and G W
Stewart, LINPACK Users' Cuide, SIAM 1979.
*** ROUTI NES CALLED CAXPY, CDOTC
***REVI SI ON HI STORY ( YYMVDD)
780814 DATE WRI TTEN
890531 Changed all specific intrinsics to generic. (WRB)
890831 Modified array declarations. (VRB)
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891107 Modified routine equivalence list. (WRB)

891107 REVI SI ON DATE from Version 3.2

891214 Prol ogue converted to Version 4.0 format. (BAB)

900326 Renpved duplicate infornmation from DESCRI PTI ON secti on.
(WRB)

920501 Reformatted the REFERENCES section. (WRB)

END PROLOGUE
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CHKDER

SUBROUTI NE CHKDER (M N, X, FVEC, FJAC, LDFJAC, XP, FVECP, MODE
+ ERR)
***BEA N PROLOGUE CHKDER
***PURPOSE Check the gradients of Mnonlinear functions in N
vari abl es, evaluated at a point X, for consistency
with the functions thensel ves.
**% | | BRARY SLATEC
*** CATEGORY F3, (AC
*** TYPE SI NGLE PRECI SI ON ( CHKDER- S, DCKDER- D)
*** KEYWORDS GRADI ENTS, JACOBI AN, M NPACK, NONLI NEAR
*** AUTHOR Hiebert, K L. (SNLA)
*** DESCRI PTI ON

This subroutine is a conmpanion routine to SNLS1, SNLS1E, SNSQ and
SNSQE which may be used to check the cal cul ation of the Jacobi an.

SUBRCQUTI NE CHKDER

Thi s subroutine checks the gradients of Mnonlinear functions
in N variables, evaluated at a point X, for consistency with
the functions thenmsel ves. The user nust call CKDER twi ce,
first with MODE = 1 and then with MODE = 2.

MODE = 1. On input, X must contain the point of evaluation.
On output, XP is set to a neighboring point.

MODE = 2. On input, FVEC nust contain the functions and the
rows of FJAC nust contain the gradients
of the respective functions each eval uat ed
at X, and FVECP nust contain the functions
eval uated at XP.

On output, ERR contains neasures of correctness of

the respective gradients.

The subroutine does not performreliably if cancellation or
roundi ng errors cause a severe |loss of significance in the
eval uation of a function. Therefore, none of the conponents
of X should be unusually small (in particular, zero) or any
ot her val ue which may cause | oss of significance.
The SUBRQOUTI NE st atenent is

SUBROUTI NE CHKDER( M N, X, FVEC, FJAC, LDFJAC, XP, FVECP, MODE, ERR)
wher e

Mis a positive integer input variable set to the nunber
of functi ons.

Nis a positive integer input variable set to the nunber
of vari abl es.

X is an input array of length N

FVEC is an array of length M On input when MODE = 2,
FVEC nmust contain the functions evaluated at X
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FJACis an Mby N array. On input when MODE = 2,
the rows of FJAC nust contain the gradients of
the respective functions evaluated at X

LDFJAC is a positive integer input parameter not less than M
whi ch specifies the | eading di nension of the array FJAC.

XP is an array of length N. On output when MODE = 1,
XP is set to a neighboring point of X

FVECP is an array of length M On i nput when MODE = 2,
FVECP nust contain the functions eval uated at XP.

MODE is an integer input variable set to 1 on the first call
and 2 on the second. O her values of MODE are equival ent
to MODE = 1.

ERR is an array of length M On out put when MODE = 2,
ERR cont ai ns neasures of correctness of the respective
gradients. If there is no severe |oss of significance,
then if ERR(lI) is 1.0 the I-th gradient is correct,
while if ERR(1) is 0.0 the I-th gradient is incorrect.
For val ues of ERR between 0.0 and 1.0, the categorization
is less certain. In general, a value of ERR(I) greater
than 0.5 indicates that the I-th gradient is probably
correct, while a value of ERR(l) less than 0.5 indicates
that the I-th gradient is probably incorrect.

***REFERENCES M J. D. Powell, A hybrid nmethod for nonlinear equa-
tions. In Numerical Methods for Nonlinear Al gebraic
Equations, P. Rabinowitz, Editor. Gordon and Breach,
1988.
*** ROUTI NES CALLED R1MACH
***REVI SI ON HI STORY ( YYMVDD)
800301 DATE WRI TTEN
890531 Changed all specific intrinsics to generic. (WRB)
890831 Modified array declarations. (WRB)
890831 REVI SI ON DATE from Version 3.2
891214 Prol ogue converted to Version 4.0 format. (BAB)
900326 Renpved duplicate infornmation from DESCRI PTI ON secti on.

(WRB)
920501 Reformatted the REFERENCES section. (WRB)
END PROLOGUE
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CHPCO

SUBRQUTI NE CHPCO (AP, N, KPVT, RCOND, 2)

***BEG N PROLOGUE CHPCO

***PURPOSE Factor a conplex Hermitian matrix stored in packed form by
elimnation with symetric pivoting and estinmate the
condi tion nunmber of the matri x.

***| | BRARY  SLATEC (LI NPACK)

*** CATEGORY D2D1A

*** TYPE COWLEX (SSPCO- S, DSPCO- D, CHPCO C, CSPCO Q)

*** KEYWORDS CONDI TI ON NUMBER, HERM TI AN, LI NEAR ALGEBRA, LI NPACK,

MATRI X FACTORI ZATI ON, PACKED
*** AUTHOR Mdler, C B., (U of New Mexico)
*** DESCRI PTI ON

CHPCO factors a conplex Hermitian matrix stored in packed
formby elimnation with synmetric pivoting and estinmates
the condition of the matri x.

if RCOND is not needed, CHPFA is slightly faster.
To solve A*X = B, follow CHPCO by CHPSL.

To conpute | NVERSE(A)*C , follow CHPCO by CHPSL.
To conpute | NVERSE(A) , follow CHPCO by CHPDI.

To compute DETERM NANT(A) , follow CHPCO by CHPDI .
To conpute | NERTIA(A), follow CHPCO by CHPDI .

On Entry
AP COVPLEX (N*(N+1)/2)
the packed formof a Hernmitian matrix A . The
columms of the upper triangle are stored sequentially
in a one-dinmensional array of length N(N+1)/2 .
See comments bel ow for details.
N | NTEGER
the order of the matrix A.
Qut put
AP a bl ock diagonal matrix and the nultipliers which
were used to obtain it stored in packed form
The factorization can be witten A = U*D* CTRANS(U)
where U is a product of permutation and unit
upper triangular matrices , CTRANS(U) is the
conjugate transpose of U, and D 1is block diagonal
with 1 by 1 and 2 by 2 bl ocks.
KVPT | NTEGER(N)
an i nteger vector of pivot indices.
RCOND  REAL

an estimate of the reciprocal condition of A .

For the system A*X = B, relative perturbations

in A and B of size EPSILON nmay cause

relative perturbations in X of size EPSILOV RCOND .

If RCOND is so small that the |ogical expression
1.0 + RCOND .EQ 1.0

is true, then A may be singular to working
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precision. In particular, RCOND is zero if
exact singularity is detected or the estimte
under f | ows.

COVPLEX( N)
a work vector whose contents are usually uninportant.
If A is close to a singular matrix, then Z is
an approximate null vector in the sense that
NORM A*Z) = RCOND* NORM A) * NORM Z)

Packed Storage

The follow ng program segnent will pack the upper
triangle of a Hermtian matrix.

K=20

K
10 CONTI NUE
20 CONTI NUE

***REFERENCES J. J. Dongarra, J. R Bunch, C. B. Mdler, and G W

Stewart, LINPACK Users' Cuide, SIAM 1979.

*++ ROUTI NES CALLED CAXPY, CDOTC, CHPFA, CSSCAL, SCASUM
*+* REVI S| ON HI STORY  ( YYMVDD)

780814 DATE WRI TTEN

890531 Changed all specific intrinsics to generic. (WRB)

890831 Modified array declarations. (WVRB)

891107 Modified routine equivalence list. (WRB)

891107 REVI SI ON DATE from Version 3.2

891214 Prol ogue converted to Version 4.0 format. (BAB)

900326 Renpved duplicate infornmati on from DESCRI PTI ON secti on.
(WRB)

920501 Reformatted the REFERENCES section. (WRB)

END PROLOGUE
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CHPDI

SUBRQUTI NE CHPDI (AP, N, KPVT, DET, |NERT, WORK, JOB)

***BEG N PROLOGUE CHPDI

***PURPOSE Conpute the determinant, inertia and inverse of a conplex
Herm tian matrix stored in packed formusing the factors
obt ai ned from CHPFA.

***| | BRARY  SLATEC (LI NPACK)

*** CATEGORY D2D1A, D3D1A

***TYPE COWPLEX (SSPDI -S, DSPDI-D, CHPDI-C, DSPDI-C)

*** KEYWORDS DETERM NANT, HERM TI AN, | NVERSE, LI NEAR ALGEBRA, LI NPACK,

MATRI X, PACKED
*** AUTHOR Bunch, J., (UCSD)
*** DESCRI PTI ON

CHPDI conputes the determ nant, inertia and inverse
of a conplex Hermtian matrix using the factors from CHPFA,
where the matrix is stored in packed form

On Entry
AP COVPLEX (Nt (N+1)/2)
t he out put from CHPFA.
N | NTEGER
the order of the matrix A.
KVPT | NTEGER( N)

the pivot vector from CHPFA.

WORK COVPLEX( N)
work vector. Contents ignored.

JOB | NTEGER
JOB has the deci mal expansion ABC where
if C.NE O, the inverse is conputed,
if B.NE O, the determ nant is conputed,
if A.NE O, the inertia is conputed.

For example, JOB = 111 gives all three.
On Return
Vari abl es not requested by JOB are not used.

AP contains the upper triangle of the inverse of
the original matrix, stored in packed form
The colums of the upper triangle are stored
sequentially in a one-di nensional array.

DET REAL( 2)
determ nant of original matrix.
Det ermi nant = DET(1) * 10.0**DET(2)
with 1.0 .LE. ABS(DET(1)) .LT. 10.0
or DET(1) = 0.0.

| NERT | NTECGER( 3)
the inertia of the original matrix.
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| NERT( 1)
| NERT( 2)
| NERT( 3)

nunber of positive eigenval ues.
nunber of negative eigenval ues.
nunber of zero eigenval ues.

Error Condition

A division by zero will occur if the inverse is requested
and CHPCO has set RCOND .EQ 0.0
or CHPFA has set INFO.NE O .

***REFERENCES J. J. Dongarra, J. R Bunch, C. B. Mdler, and G W
Stewart, LINPACK Users' Cuide, SIAM 1979.
*** ROUTI NES CALLED CAXPY, CCOPY, CDOTC, CSWAP
***REVI SI ON HI STORY ( YYMVDD)
780814 DATE WRI TTEN
890531 Changed all specific intrinsics to generic. (WRB)
890831 Modified array declarations. (VRB)
891107 Modified routine equivalence list. (WRB)
891107 REVI SI ON DATE from Version 3.2
891214 Prol ogue converted to Version 4.0 format. (BAB)
900326 Renoved duplicate infornmation from DESCRI PTI ON secti on.
(V\RB)
920501 Reformatted the REFERENCES section. (WRB)
END PROLOGUE
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CHPFA

SUBRQUTI NE CHPFA (AP, N, KPVT, |NFO
***BEG N PROLOGUE CHPFA
***PURPOSE Factor a conplex Hermitian matrix stored in packed form by
elimnation with symretric pivoting.
***| | BRARY  SLATEC (LI NPACK)
*** CATEGORY D2D1A

***TYPE COWLEX ( SSPFA-S, DSPFA-D, CHPFA-C, DSPFA-QC)
***KEYWORDS HERM Tl AN, LI NEAR ALGEBRA, LI NPACK, MATRI X FACTORI ZATI ON,
PACKED

*** AUTHOR Bunch, J., (UCSD)
*%* DESCRI PT| ON

CHPFA factors a conplex Hernmitian matrix stored in
packed formby elimnation with symretric pivoting.

To solve A*X = B, follow CHPFA by CHPSL.

To compute | NVERSE(A)*C , follow CHPFA by CHPSL.
To conpute DETERM NANT(A) , follow CHPFA by CHPDI .
To conpute | NERTIA(A) , follow CHPFA by CHPDI.

To conpute | NVERSE(A) , follow CHPFA by CHPDI.

On Entry
AP COWPLEX (N*(N+1)/2)
the packed formof a Hernmitian matrix A . The
colums of the upper triangle are stored sequentially
in a one-dinmensional array of length N-(N+1)/2 .
See comments bel ow for details.
N | NTEGER
the order of the matrix A .
Qut put
AP A bl ock diagonal nmatrix and the nultipliers which
were used to obtain it stored in packed form
The factorization can be witten A = U*D* CTRANS(U)
where U is a product of permutation and unit
upper triangular matrices , CTRANS(U) is the
conjugate transpose of U, and D 1is block diagonal
with 1 by 1 and 2 by 2 bl ocks.
KVPT | NTEGER(N)
an i nteger vector of pivot indices.
| NFO | NTEGER

0 nornmal val ue.

K if the K-th pivot block is singular. This is
not an error condition for this subroutine,
but it does indicate that CHPSL or CHPDI may
divide by zero if called.

Packed Storage

The follow ng program segnent will pack the upper
triangle of a Hermtian matrix.
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K=20
DO 20 J ,
DO 10 I =

(
10 CONTI NUE
20 CONTI NUE

***REFERENCES J. J. Dongarra, J. R Bunch, C. B. Mder, and G W
Stewart, LINPACK Users' Cuide, SIAM 1979.
*** ROUTI NES CALLED CAXPY, CSWAP, | CAVAX
***REVI SI ON HI STORY ( YYMVDD)
780814 DATE WRI TTEN
890531 Changed all specific intrinsics to generic. (WRB)
890831 Modified array declarations. (VRB)
891107 Modified routine equivalence list. (VRB)
891107 REVI SI ON DATE from Version 3.2
891214 Prol ogue converted to Version 4.0 format. (BAB)
900326 Renoved duplicate infornmation from DESCRI PTI ON secti on.
(V\RB)
920501 Reformatted the REFERENCES section. (WRB)
END PROLOGUE
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CHPMV

SUBROQUTI NE CHPW/ (UPLO, N, ALPHA, AP, X, INCX, BETA, Y, INCY)
*** BEG N PROLOGUE CHPW
***PURPOCSE Performthe matri x-vector operation.
***] | BRARY  SLATEC ( BLAS)
*** CATEGORY D1B4
*** TYPE COWLEX (SHPW-S, DHPW-D, CHPW- Q)
*** KEYWORDS LEVEL 2 BLAS, LI NEAR ALCGEBRA
*** AUTHOR Dongarra, J. J., (ANL)
Du Croz, J., (NAG
Hammarling, S., (NAQ
Hanson, R J., (SNLA)
*** DESCRI PTI ON

CHPW performs the matrix-vector operation
y := al pha*A*x + beta*y,

e n el enent vectors and

where al pha and beta are scalars, x and y ar
d in packed form

Ais an n by n hermitian matrix, supplie

Par anmet er s

UPLO - CHARACTER*1.
On entry, UPLO specifies whether the upper or | ower
triangular part of the matrix Ais supplied in the packed
array AP as follows:

UPLO="'U or 'u The upper triangular part of Ais
supplied in AP.

UPLO = '"L" or 'I' The lower triangular part of Ais
supplied in AP.

Unchanged on exit.

N - | NTEGER
On entry, N specifies the order of the matrix A
N nust be at |east zero.
Unchanged on exit.

ALPHA - COWPLEX .
On entry, ALPHA specifies the scal ar al pha.
Unchanged on exit.

AP - COWPLEX array of DI MENSION at | east
((n(n+1))/2).
Before entry with UPLO="'U or 'u', the array AP nust
contain the upper triangular part of the hermtian matrix
packed sequentially, colum by colum, so that AP( 1)
contains a( 1, 1), AP( 2 ) and AP( 3 ) contain a( 1, 2)
and a( 2, 2 ) respectively, and so on.
Before entry with UPLO="'L"'" or 'I', the array AP nust
contain the lower triangular part of the hermtian matrix
packed sequentially, colum by colum, so that AP( 1)
contains a( 1, 1), AP( 2 ) and AP( 3 ) contain a( 2, 1)
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I NCX

BETA

I NCY

and a( 3, 1) respectively, and so on.

Note that the inaginary parts of the diagonal el enents need
not be set and are assuned to be zero.

Unchanged on exit.

COVPLEX array of dinension at |east

(1 +( n- 1)*abs( INCX) ).

Before entry, the increnented array X nust contain the n
el enment vector X.

Unchanged on exit.

| NTEGER

On entry, INCX specifies the increnment for the el enents of
X. I NCX must not be zero.

Unchanged on exit.

COVPLEX .

On entry, BETA specifies the scalar beta. Wien BETA is
supplied as zero then Y need not be set on input.
Unchanged on exit.

COVPLEX array of dinmension at |east

(1 +(n- 1)*abs( INCY ) ).

Before entry, the increnented array Y nust contain the n
el enent vector y. On exit, Y is overwitten by the updated
vector vy.

| NTEGER.

On entry, INCY specifies the increment for the el enents of
Y. INCY must not be zero.

Unchanged on exit.

*** REFERENCES Dongarra, J. J., Du Croz, J., Hammarling, S., and

Hanson, R J. An extended set of Fortran basic |inear
al gebra subprogranms. ACM TOV5, Vol. 14, No. 1
1-17, March 1988.

PPp.
***ROUTI NES CALLED LSAME, XERBLA
***REVI SI ON HI STORY ( YYMVDD)
861022 DATE WRI TTEN
910605 Modified to neet SLATEC prol ogue standards. Only coment

lines were nodified. (BKS)

END PROLOGUE
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CHPR

SUBROQUTI NE CHPR (UPLO, N, ALPHA, X, I NCX, AP)
***BEG N PROLOGUE CHPR
***PURPOSE Performthe hermitian rank 1 operation.
***| | BRARY  SLATEC ( BLAS)
*** CATEGORY D1B4
*** TYPE COWLEX (CHPR- Q)
*** KEYWORDS LEVEL 2 BLAS, LI NEAR ALCGEBRA
*** AUTHOR Dongarra, J. J., (ANL)
Du Croz, J., (NAG
Hammarling, S., (NAQ
Hanson, R J., (SNLA)
*** DESCRI PTI ON

CHPR performs the hermitian rank 1 operation
A := al pha*x*conjg( x') + A

where alpha is a real scalar, x is an n elenent vector and Ais an
n by n hermtian natrix, supplied in packed form

Par anmet er s

UPLO - CHARACTER*1.
On entry, UPLO specifies whether the upper or | ower
triangular part of the matrix Ais supplied in the packed
array AP as follows:

UPLO="'U or 'u The upper triangular part of Ais
supplied in AP.

UPLO = '"L" or 'I' The lower triangular part of Ais
supplied in AP.

Unchanged on exit.

N - | NTEGER
On entry, N specifies the order of the matrix A
N nust be at |east zero.
Unchanged on exit.

ALPHA - REAL .
On entry, ALPHA specifies the scal ar al pha.
Unchanged on exit.

X - COWPLEX array of dinmension at | east
(1 +( n- 1)*abs( INCX) ).
Before entry, the increnented array X nust contain the n
el ement vector Xx.
Unchanged on exit.

I NCX - I NTEGER
On entry, INCX specifies the increnent for the el ements of
X. I NCX must not be zero.
Unchanged on exit.
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AP - COVPLEX array of DI MENSI ON at | east
((n(n+1))/2).
Before entry with UPLO="'U or 'u', the array AP nust
contain the upper triangular part of the hernmitian matrix
packed sequentially, colum by columm, so that AP( 1)
contains a( 1, 1), AP( 2 ) and AP( 3 ) contain a( 1, 2)
and a( 2, 2 ) respectively, and so on. On exit, the array
AP is overwitten by the upper triangular part of the
updat ed natri x.
Before entry with UPLO="L" or 'I', the array AP nust
contain the lower triangular part of the hermtian matrix
packed sequentially, colum by colum, so that AP( 1)
contains a( 1, 1), AP( 2 ) and AP( 3 ) contain a( 2, 1)
and a( 3, 1) respectively, and so on. On exit, the array
AP is overwitten by the lower triangular part of the
updat ed nmatri x.
Note that the imaginary parts of the diagonal elenents need
not be set, they are assunmed to be zero, and on exit they
are set to zero.

*** REFERENCES Dongarra, J. J., Du Croz, J., Hammarling, S., and
Hanson, R J. An extended set of Fortran basic linear
al gebra subprogranms. ACM TOM5, Vol. 14, No. 1
. 1-17, March 1988.
*** ROUTI NES CALLED LSAME, XERBLA
***REVI SI ON HI STORY ( YYMVDD)
861022 DATE WRI TTEN
910605 Modified to neet SLATEC prol ogue standards. Only coment
lines were nodified. (BKS)
END PROLOGUE

S ATEC2 (AAAAAA through DOUPAK) - 290



CHPR2

SUBROQUTI NE CHPR2 (UPLO, N, ALPHA, X, INCX, Y, INCY, AP)
***BEG N PROLOGUE CHPR2
***PURPOSE Performthe hermitian rank 2 operation.
***| | BRARY  SLATEC ( BLAS)
*** CATEGORY D1B4
*** TYPE COWLEX (SHPR2-S, DHPR2-D, CHPR2-C)
*** KEYWORDS LEVEL 2 BLAS, LI NEAR ALCGEBRA
*** AUTHOR Dongarra, J. J., (ANL)
Du Croz, J., (NAG
Hammarling, S., (NAQ
Hanson, R J., (SNLA)
*** DESCRI PTI ON

CHPR2 perfornms the hermitian rank 2 operation
A := al pha*x*conjg( y') + conjg( alpha)*y*conjg( x') + A

where alpha is a scalar, x and y are n elenent vectors and A is an
n by n hermtian natrix, supplied in packed form

Par anmet er s

UPLO - CHARACTER*1.
On entry, UPLO specifies whether the upper or | ower
triangular part of the matrix Ais supplied in the packed
array AP as follows:

UPLO="'U or 'u The upper triangular part of Ais
supplied in AP.

UPLO = '"L" or 'I' The lower triangular part of Ais
supplied in AP.

Unchanged on exit.

N - | NTEGER
On entry, N specifies the order of the matrix A
N nust be at |east zero.
Unchanged on exit.

ALPHA - COWPLEX .
On entry, ALPHA specifies the scal ar al pha.
Unchanged on exit.

X - COWPLEX array of dinmension at | east
(1 +( n- 1)*abs( INCX) ).
Before entry, the increnented array X nust contain the n
el ement vector Xx.
Unchanged on exit.

I NCX - I NTEGER
On entry, INCX specifies the increnent for the el ements of
X. I NCX must not be zero.
Unchanged on exit.
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Y - COWPLEX array of dinmension at | east
(1 +( n- 1)*abs( INCY) ).
Before entry, the increnmented array Y nust contain the n
el ement vector vy.
Unchanged on exit.

INCY - |INTEGER
On entry, INCY specifies the increment for the el enents of
Y. INCY must not be zero.
Unchanged on exit.

AP - COWPLEX array of DI MENSI ON at | east
((n(n+1))/2).
Before entry with UPLO="'U or 'u', the array AP nust
contain the upper triangular part of the hermitian matrix
packed sequentially, colum by colum, so that AP( 1)
contains a( 1, 1), AP( 2 ) and AP( 3 ) contain a( 1, 2 )
and a( 2, 2 ) respectively, and so on. On exit, the array
AP is overwitten by the upper triangular part of the
updat ed natri x.
Before entry with UPLO="L" or 'I', the array AP nust
contain the lower triangular part of the hermtian matrix
packed sequentially, colum by columm, so that AP( 1)
contains a( 1, 1), AP( 2 ) and AP( 3 ) contain a( 2, 1)
and a( 3, 1) respectively, and so on. On exit, the array
AP is overwitten by the lower triangular part of the
updat ed natri x.
Note that the inaginary parts of the diagonal elenents need
not be set, they are assuned to be zero, and on exit they
are set to zero.

*** REFERENCES Dongarra, J. J., Du Croz, J., Hammarling, S., and
Hanson, R J. An extended set of Fortran basic linear
al gebra subprograns. ACM TOVS, Vol. 14, No. 1,
. 1-17, March 1988.
***ROUTI NES CALLED LSAME, XERBLA
***REVI SI ON HI STORY ( YYMVDD)
861022 DATE WRI TTEN
910605 Modified to neet SLATEC prol ogue standards. Only coment
lines were nodified. (BKS)
END PROLOGUE
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CHPSL

SUBROUTI NE CHPSL (AP, N, KPVT, B)
***BEG N PROLOGUE CHPSL
***PURPOSE Sol ve a conplex Hermitian system using factors obtai ned
from CHPFA.
***| | BRARY  SLATEC (LI NPACK)
*** CATEGORY D2D1A
*** TYPE COWPLEX (SSPSL-S, DSPSL-D, CHPSL-C, CSPSL-C)
*** KEYWORDS HERM TI AN, LI NEAR ALGEBRA, LI NPACK, MATRI X, PACKED, SOLVE
*** AUTHOR Bunch, J., (UCSD)
*** DESCRI PTI ON

CHI SL solves the conplex Hernmitian system
A* X=B
using the factors conputed by CHPFA.

On Entry
AP COVPLEX( N* ( N+1) / 2)
t he out put from CHPFA.
N | NTEGER
the order of the matrix A .
KVPT | NTEGER(N)
the pivot vector from CHPFA.
B COVPLEX( N)
the right hand side vector.
On Return
B the solution vector X.

Error Condition

A division by zero may occur if CHPCO has set RCOND .EQ 0.0
or CHPFA has set INFO.NE O

To conpute |INVERSE(A) * C where C is a matrix
with P colunmms
CALL CHPFA( AP, N, KVPT, | NFO)
IF (INFO.NE. 0) GO TO...
DO10J =1, P
CALL CHPSL( AP, N, KVPT, C(1, J))
10 CONTI NUE

***REFERENCES J. J. Dongarra, J. R Bunch, C. B. Mdler, and G W
Stewart, LINPACK Users' Cuide, SIAM 1979.
***ROUTI NES CALLED CAXPY, CDOTC
***REVI S| ON HI STORY  ( YYMVDD)
780814 DATE WRI TTEN
890531 Changed all specific intrinsics to generic. (WRB)
890831 Modified array declarations. (WVRB)
891107 Modified routine equivalence list. (WRB)
891107 REVI SI ON DATE from Version 3.2
891214 Prol ogue converted to Version 4.0 format. (BAB)
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900326 Renoved duplicate infornmation from DESCRI PTI ON secti on.
(VRB)

920501 Reformatted the REFERENCES section. (WRB)

END PROLOGUE
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CHU

FUNCTION CHU (A, B, X)
***BEG N PROLOGUE CHU
***PURPOSE Conpute the |logarithmc confluent hypergeonetric function.
***] | BRARY  SLATEC ( FNLI B)
*** CATEGORY Cl11
*** TYPE SI NGLE PRECI SI ON (CHU- S, DCHU- D)
*** KEYWORDS FNLI B, LOGARI THM C CONFLUENT HYPERGEOVETRI C FUNCTI ON,
SPECI AL FUNCTI ONS
*** AUTHOR Ful l erton, W, (LANL)
*** DESCRI PTI ON

CHU conputes the logarithm c confluent hypergeonetric function,
U(A B, X).

| nput Par anet ers:
A real
B real
X real and positive

This routine is not valid when 1+A-B is close to zero if X is small.

*** REFERENCES ( NONE)
***ROUTI NES CALLED EXPREL, GAMMA, GAMR, POCH, POCH1, R1MACH, ROCHU,
XERMSG

***REVI SI ON HI STORY ( YYMVDD)
770801 DATE WRI TTEN
890531 Changed all specific intrinsics to generic. (WRB)
890531 REVI SI ON DATE from Version 3.2
891214 Prol ogue converted to Version 4.0 format. (BAB)
900315 CALLs to XERROR changed to CALLs to XERVMBG  (THJ)
900727 Added EXTERNAL statenent. (WRB)
END PROLOGUE
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CINVIT

SUBROUTINE CINVIT (NM N, AR, A, WR,2 W, SELECT, MM M ZR, ZI
+ | ERR, RML, RM2, RV1, RV2)
***BEA N PROLOGUE CINVIT
***PURPOSE Conpute the eigenvectors of a conpl ex upper Hessenberg
associated with specified ei genval ues using inverse
iteration.
***| | BRARY  SLATEC ( El SPACK)
*** CATEGORY D4C2B
***TYPE COWPLEX (INVIT-S, CINVIT-C)
*** KEYWORDS ElI GENVALUES, ElI GENVECTORS, EI SPACK
***AUTHOR Smith, B. T., et al
*** DESCRI PTI ON

This subroutine is a translation of the ALGOL procedure CXINVIT
by Peters and W1 ki nson.
HANDBOOK FOR AUTO. COWP. VOL.|I1-LINEAR ALGEBRA, 418-439(1971).

This subroutine finds those eigenvectors of A COWLEX UPPER
Hessenberg natrix correspondi ng to specified ei genval ues,
using inverse iteration.

On | NPUT

NM nust be set to the row di mension of the two-dinensional
array paraneters, AR, Al, ZR and ZI, as declared in the
calling program di nension statenment. NMis an | NTEGER
vari abl e.

Nis the order of the matrix A=(AR Al). N is an | NTEGER
variable. N nust be less than or equal to NM

AR and Al contain the real and imaginary parts, respectively,
of the conpl ex upper Hessenberg matrix. AR and Al are
two- di mensi onal REAL arrays, dinmensioned AR(NM N)
and Al (NM N).

WR and W contain the real and inmaginary parts, respectively,
of the eigenvalues of the matrix. The eigenval ues nust be
stored in a manner identical to that of subroutine COMLR
whi ch recogni zes possible splitting of the matrix. WR and
W are one-di nmensional REAL arrays, dinmensioned WR(N) and

W (N).

SELECT specifies the eigenvectors to be found. The
ei genvector corresponding to the J-th eigenvalue is
specified by setting SELECT(J) to . TRUE. SELECT is a
one-di nensi onal LOG CAL array, dinmensioned SELECT(N)

MM shoul d be set to an upper bound for the nunber of
ei genvectors to be found. MM is an | NTEGER vari abl e.

On QUTPUT
AR Al, W, and SELECT are unaltered.
WR may have been altered since close eigenval ues are perturbed
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slightly in searching for independent eigenvectors.

Mis the nunmber of eigenvectors actually found. Mis an

| NTEGER vari abl e.

ZR and ZI contain the real and inmaginary parts, respectively,

of the eigenvectors corresponding to the flagged ei genval ues.
The eigenvectors are nornalized so that the conponent of

| argest magnitude is 1. Any vector which fails the
acceptance test is set to zero. ZR and ZI are

t wo-di nensi onal REAL arrays, dinmensioned ZR(NM MM and

ZI (NM MV .

|ERR is an | NTEGER flag set to

Zero for normal return

- (2*N+1) if nore than MM ei genvectors have been requested
(the MM eigenvectors calculated to this point are
in ZR and ZI),

-K if the iteration corresponding to the K-th

value fails (if this occurs nore than once, K
is the index of the last occurrence); the
correspondi ng colums of ZR and ZI are set to
zero vectors,

- (N+K) if both error situations occur

Rv1l and RV2 are one-di nensi onal REAL arrays used for

tenmporary storage, dinensioned RVI(N) and RV2(N)
They hol d the approxi mate eigenvectors during the inverse
iteration process.

RML and RM2 are two-di nensional REAL arrays used for

tenporary storage, dinmensioned RML(N,N) and RM2(N, N).
These arrays hold the triangularized formof the upper

Hessenberg matrix used in the inverse iteration process.

The ALGOL procedure GUESSVEC appears in CINVIT in-line.

Calls PYTHAG(A B) for sqrt(A**2 + B**2).
Calls CDIV for conpl ex division

Questions and conmments should be directed to B. S. Garbow,
APPLI ED MATHEMATI CS DI VI SI ON, ARGONNE NATI ONAL LABORATORY

***REFERENCES B. T. Snith, J. M Boyle, J. J. Dongarra, B. S. Garbow,

Y. Ikebe, V. C. Klema and C. B. Mler, Mutrix Eigen-
system Routi nes - ElI SPACK Cui de, Springer-Verl ag,
1976.

***ROUTI NES CALLED CDIV, PYTHAG
***REVI SI ON HI STORY  ( YYMVDD)

760101 DATE WRI TTEN

890531 Changed all specific intrinsics to generic. (WRB)
890831 Modified array declarations. (VRB)

890831 REVI SI ON DATE from Version 3.2

891214 Prol ogue converted to Version 4.0 format. (BAB)
920501 Reformatted the REFERENCES section. (WRB)

END PROLOGUE
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CLBETA

COVPLEX FUNCTI ON CLBETA (A, B)
***BEA N PROLOGUE CLBETA
***PURPOSE Conpute the natural |ogarithmof the conplete Beta
functi on.
***| | BRARY  SLATEC ( FNLI B)
*** CATEGORY C7B
*** TYPE COVWPLEX (ALBETA-S, DLBETA-D, CLBETA-Q)
*** KEYWORDS FNLI B, LOGARI THM OF THE COVPLETE BETA FUNCTI ON
SPECI AL FUNCTI ONS
*** AUTHOR Ful l erton, W, (LANL)
*** DESCRI PTI ON

CLBETA conputes the natural |og of the conplex valued conpl ete beta
function of conplex paraneters A and B. This is a prelimnary version
whi ch is not accurate.

| nput Paraneters:
A conplex and the real part of A positive
B conplex and the real part of B positive

*** REFERENCES  ( NONE)

*** ROUTI NES CALLED CLNGAM XERMSG

***REVI SI ON HI STORY ( YYMVDD)
770701 DATE WRI TTEN
861211 REVI SI ON DATE from Version 3.2
891214 Prol ogue converted to Version 4.0 format. (BAB)
900315 CALLs to XERROR changed to CALLs to XERVBG  (THJ)
END PROLOGUE
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CLNGAM

COVPLEX FUNCTI ON CLNGAM ( ZI N)
*** BEG N PROLOGUE CLNGAM
***PURPOSE Conpute the |ogarithmof the absol ute value of the Ganma
functi on.
***| | BRARY  SLATEC ( FNLI B)
*** CATEGORY C7A
***TYPE COWLEX (ALNGAM S, DLNGAM D, CLNGAM C)
*** KEYWORDS ABSCLUTE VALUE, COVPLETE GAMVA FUNCTI ON, FNLI B, LOGARI THM
SPECI AL FUNCTI ONS
*** AUTHOR Ful l erton, W, (LANL)
*** DESCRI PTI ON

CLNGAM conput es the natural |og of the conplex valued gamma function
at ZIN, where ZINis a conplex nunber. This is a prelimnary version,
which is not accurate.

*** REFERENCES ( NONE)
*** ROUTI NES CALLED CILGWVC, CARG, CLNREL, RIMACH, XERMSG
***REVI SI ON HI STORY ( YYMVDD)
780401 DATE WRI TTEN
890531 Changed all specific intrinsics to generic. (\WRB)
890531 REVI SI ON DATE from Version 3.2
891214 Prol ogue converted to Version 4.0 format. (BAB)
900315 CALLs to XERROR changed to CALLs to XERVMBG  (THJ)
END PROLOGUE
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CLNREL

COWPLEX FUNCTI ON CLNREL (Z2)
***BEA N PROLOGUE CLNREL
***PURPOSE Evaluate I n(1+X) accurate in the sense of relative error.
***| | BRARY  SLATEC ( FNLI B)
*** CATEGORY C4B
*** TYPE COWPLEX (ALNREL-S, DLNREL-D, CLNREL-C)
*** KEYWORDS ELEMENTARY FUNCTI ONS, FNLI B, LOGARI THMV
*** AUTHOR Ful l erton, W, (LANL)
*** DESCRI PTI ON

CLNREL( 2) LOE 1+Z) with relative error accuracy near Z = 0.
Let RHO = ABS(Z) and
R:*2 = ABS(1+2)**2 = (1+X)**2 + Y**2 = 1 + 2*X + RHO**2 .
Now if RHOis snall we may eval uate CLNREL(Z) accurately by
LOZ 1+Z) = CWPLX (LOX R), CARG(1+Z2))
CWPLX (0.5*LOG R**2), CARG 1+2))
CWPLX (0.5* ALNREL(2* X+RHO**2), CARG 1+2))

*** REFERENCES ( NONE)

***ROUTI NES CALLED ALNREL, CARG R1MACH, XERMSG

***REVI SI ON HI STORY ( YYMVDD)
770401 DATE WRI TTEN
890531 Changed all specific intrinsics to generic. (WRB)
890531 REVI SI ON DATE from Version 3.2
891214 Prol ogue converted to Version 4.0 format. (BAB)
900315 CALLs to XERROR changed to CALLs to XERVBG  (THJ)
END PROLOGUE
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CLOG10

COWPLEX FUNCTI ON CLOGLO (2)
***BEG N PROLOGUE CLOGLO0
***PURPOSE Conpute the principal value of the conplex base 10
| ogarithm
***] | BRARY  SLATEC ( FNLI B)
*** CATEGORY C4B
***TYPE COWLEX (CLOGLO- Q)
*** KEYWORDS BASE TEN LOGARI THM ELEMENTARY FUNCTI ONS, FNLI B
*** AUTHOR Ful l erton, W, (LANL)
*** DESCRI PTI ON

CLOGLO(Z) calculates the principal value of the conplex comobn
or base 10 logarithmof Z for -PI .LT. arg(Z) .LE +PI.

*** REFERENCES  ( NONE)

*** ROUTI NES CALLED ( NONE)

***REVI SI ON HI STORY ( YYMVDD)
770401 DATE WRI TTEN
890531 Changed all specific intrinsics to generic. (WRB)
890531 REVI SI ON DATE from Version 3.2
891214 Prol ogue converted to Version 4.0 format. (BAB)
END PROLOGUE
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CMGNBN

SUBROUTI NE CMG\BN (NPERCD, N, MPEROD, M A, B, C, D My, Y,

+ | ERROR,
*** BEG N PROLOGUE CMG\BN
***PURPOSE Sol ve a conpl ex bl ock tridiagonal |inear system of

equations by a cyclic reduction algorithm
***| | BRARY  SLATEC ( FI SHPACK)
*** CATEGORY |2B4B
*** TYPE COVPLEX (GENBUN- S, CMGNBN- C)
*** KEYWORDS CYCLI C REDUCTI ON, ELLI PTI C PDE, FI SHPACK,
TRI DI AGONAL LI NEAR SYSTEM
*** AUTHOR Adans, J., (NCAR)
Swar ztrauber, P. N., (NCAR)
Sweet, R, (NCAR)
*** DESCRI PTI ON

Subr outi ne CMGNBN sol ves the conplex |inear system of equations
ACI)*X(1-1,3) + B(1)*X(1,d) + C(1)*X(1+1,J)
+ X(1,3-1) - 2.%X(1,3) + X(1,3+1) = Y(1,J)
For | =1,2,...,M and J =1,2,...,N
The indices I+1 and |I-1 are evaluated nodulo M i.e.,
X(0,J) = X(MJ) and X(M1,J) = X(1,J3), and X(I,0) nay be equal to

0, X(I,2), or X(I,N) and X(1,N+1) may be equal to 0, X(I,N1), or
X(1,1) depending on an input paraneter.

* * * * *x *x * * PararT’eterDESCI’lptlon *x * * *x * * * *x * *
* * * * *x * O]Input * * * * *x *
NPERCD
I ndi cates the values that X(I,0) and X(I1,N+1) are assuned to
have.
=0 If X(I,0) = X(I,N and X(I,N+1) = X(I,1).
=1 If X(I,0) = X(I,N+1) =0 .
=2 If X(I,0) =0 and X(I,N+1) = X(I,N1).
=3 |If I,0) = X(1,2) and X(I,N+1) = X(I,N1).
=4 If X(I,0) = X(I,2) and X(I,N+1) = 0.
N
The nunber of unknowns in the J-direction. N nmust be greater
t han 2.
MPERCOD
=0 If A(1) and C(M are not zero
=11f A1) =CM =0
M
The number of unknowns in the I-direction. N rmust be greater
t han 2.
A B, C
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One-di nensi onal conpl ex arrays of length Mthat specify the

coefficients in the |linear equations given above. |If MPEROD = 0O
the array el enents nust not depend upon the index I, but nust be
constant. Specifically, the subroutine checks the follow ng
condi tion

ACl) = (1)

(1) = (1)

B(l) = B(1)
For 1=1,2,...,

| DI MY

The row (or first) dinmension of the two-dinensional array Y as
it appears in the programcalling CMGNBN. This paraneter is

used to specify the variable dinmension of Y. [|D M nust be at
| east M
Y
A two-di mensi onal conplex array that specifies the values of the
right side of the linear system of equations given above. Y
nmust be di nensi oned at | east MN
w
A one-di mensi onal conplex array that nust be provided by the
user for work space. Wnmay require up to 4*N +
(10 + INT(l0og2(N)))*M LOCATI ONS. The actual numnber of |ocations
used is conputed by CMGNBN and is returned in l[ocation W1).
* * * * * * O]OJtput *x * * * * *
Y
Contai ns the solution X
| ERROR
An error flag which indicates invalid input paranmeters. Except
for nunber zero, a solution is not attenpted.
=0 No error.
=1 M.LE 2
=2 N.LE 2
=3 IDMW .LT. M
= 4 NPEROD .LT. 0 or NPEROD .GI. 4
=5 MPEROD .LT. 0 or MPEROD .GT. 1
=6 A(l) .NE. C(1) or C(I) .NE. C(1) or B(l) .NE B(1) for
some 1=1,2,..., M
=7 A(l) .NE. 0 or (M .NE. 0 and MPEROD = 1
w

W 1) contains the required | ength of W

*Long Descri ption:

* ok ok k% k& Program Speci fications ¥ ok ok ok ok ok Kk ok ox kK%
Di nensi on of AM,B(M,C(M, Y(ID M,N,Wsee paraneter list)
Argunent s

Lat est June 1979
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Revi si on

Subpr ogr anms
Requi r ed

Speci al
Condi ti ons

Conmmon
Bl ocks

/0
Preci si on
Speci al i st
Language
H story

Al gorithm
Space
Requi red

Ti m ng and
Accur acy

CMGNBN, CVPOSD, CMPOSN, CMPCSP, CMPCSG, CVPVRG,
CMPTRX, CVPTR3, PI MACH

None

None

None

Singl e

Rol and Sweet

FORTRAN

Witten by Rol and Sweet at NCAR in June, 1977

The linear systemis solved by a cyclic reduction
al gorithm described in the reference.

4944( DECI MAL) = 11520(octal) | ocations on the NCAR
Control Data 7600

The execution time T on the NCAR Control Data
7600 for subroutine CMGNBN is roughly proportiona
to MN*l og2(N), but also depends on the input
par anet er NPEROD. Sone typical values are listed
In the table bel ow

To nmeasure the accuracy of the algorithma
uni f orm random nunber generator was used to create
a solution array X for the systemgiven in the
"PURPCSE' with

A(l) =C(I) =-0.5*B(I) =1,
and, when MPERCD = 1

A(L) =M
AM = (1)

The solution X was substituted into the given sys-
temand a right side Y was computed. Using this
array Y subroutine CMGNBN was cal |l ed to produce an
approxi mate solution Z. Then the relative error,
defined as

1=1,2,...,M

0
2.

E = MAX(ABS(Z(1,J)-X(1,3)))/ MAX(ABS(X(1,J3)))

where the two nmaxi ma are taken over all 1=1,2,..., M
and J=1,2,...,N, was conmputed. The value of Eis
given in the table below for sone typical val ues of
M and N.

MPERCD

NPERGCD

T( MBECS) E
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31 0 0 77 1.E-12
31 1 1 45 4. E-13
31 1 3 91 2.E- 12
32 0 0 59 7.E-14
32 1 1 65 5. E- 13
32 1 3 97 2. E-13
33 0 0 80 6. E-13
33 1 1 67 5. E-13
33 1 3 76 3. E-12
63 0 0 350 5.E-12
63 1 1 215 6. E-13
63 1 3 412 1.E11
64 0 0 264 1.E-13
64 1 1 287 3. E-12
64 1 3 421 3. E-13
65 0 0 338 2.E-12
65 1 1 292 5. E- 13
65 1 3 329 1.E11

Portability Anerican National Standards Institute Fortran.
The machi ne dependent constant Pl is defined in
functi on Pl MACH.

Requi red Cos

Resi dent

Rout i nes

Ref er ence Sweet, R, '"A Cyclic Reduction Al gorithmfor

Sol ving Bl ock Tridiagonal Systens O Arbitrary
D nensions,' SIAMJ. on Nuner. Anal.,
14( SEPT., 1977), PP. 706-720.

* % % % % % % % % % % % % % % *x % % % % % % % *x *x *x *x *x *x *x *x * %

*** REFERENCES R Sweet, A cyclic reduction algorithmfor solving
bl ock tridiagonal systens of arbitrary dinensions,
SI AM Journal on Nunerical Analysis 14, (Septenber
1977), pp. 706-720.
***ROUTI NES CALLED CMPCOSD, CMPOSN, CMPOSP
***REVI SI ON HI STORY ( YYMVDD)
801001 DATE WRI TTEN
890531 Changed all specific intrinsics to generic. (WRB)
890531 REVI SI ON DATE from Version 3.2
891214 Prol ogue converted to Version 4.0 format. (BAB)
920501 Reformatted the REFERENCES section. (WRB)
END PROLOGUE
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CNBCO

SUBROUTI NE CNBCO (ABE, LDA, N, M., MJ, IPVT, RCOND, 2)
***BEG N PROLOGUE CNBCO
***PURPOSE Factor a band nmatrix using Gaussian elimnation and
estimate the condition nunber.
***| | BRARY  SLATEC
*** CATEGORY D2C2
*** TYPE COVWPLEX (SNBCO- S, DNBCO- D, CNBCO C)
*** KEYWORDS BANDED, LI NEAR EQUATI ONS, MATRI X FACTORI ZATI ON,
NONSYMVETRI C
*** AUTHOR Voorhees, E. A, (LANL)
*** DESCRI PTI ON

CNBCO factors a conpl ex band nmatrix by Gaussi an
elimnpnation and estimtes the condition of the matri x.

If RCOND is not needed, CNBFA is slightly faster.
To solve A*X = B, follow CNBCO by CNBSL.

To conpute |INVERSE(A)*C , follow CNBCO by CNBSL.
To conpute DETERM NANT(A) , follow CNBCO by CNBDI.

On Entry

ABE COVPLEX(LDA, NC)
contains the matrix in band storage. The rows
of the original natrix are stored in the rows
of ABE and the diagonals of the original matrix
are stored in colums 1 through M.+MHK1 of ABE.
NC nust be .GE. 2*M.+MKH1 .
See the conments bel ow for details.

LDA | NTEGER
t he | eadi ng di nension of the array ABE.
LDA nust be .GE. N.

N | NTEGER
the order of the original matrix.

ML | NTEGER
nunmber of di agonal s bel ow the main di agonal .
0 .LE. M. .LT. N.

wMJ | NTEGER
nunber of diagonals above the nmin diagonal.
0 .LE. MJ.LT. N.
More efficient if M .LE MJ.

On Return

ABE an upper triangular nmatrix in band storage
and the multipliers which were used to obtain it.
The factorization can be witten A = L*U where
L is a product of pernutation and unit | ower
triangular matrices and U is upper triangul ar.

| PVT | NTEGER(N)

an i nteger vector of pivot indices.
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RCOND  REAL
an estimate of the reciprocal condition of A .
For the system A*X = B, relative perturbations
in A and B of size EPSILON nmay cause
relative perturbations in X of size EPSILON RCOND
If RCOND is so small that the |ogical expression

1.0 + RCOND .EQ 1.0

is true, then A may be singular to working
precision. In particular, RCOND is zero if
exact singularity is detected or the estimte
under f | ows.

Z COVPLEX( N)
a work vector whose contents are usually uninportant.
If A is closeto a singular matrix, then Z is
an approximate null vector in the sense that
NORM A*Z) = RCOND* NORM A) * NORM Z)

Band Storage

If A is a band matrix, the follow ng program segnent
will set up the input.

ML (band wi dth bel ow t he di agonal)
MJ = (band wi dth above the diagonal)
DO20 1 =1, N
J1 = MAX(1, |-M)
J2 = MN(N, |+MJ)
DO 10 J = J1, J2
K=J-1+M+1
ABE(Il,K) = A(l,J)
10 CONTI NUE
20 CONTI NUE

This uses colums 1 through M+MHK1 of ABE .
Furthernore, M. additional colums are needed in
ABE starting with colum M+MHK2 for elenents
generated during the triangularization. The total
nunber of colums needed in ABE is 2*M.+MH1 .

Exanple: |If the original matrix is

1112 13 0 O O
21 22 2324 0 O
0 32333435 O
0 O 43 44 45 46
0O O O 54 55 56
0O 0O O O 65 66

then N=6, M. =1, MU= 2, LDA.CGE. 5 and ABE should contain

* 11 12 13 *
21 22 23 24
32 33 34 35
43 44 45 46
54 55 56 *
65 66 * *

, not used
, + used for pivoting

+ 4+ + + + +

***REFERENCES J. J. Dongarra, J. R Bunch, C. B. Mdler, and G W
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Stewart, LINPACK Users' Cuide, SIAM 1979.

*++ ROUTI NES CALLED CAXPY, CDOTC, CNBFA, CSSCAL, SCASUM
*+* REVI S| ON HI STORY  ( YYMVDD)

800730
890531
890831
890831
891214
920501

DATE VWRI TTEN

Changed all specific intrinsics to generic. (WRB)
Modi fied array declarations. (VRB)

REVI SI ON DATE from Version 3.2

Prol ogue converted to Version 4.0 format. (BAB)
Ref ormatt ed t he REFERENCES section. (\WRB)

END PROLOGUE
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CNBDI

SUBROUTI NE CNBDI (ABE, LDA, N, M., MJ, |PVT, DET)
***BEG N PROLOGUE CNBDI
***PURPOSE Conpute the determnant of a band matrix using the factors
conmput ed by CNBCO or CNBFA.
***] | BRARY  SLATEC
*** CATEGORY D3C2
***TYPE COVWPLEX (SNBDI -S, DNBDI - D, CNBDI - C)
*** KEYWORDS BANDED, DETERM NANT, LI NEAR EQUATI ONS, NONSYMVETRI C
*** AUTHOR Voorhees, E. A, (LANL)
*** DESCRI PTI ON

CNBDI conputes the determ nant of a band matrix
using the factors conputed by CNBCO or CNBFA.
If the inverse is needed, use CNBSL N tines.

On Entry
ABE COVWPLEX(LDA, NC)
the output from CNBCO or CNBFA.
NC nust be .GE. 2*M.+MH1 .
LDA | NTEGER
the | eading dinension of the array ABE .
N | NTEGER
the order of the original matrix.
M. | NTEGER
nunber of diagonals bel ow the nmi n di agonal .
wJ | NTEGER
nunmber of di agonal s above the main di agonal .
| PVT | NTEGER(N)
the pivot vector from CNBCO or CNBFA.
On Return
DET COVPLEX( 2)

determ nant of original matrix.

Determ nant = DET(1) * 10.0**DET(2)
with 1.0 .LE. CABS1(DET(1)) .LT. 10.0
or DET(1) = 0.0 .

***REFERENCES J. J. Dongarra, J. R Bunch, C. B. Mder, and G W
Stewart, LINPACK Users' Cuide, SIAM 1979.
*** ROUTI NES CALLED ( NONE)
***REVI SI ON HI STORY ( YYMVDD)
800730 DATE WRI TTEN
890831 Modified array declarations. (VRB)
890831 REVI SI ON DATE from Version 3.2
891214 Prol ogue converted to Version 4.0 format. (BAB)
920501 Reformatted the REFERENCES section. (WRB)
END PROLOGUE
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CNBFA

SUBRQUTI NE CNBFA (ABE, LDA, N, M., MJ, |IPVT, |INFO
***BEG N PROLOGUE CNBFA
***PURPOSE Factor a band matrix by elimnation.
***] | BRARY  SLATEC
*** CATEGORY D2C2
*** TYPE COWPLEX ( SNBFA-S, DNBFA-D, CNBFA- Q)
*** KEYWORDS BANDED, LI NEAR EQUATI ONS, MATRI X FACTORI ZATI ON,
NONSYMVETRI C
*** AUTHOR Voorhees, E. A, (LANL)
*** DESCRI PTI ON

CNBFA factors a conplex band matrix by elimnation.

CNBFA is usually called by CNBCO, but it can be called
directly with a saving in tine if RCOND is not needed.

On Entry

ABE COVPLEX(LDA, NC)
contains the matrix in band storage. The rows
of the original matrix are stored in the rows
of ABE and the diagonals of the original matrix
are stored in colums 1 through M.+MH&1 of ABE.
NC nust be .GE. 2*M.+MH1 .
See the coments bel ow for details.

LDA | NTEGER
t he | eadi ng di nension of the array ABE.
LDA nust be .GE. N.

N | NTEGER
the order of the original matrix.

M. | NTEGER
nunber of diagonals bel ow the nmi n di agonal .
0 .LE. M .LT. N.

MJ | NTEGER
nunmber of di agonal s above the main di agonal .
0 .LE. MU .LT. N.
More efficient if M .LE MJ.

On Return

ABE an upper triangular matrix in band storage
and the multipliers which were used to obtain it.
the factorization can be witten A = L*U where
L is a product of pernutation and unit | ower
triangular matrices and U is upper triangular.

| PVT | NTEGER( N)
an integer vector of pivot indices.

| NFO | NTEGER

=0 normal val ue
=K if UKK .EQ 0.0. This is not an error
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condition for this subroutine, but it does
indicate that CNBSL will divide by zero if
called. Use RCOND in CNBCO for a reliable
i ndi cation of singularity.

Band St orage

If A is a band matrix, the follow ng program segnent
will set up the input.

M. = (band wi dth bel ow t he di agonal)
MJ = (band wi dt h above the di agonal)
DO20 I =1, N
J1 = MAX(1, I-M)
J2 = MN(N, |+M)J)
DO 10 J = J1, J2
K=J-1+M+1
ABE(1,K) = A(l,J)
10 CONTI NUE
20 CONTI NUE

This uses colums 1 through M+MHK1 of ABE .
Furthernmore, M. additional colums are needed in
ABE starting with colum M+MH2 for elenents
generated during the triangularization. The total
nunber of columms needed in ABE is 2*M.+MKH1 .

Exanple: If the original matrix is

t hen

11 12 13 0 0 O
21 22 2324 0 O
03233343 O
0O O 43 44 45 46
0O O O 54 55 56
0O 0O O O 65 66
N

=6, M =1, MU=2, LDA .CGE. 5 and ABE should contain
* 11 12 13 + , ¥ = not used
21 22 23 24 + , + = used for pivoting
32 33 34 35 +
43 44 45 46 +
54 55 56 * +
65 66 * * +

***REFERENCES J. J. Dongarra, J. R Bunch, C. B. Mder, and G W

Stewart, LINPACK Users' Cuide, SIAM 1979.

***ROUTI NES CALLED CAXPY, CSCAL, CSWAP, | CAMAX
***REVI SI ON HI STORY ( YYMVDD)

800730
890531
890831
890831
891214
920501

DATE WRI TTEN

Changed all specific intrinsics to generic. (WRB)
Modi fied array declarations. (WRB)

REVI SI ON DATE from Version 3.2

Prol ogue converted to Version 4.0 fornat. (BAB)
Ref ormatt ed t he REFERENCES section. (WRB)

END PROLOGUE

S ATEC2 (AAAAAA through D9UPAK) - 311



CNBFS

SUBROUTI NE CNBFS (ABE, LDA, N, M., MJ, V, ITASK, IND, WORK, |WORK)
***BEG N PROLOGUE CNBFS
***PURPOSE Sol ve a general nonsymmetric banded system of |inear

equati ons.

***| | BRARY  SLATEC
*** CATEGORY D2C2
*** TYPE COWPLEX (SNBFS-S, DNBFS-D, CNBFS-C)
*** KEYWORDS BANDED, LI NEAR EQUATI ONS, NONSYMVETRI C
*** AUTHOR Voorhees, E. A, (LANL)
*** DESCRI PTI ON

Subrouti ne CNBFS sol ves a general nonsymetric banded NxN
system of single precision conplex |inear equations using
SLATEC subroutines CNBCO and CNBSL. These are adaptations
of the LINPACK subroutines CEBCO and CGESL which require

a different format for storing the matrix elenents. |f

A is an NxN conplex matrix and if X and B are conplex
N-vectors, then CNBFS sol ves the equation

A* X=B.

A band matrix is a matri x whose nonzero el enents are al
fairly near the main diagonal, specifically A(l1,J) =20

if I1-Jis greater than M. or J-1 is greater than

MJ . The integers M. and MJ are called the | ower and upper
band widths and M= M.+MH&1 is the total band wi dth.
CNBFS uses less tinme and storage than the corresponding
program for general matrices (CGEFS) if 2*M.+MJ .LT. N .

The matrix Ais first factored into upper and | ower tri-
angul ar matrices U and L using partial pivoting. These
factors and the pivoting information are used to find the
solution vector X. An approximte condition nunber is
cal cul ated to provide a rough estimte of the nunber of
digits of accuracy in the conmputed sol ution.

If the equation A*X=B is to be solved for nore than one vector
B, the factoring of A does not need to be perfornmed again and
the option to only solve (ITASK .GI. 1) will be faster for

the succeeding solutions. |In this case, the contents of A,
LDA, N and | WORK must not have been altered by the user follow
ing factorization (I TASK=1). IND will not be changed by CNBFS

in this case.

Band Storage

If A is a band matrix, the follow ng program segnent
will set up the input.

M. (band wi dt h bel ow t he di agonal)
MJ = (band wi dth above the di agonal)
DO20 | =1, N

J1 = MAX(1, I-M)

J2 = MN(N, I +MJ)

DO 10 J = J1, J2
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K=J-1+M+
ABE(1,K) = A(l,J)

10  CONTI NUE

20 CONTI NUE

1

This uses colums 1 through M+MHK1 of ABE .
Furthernore, M. additional colums are needed in
ABE starting with colum M+MHK2 for elenents
generated during the triangularization. The total
nunber of colums needed in ABE is 2*M.+MHK1

Exanple: If the original matrix is

11 12 13 0 O O
21 22 2324 0 O
0 32 33 3435 0
0O O 43 44 45 46
0O O O 54 55 56
0O 0O O O 65 66
N

t hen =6, M =1, MJU=2, LDA .GE. 5 and ABE should contain
* 11 12 13 + , * = not used
21 22 23 24 + , + = used for pivoting
32 33 34 35 +
43 44 45 46 +
54 55 56 * +
65 66 * * +

Argunment Description ***

ABE COVPLEX( LDA, NC)
on entry, contains the matrix in band storage as
descri bed above. NC nust not be Il ess than
2*ML+MH1 . The user is cautioned to specify NC
with care since it is not an argunent and cannot
be checked by CNBFS. The rows of the original
matrix are stored in the rows of ABE and the
di agonal s of the original matrix are stored in
colums 1 through M+MH1 of ABE .
on return, contains an upper triangular matrix U and
the multipliers necessary to construct a matrix L
so that A=L*U.
LDA | NTEGER
t he | eadi ng di nension of array ABE. LDA nust be great-
er than or equal to N. (termnal error message | ND=-1)
N | NTEGER
the order of the matrix A N nust be greater
than or equal to 1 . (termnal error nmessage | ND=-2)
ML | NTEGER
t he nunber of diagonal s bel ow the main di agonal .
M. nust not be |less than zero nor greater than or
equal to N . (terminal error nessage | ND=-5)
wJ | NTEGER
t he nunber of diagonals above the main diagonal.
MJ must not be |less than zero nor greater than or
equal to N . (terminal error nessage | ND=-6)
\Y COVPLEX( N)
on entry, the singly subscripted array(vector) of di-
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mensi on N which contains the right hand side B of a
system of simultaneous |inear equations A*X=B.
on return, V contains the solution vector, X.
| TASK | NTEGER
if ITASK =1, the matrix Ais factored and then the
linear equation is sol ved.
if ITASK .GI. 1, the equation is solved using the existing
factored matrix A and | WORK.
if ITASK .LT. 1, then terninal error nmessage IND=-3 is
printed.
| ND | NTEGER
GI. 0O INDis a rough estinate of the nunmber of digits
of accuracy in the solution, X
LT. O see error nessage corresponding to | ND bel ow.
WORK  COVPLEX(N)
a singly subscripted array of dinmension at |east N.
| WORK | NTEGER( N)
a singly subscripted array of dinension at |east N

Error Messages Printed ***

IND=-1 termnal N is greater than LDA.

I ND=-2 terninal Nis less than 1.

I ND=-3 termni nal I TASK is | ess than 1.

| ND=-4 termn nal The matrix A is conputationally singular.
A sol ution has not been conputed.

I ND=-5 terninal M. is less than zero or is greater than
or equal to N.

IND=-6 terninal MJis less than zero or is greater than
or equal to N.

| ND=- 10 war ni ng The sol ution has no apparent significance.

The solution may be inaccurate or the matrix
A may be poorly scal ed.

NOTE- The above terminal (*fatal*) error nessages are
desi gned to be handl ed by XERMSG i n whi ch
LEVEL=1 (recoverable) and | FLAG=2 . LEVEL=0
for warning error nessages from XERVSG.  Unl ess
the user provides otherw se, an error nessage
will be printed followed by an abort.

***REFERENCES J. J. Dongarra, J. R Bunch, C. B. Mdler, and G W
Stewart, LINPACK Users' Cuide, SIAM 1979.
***ROUTI NES CALLED CNBCO, CNBSL, R1MACH, XERMSG
***REVI S| ON HI STORY  ( YYMVDD)
800813 DATE WRI TTEN
890531 Changed all specific intrinsics to generic. (WRB)
890831 Modified array declarations. (WVRB)
890831 REVI SI ON DATE from Version 3.2
891214 Prol ogue converted to Version 4.0 format. (BAB)
900315 CALLs to XERROR changed to CALLs to XERVBG  (THJ)
900510 Convert XERRW/ calls to XERMSG calls, cvt GOTO s to
| F- THEN- ELSE. (RWO)
920501 Reformatted the REFERENCES section. (WRB)
END PROLOGUE
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CNBIR

SUBROUTI NE CNBI R (ABE, LDA, N, M., MJ, V, ITASK, IND, WORK, |WORK)

***BEG N PROLOGUE CNBIR

***PURPOSE Sol ve a general nonsymmetric banded system of |inear
equations. Iterative refinenent is used to obtain an error
esti mat e.

***| | BRARY  SLATEC

*** CATEGORY D2C2

*** TYPE COWPLEX (SNBI R-S, CNBIR-CO)

*** KEYWORDS BANDED, LI NEAR EQUATI ONS, NONSYMVETRI C

*** AUTHOR Voorhees, E. A, (LANL)

*** DESCRI PTI ON

Subroutine CNBIR sol ves a general nonsymetric banded NxN
system of single precision conplex |inear equations using
SLATEC subroutines CNBFA and CNBSL. These are adaptations
of the LINPACK subroutines CEFA and CGESL which require

a different format for storing the matrix el enments.

One pass of iterative refinenent is used only to obtain an
estimate of the accuracy. If A is an NxN conpl ex banded
matrix and if X and B are conplex Nvectors, then CNBIR
sol ves the equation

A* X=B.

A band matrix is a matri x whose nonzero el ements are al
fairly near the main diagonal, specifically A(lI,J) =0

if 1-J is greater than M. or J-1 is greater than

MJ . The integers M. and MJ are called the | ower and upper
band widths and M= M.+MH1 is the total band w dth.
CNBI R uses less tinme and storage than the correspondi ng
program for general matrices (CGEIR) if 2*M.+MJ .LT. N

The matrix Ais first factored into upper and |ower tri-

angul ar matrices U and L using partial pivoting. These

factors and the pivoting information are used to find the
solution vector X . Then the residual vector is found and used
to calculate an estimate of the relative error, IND. [IND esti-
mat es the accuracy of the solution only when the input matrix
and the right hand side are represented exactly in the conputer
and does not take into account any errors in the input data.

If the equation A*X=B is to be solved for nore than one vector
B, the factoring of A does not need to be perfornmed again and
the option to only solve (ITASK .GI. 1) will be faster for

the succeeding solutions. |In this case, the contents of A LDA
N, WORK and | WORK nust not have been altered by the user follow
ing factorization (I TASK=1). IND will not be changed by CNBIR

in this case.

Band Storage

If A is a band nmatrix, the follow ng program segnent
will set up the input.

M. = (band wi dth bel ow t he di agonal)
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MJ = (band w dt h above the diagonal)
DO20 1 =1, N

J1 = MAX(1, I-M)

J2 = MN(N, |+MJ)

DO 1

> x
[vy)
mll
o)
1
>
<

10 CONTI NUE
20 CONTI NUE

This uses colums 1 through M+MHK1 of ABE .
Exanple: |If the original matrix is

11 12 13 0 O O
21 22 2324 0 O
0 32333435 O
O 0 43 44 45 46
O O 0 54 55 56
O 0O O O 65 66
then N=6, M =1, MJ=2, LDA .G 5 and ABE should contain
* 11 12 13 , ¥ = not used
21 22 23 24
32 33 34 35
43 44 45 46
54 55 56 *
65 66 * *

Argunment Description ***

ABE COVPLEX( LDA, M)
on entry, contains the matrix in band storage as
descri bed above. MM nust not be less than M=
M.+MH1 . The user is cautioned to dinension ABE
with care since MMis not an argunment and cannot
be checked by CNBIR  The rows of the original
matrix are stored in the rows of ABE and the
di agonal s of the original matrix are stored in
colums 1 through M+MHK1 of ABE . ABE is
not altered by the program
LDA | NTEGER
t he | eadi ng di nension of array ABE. LDA nust be great-
er than or equal to N. (term nal error message | ND=-1)
N | NTEGER
the order of the matrix A N nust be greater
than or equal to 1 . (terminal error nmessage | ND=-2)
M. | NTEGER
t he nunber of diagonal s bel ow the main di agonal .
M. nust not be |less than zero nor greater than or
equal to N . (terminal error nessage | ND=-5)
wJ | NTEGER
t he nunber of diagonals above the main diagonal.
MJ nust not be less than zero nor greater than or
equal to N . (terminal error nessage | ND=-6)
\Y; COVPLEX( N)
on entry, the singly subscripted array(vector) of di-
mensi on N which contains the right hand side B of a
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system of simnultaneous |linear equations A*X=B.

on return, V contains the solution vector, X.

| TASK | NTEGER

if I TASK=1, the matrix Ais factored and then the
i near equation is solved.

if ITASK .GI. 1, the equation is solved using the existing
factored matrix A and | WORK.

if ITASK .LT. 1, then terninal error nessage IND=-3 is

print ed.
| ND | NTEGER
GI. 0 INDis a rough estimate of the nunber of digits
of accuracy in the solution, X . |IND=75 neans

that the solution vector X is zero.
LT. O see error nessage corresponding to | ND bel ow.
WORK  COVPLEX( N* (NC+1))
a singly subscripted array of dinension at |east
N*(NC+1) where NC = 2*M.+MKH1 .
| WORK | NTEGER( N)
a singly subscripted array of dinension at |east N.

Error Messages Printed ***

IND=-1 term nal N is greater than LDA.

I ND=-2 termni nal Nis less than 1.

| ND=-3 termnal | TASK is | ess than 1.

| ND=-4 terninal The matrix A is conputationally singular.
A sol ution has not been conputed.

IND=-5 terninal M. is less than zero or is greater than
or equal to N.

IND=-6 term nal MJis less than zero or is greater than
or equal to N.

| ND=- 10 war ni ng The sol ution has no apparent significance.

The solution may be inaccurate or the matrix
A may be poorly scal ed.

NOTE- The above ternminal (*fatal*) error nmessages are
desi gned to be handl ed by XERMSG i n whi ch
LEVEL=1 (recoverable) and | FLAG=2 . LEVEL=0
for warning error nessages from XERMSG  Unl ess
the user provides otherw se, an error nessage
will be printed followed by an abort.

***REFERENCES J. J. Dongarra, J. R Bunch, C. B. Mder, and G W
Stewart, LINPACK Users' Cuide, SIAM 1979.

***ROUTI NES CALLED CCOPY, CDCDOT, CNBFA, CNBSL, R1MACH, SCASUM XERMSG
***REVI SI ON HI STORY ( YYMVDD)

800819 DATE WRI TTEN

890531 Changed all specific intrinsics to generic. (WRB)

890831 Modified array declarations. (WRB)

890831 REVI SI ON DATE from Version 3.2

891214 Prol ogue converted to Version 4.0 format. (BAB)

900315 CALLs to XERROR changed to CALLs to XERVBG  (THJ)

900510 Convert XERRW calls to XERMSG calls, cvt GOTO s to

| F- THEN- ELSE. (RWO)
920501 Reformatted the REFERENCES section. (WRB)
END PROLOGUE
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CNBSL

SUBROUTI NE CNBSL (ABE, LDA, N, M., MJ, IPVT, B, JOB)
***BEG N PROLOGUE CNBSL
***PURPOSE Sol ve a conpl ex band system using the factors conputed by
CNBCO or CNBFA.
***| | BRARY  SLATEC
*** CATEGORY D2C2
*** TYPE COVWPLEX (SNBSL-S, DNBSL-D, CNBSL-C)
*** KEYWORDS BANDED, LI NEAR EQUATI ONS, NONSYMVETRI C, SOLVE
*** AUTHOR Voorhees, E. A, (LANL)
*** DESCRI PTI ON

CNBSL sol ves the conpl ex band system
A* X=B or CITRANS(A) * X =B
using the factors conmputed by CNBCO or CNBFA.

On Entry
ABE COVWPLEX(LDA, NC)
the output from CNBCO or CNBFA.
NC nust be .GE. 2*M.+MH1 .
LDA | NTEGER
the | eading dinension of the array ABE .
N | NTEGER
the order of the original matrix.
M. | NTEGER
nunber of diagonals bel ow the nmi n di agonal .
wJ | NTEGER
nunmber of di agonal s above the main di agonal .
| PVT | NTEGER(N)
the pivot vector from CNBCO or CNBFA.
B COVPLEX( N)
the right hand side vector.
JOB | NTEGER
=0 to solve A*X =B .
= nonzero to solve CTRANS(A)*X = B, where
CTRANS(A) is the conjugate transpose.
On Return
B the solution vector X.

Error Condition

A division by zero will occur if the input factor contains a
zero on the diagonal. Technically this indicates singularity
but it is often caused by inproper argunents or i nproper
setting of LDA. It will not occur if the subroutines are
called correctly and if CNBCO has set RCOND .GT. 0.0

or CNBFA has set INFO .EQ O .
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To conpute |INVERSE(A) * C where C is a matrix
with P colunns
CALL CNBCQO( ABE, LDA, N, M_, MJ, | PVT, RCOND, 2)
IF (RCOND is too small) GO TO ...
DO10J =1, P
CALL CNBSL(ABE, LDA, N, M_, MJ, | PVT, C( 1, J), 0)
10 CONTI NUE

***REFERENCES J. J. Dongarra, J. R Bunch, C. B. Mder, and G W
Stewart, LINPACK Users' Cuide, SIAM 1979.
***ROUTI NES CALLED CAXPY, CDOTC
***REVI SI ON HI STORY ( YYMVDD)
800730 DATE WRI TTEN
890531 Changed all specific intrinsics to generic. (WRB)
890831 Modified array declarations. (VRB)
890831 REVI SI ON DATE from Version 3.2
891214 Prol ogue converted to Version 4.0 format. (BAB)
920501 Reformatted the REFERENCES section. (WRB)
END PROLOGUE
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COMBAK

SUBROUTI NE COMBAK (NM LOW [IGH, AR Al, INT, M ZR, ZI)

***BEG N PROLOGUE COVBAK

***PURPOSE Form the eigenvectors of a conplex general matrix fromthe
ei genvectors of a upper Hessenberg matrix output from
COVHES.

***| | BRARY  SLATEC ( El SPACK)

*** CATEGORY DACA

***TYPE COWPLEX (ELMBAK-S, COMBAK-C)

*** KEYWORDS EI GENVALUES, EI GENVECTORS, EI SPACK

***AUTHOR Smith, B. T., et al.

*** DESCRI PTI ON

This subroutine is a translation of the ALGOL procedure COVBAK,
NUM MATH. 12, 349-368(1968) by Martin and WI ki nson.
HANDBOOK FOR AUTO. COWP., VOL.I11-LI NEAR ALGEBRA, 339-358(1971).

This subroutine forns the eigenvectors of a COMPLEX GENERAL
mat ri x by back transforning those of the corresponding
upper Hessenberg matrix determ ned by COVHES.

On | NPUT

NM nust be set to the row di nension of the two-di nensional
array paraneters, AR, Al, ZR and ZI, as declared in the
calling program di nension statenent. NMis an | NTEGER
vari abl e.

LOWand | GH are two | NTEGER vari abl es determ ned by the
bal ancing subroutine CBAL. |If CBAL has not been used,
set LOM1 and I CGH equal to the order of the matrix.

AR and Al contain the nultipliers which were used in the
reduction by COVHES in their |lower triangles bel ow
t he subdi agonal. AR and Al are two-dinmensional REAL
arrays, dinmensioned ARCINM I GH) and Al (NM I GH).

I NT contains information on the rows and col ums
i nterchanged in the reduction by COVHES. Only
el enents LOWthrough 1GH are used. INT is a
one-di mensi onal | NTEGER array, dinensioned |INT(IGH).

Mis the nunber of eigenvectors to be back transforned.
Mis an | NTEGER vari abl e.

ZR and ZlI contain the real and inmaginary parts, respectively,
of the eigenvectors to be back transforned in their first M
columms. ZR and ZI are two-di mensional REAL arrays,
di nrensi oned ZR(NM M and ZI (NM M .
On OUTPUT

ZR and ZI contain the real and inmaginary parts, respectively,
of the transformed eigenvectors in their first M colums.

Questions and comments should be directed to B. S. Garbow,
APPLI ED MATHENMATI CS DI VI SI ON, ARGONNE NATI ONAL LABORATORY
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***REFERENCES B. T. Snith, J. M Boyle, J. J. Dongarra, B. S. Garbow,
Y. Ikebe, V. C. Klema and C. B. Mler, Mitrix Eigen-
system Routi nes - ElI SPACK Gui de, Springer-Verl ag,
1976.

*** ROUTI NES CALLED ( NONE)

***REVI SI ON HI STORY ( YYMVDD)

760101 DATE WRI TTEN

890831 Modified array declarations. (WRB)

890831 REVI SI ON DATE from Version 3.2

891214 Prol ogue converted to Version 4.0 format. (BAB)
920501 Reformatted the REFERENCES section. (WRB)

END PROLOGUE
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COMHES

SUBROUTI NE COVHES (NM N, LOW 1GH, AR Al, INI)

*** BEG N PROLOGUE COVHES

***PURPOSE Reduce a conplex general matrix to conpl ex upper Hessenberg
formusing stabilized elementary simlarity
transformati ons.

***| | BRARY  SLATEC ( El SPACK)

*** CATEGORY D4Cl1B2

*** TYPE COWLEX (ELMHES-S, COVHES- C)

*** KEYWORDS EI GENVALUES, EI GENVECTORS, EI SPACK

***AUTHOR Smith, B. T., et al.

*** DESCRI PTI ON

This subroutine is a translation of the ALGOL procedure COVHES,
NUM MATH. 12, 349-368(1968) by Martin and WI ki nson.
HANDBOOK FOR AUTO. COWP., VOL.I11-LI NEAR ALGEBRA, 339-358(1971).

G ven a COVPLEX GENERAL matrix, this subroutine
reduces a submatrix situated in rows and col ums
LOWNVthrough | GH to upper Hessenberg form by
stabilized elementary simlarity transformations.

On | NPUT

NM nust be set to the row di mension of the two-dinensional
array paranmeters, AR and Al, as declared in the calling
program di nension statenent. NMis an | NTECER vari abl e.

Nis the order of the matrix A=(AR Al). N is an | NTEGER
variable. N nust be less than or equal to NM

LOWVWand IGH are two | NTEGER vari abl es determi ned by the
bal anci ng subroutine CBAL. |If CBAL has not been used,
set LOML1 and I GH equal to the order of the matrix, N

AR and Al contain the real and inmginary parts, respectively,
of the conplex input matrix. AR and Al are two-di nensional
REAL arrays, dinensioned ARCNM N) and Al (NM N).

On QUTPUT

AR and Al contain the real and inmginary parts, respectively,
of the upper Hessenberg matrix. The nultipliers which
were used in the reduction are stored in the renaining
triangl es under the Hessenberg matri Xx.

I NT contains information on the rows and col umms
interchanged in the reduction. Only elenents LOWt hrough
|GH are used. |INT is a one-dinensional |NTEGER array,

di mensi oned I NT(I1GH).

Calls CDIV for conpl ex division.

Questions and conmments should be directed to B. S. Garbow,
APPLI ED MATHEMATI CS DI VI SI ON, ARGONNE NATI ONAL LABORATORY
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***REFERENCES B. T. Smith, J. M Boyle, J. J. Dongarra, B. S. Garbow,
Y. Ikebe, V. C Klema and C. B. Mler, Mitrix Eigen-
system Routines - ElI SPACK Gui de, Springer-Verl ag,
1976.

*** ROUTI NES CALLED CDIV

***REVI SI ON HI STORY ( YYMVDD)

760101 DATE WRI TTEN

890831 Modified array declarations. (WRB)

890831 REVI SI ON DATE from Version 3.2

891214 Prol ogue converted to Version 4.0 format. (BAB)
920501 Reformatted the REFERENCES section. (WRB)

END PROLOGUE
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COMLR

SUBROUTINE COMLR (NM N, LOW IGH HR H, W W, |IERR
*** BEG N PROLOGUE COMLR
***PURPOSE Conpute the eigenval ues of a conpl ex upper Hessenberg
matri x using the nodified LR nethod.
***| | BRARY  SLATEC ( El SPACK)
*** CATEGORY D4C2B
*** TYPE COVWPLEX (COMLR- Q)
*** KEYWORDS EI GENVALUES, EI SPACK, LR METHOD
***AUTHOR Snmith, B. T., et al
*** DESCRI PTI ON

This subroutine is a translation of the ALGOL procedure COVLR
NUM MATH. 12, 369-376(1968) by Martin and W/ ki nson.
HANDBOOK FOR AUTO. COWP., VOL.II-LI NEAR ALGEBRA, 396-403(1971).

This subroutine finds the eigenval ues of a COVPLEX
UPPER Hessenberg matrix by the nodified LR nethod.

On | NPUT

NM rmust be set to the row di mensi on of the two-di nensi onal
array paranmeters, HR and HI, as declared in the calling
program di mension statenent. NMis an | NTEGER vari abl e.

Nis the order of the matrix H=E(HR H'). N is an | NTEGER
variable. N nust be less than or equal to NM

LOWand | GH are two | NTEGER vari abl es determ ned by the
bal ancing subroutine CBAL. |If CBAL has not been used,
set LOM1 and I GH equal to the order of the matrix, N

HR and HI contain the real and inmginary parts, respectively,
of the conpl ex upper Hessenberg matrix. Their |ower
triangl es bel ow t he subdi agonal contain the nultipliers
which were used in the reduction by COVHES, if perforned.
HR and H are two-dinensional REAL arrays, dinensioned
HR(NM N) and HI (NM N).

On OUTPUT
The upper Hessenberg portions of HR and H have been
destroyed. Therefore, they nmust be saved before calling
COMLR if subsequent cal cul ation of eigenvectors is to
be perfornmed.

WR and W contain the real and imaginary parts, respectively,

of the eigenval ues of the upper Hessenberg matrix. [If an
error exit is nade, the eigenval ues should be correct for
indices |ERR+1, IERR+2, ..., N WR and W are one-

di mensi onal REAL arrays, dinmensioned WR(N) and W (N).

IERR is an I NTEGER flag set to
Zero for normal return
J if the J-th eigenval ue has not been
determ ned after a total of 30*N iterations.
The ei genval ues should be correct for indices
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| ERR+1, IERR+2, ..., N

Cal |l s CSROOT for conpl ex square root.
Calls CDIV for conpl ex division.

Questions and conmments should be directed to B. S. Garbow,
APPLI ED MATHEMATI CS DI VI SI ON, ARGONNE NATI ONAL LABORATORY

***REFERENCES B. T. Smith, J. M Boyle, J. J. Dongarra, B. S. Garbow,
Y. lkebe, V. C. Klema and C. B. Mler, Mitrix Eigen-
system Routi nes - EI SPACK Gui de, Springer-Verl ag,
1976.

***ROUTI NES CALLED CDIV, CSROOT

***REVI SI ON HI STORY ( YYMVDD)

760101 DATE WRI TTEN

890831 Modified array declarations. (VRB)

890831 REVI SI ON DATE from Version 3.2

891214 Prol ogue converted to Version 4.0 format. (BAB)
920501 Reformatted the REFERENCES section. (WRB)

END PROLOGUE
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COMLR2

SUBROUTINE COMLR2 (NM N, LOW 1GH, INT, HRz H, WR W, ZR Z
+ | ERR)

***BEA N PROLOGUE COMLR2

***PURPOSE Conpute the eigenval ues and ei genvectors of a conpl ex upper

Hessenberg matrix using the nodified LR nethod.

***| | BRARY  SLATEC ( El SPACK)

*** CATEGORY D4C2B

*** TYPE COVWPLEX ( COMLR2- Q)

*** KEYWORDS EI GENVALUES, EI GENVECTORS, EI SPACK, LR METHOD

*** AUTHOR Smith, B. T., et al

*** DESCRI PTI ON

This subroutine is a translation of the ALGOL procedure COVMLR2,
NUM MATH. 16, 181-204(1970) by Peters and W/ ki nson.
HANDBOOK FOR AUTO. COWP., VOL.I11-LI NEAR ALGEBRA, 372-395(1971).

Thi s subroutine finds the eigenval ues and ei genvectors
of a COVPLEX UPPER Hessenberg matrix by the nodified LR
met hod. The eigenvectors of a COVWLEX GENERAL natri X
can also be found if COWHES has been used to reduce
this general matrix to Hessenberg form

On | NPUT

NM nust be set to the row di mension of the two-dinensional
array paraneters, HR, H, ZR and ZI, as declared in the
calling program di nension statenent. NMis an | NTEGER
vari abl e.

Nis the order of the matrix H=E(HR, H). N is an | NTEGER
variable. N nust be less than or equal to NM

LOWand IGH are two | NTEGER vari abl es deterni ned by the
bal anci ng subroutine CBAL. |If CBAL has not been used,
set LOM1 and | GH equal to the order of the matrix, N

I NT contains information on the rows and col ums
i nterchanged in the reduction by COVHES, if perforned.
Only elenents LOWthrough 1 GH are used. |If you want the
ei genvectors of a conplex general matrix, leave INT as it
cane from COVHES. |f the eigenvectors of the Hessenberg
matrix are desired, set INT(J)=J for these elenents. |INT
is a one-di nensional | NTEGER array, dinensioned |NT(IGH).

HR and H contain the real and inmaginary parts, respectively,
of the conpl ex upper Hessenberg matrix. Their |ower
triangl es bel ow the subdi agonal contain the nmultipliers
which were used in the reduction by COVHES, if perforned.
If the eigenvectors of a conplex general matrix are
desired, leave these nmultipliers in the | ower triangles.

If the eigenvectors of the Hessenberg matrix are desired,
these el enents nust be set to zero. HR and H are

t wo- di mensi onal REAL arrays, dinmensioned HR(NM N) and

H (NM N) .

On QUTPUT
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The upper Hessenberg portions of HR and H have been
destroyed, but the location HR(1,1) contains the norm
of the triangularized matri x.

WR and W contain the real and inmginary parts, respectively,

of the eigenval ues of the upper Hessenberg matrix. If an
error exit is nade, the eigenval ues should be correct for
indices |ERR+1, IERR+2, ..., N WR and W are one-

di mensi onal REAL arrays, dinmensioned WR(N) and W (N).

ZR and ZI contain the real and inmaginary parts, respectively,
of the eigenvectors. The eigenvectors are unnornalized.
If an error exit is nmade, none of the eigenvectors has been
found. ZR and ZI are two-di nensi onal REAL arrays,
di mensi oned ZR(NM N) and ZI (NM N).

IERR is an I NTEGER flag set to
Zero for normal return,
J if the J-th eigenval ue has not been
determ ned after a total of 30*N iterations.
The ei genval ues should be correct for indices
| ERR+1, TERR+2, ..., N, but no eigenvectors are
conput ed.

Cal | s CSROOT for conpl ex square root.
Calls CDV for conpl ex division.

Questions and conmments should be directed to B. S. Garbow,
APPLI ED MATHEMATI CS DI VI SI ON, ARGONNE NATI ONAL LABORATORY

***REFERENCES B. T. Snith, J. M Boyle, J. J. Dongarra, B. S. Garbow,
Y. Ikebe, V. C. Klema and C. B. Mler, Mitrix Eigen-
system Routi nes - ElI SPACK Cui de, Springer-Verl ag,
1976.

*** ROUTI NES CALLED CDI'V, CSROOT

***REVI SI ON HI STORY ( YYMVDD)

760101 DATE WRI TTEN

890531 Changed all specific intrinsics to generic. (WRB)
890831 Modified array declarations. (VRB)

890831 REVI SI ON DATE from Version 3.2

891214 Prol ogue converted to Version 4.0 format. (BAB)
920501 Reformatted the REFERENCES section. (WRB)

END PROLOGUE
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COMQR

SUBROUTINE COMQR (NM N, LOW IGH HR H, W W, |IERR
***BEG N PROLOGUE COMXR
***PURPOSE Conput e the eigenval ues of conpl ex upper Hessenberg matri X
usi ng the QR met hod.
***| | BRARY  SLATEC ( El SPACK)
*** CATEGORY D4C2B
*** TYPE COWPLEX (HQR-S, COMQR- C)
*** KEYWORDS EI GENVALUES, EI GENVECTORS, EI SPACK
***AUTHOR Snmith, B. T., et al
*** DESCRI PTI ON

This subroutine is a translation of a unitary anal ogue of the
ALGOL procedure COMLR, NUM MATH. 12, 369-376(1968) by Martin
and W ki nson.

HANDBOOK FOR AUTO. COWP., VOL.II-LI NEAR ALGEBRA, 396-403(1971).
The unitary anal ogue substitutes the QR algorithmof Francis
(COwP. JOUR. 4, 332-345(1962)) for the LR algorithm

This subroutine finds the eigenval ues of a COVPLEX
upper Hessenberg nmatrix by the QR nethod.

On | NPUT

NM nust be set to the row di mension of the two-dinensional
array parameters, HR and H, as declared in the calling
program di nension statenent. NMis an | NTECER vari abl e.

Nis the order of the matrix HF(HR H'). N is an | NTEGER
variable. N nust be less than or equal to NM

LOWVWand IGH are two | NTEGER vari abl es determi ned by the
bal anci ng subroutine CBAL. |If CBAL has not been used,
set LOML1 and I GH equal to the order of the matrix, N

HR and HI contain the real and inmaginary parts, respectively,
of the conpl ex upper Hessenberg matrix. Their | ower
triangl es bel ow the subdi agonal contain information about
the unitary transformations used in the reduction by CORTH,
if performed. HR and H are two-di nensi onal REAL arrays,
di mensi oned HR(NM N) and H (NM N).

On OUTPUT
The upper Hessenberg portions of HR and H have been
destroyed. Therefore, they nust be saved before calling
COMR if subsequent cal cul ation of eigenvectors is to
be perforned.

WR and W contain the real and inmaginary parts, respectively,

of the eigenval ues of the upper Hessenberg matrix. If an
error exit is nade, the eigenval ues should be correct for
indices ERR+1, IERR+2, ..., N WR and W are one-

di mensi onal REAL arrays, dinensioned WR(N) and W(N).

|ERR is an I NTEGER flag set to
Zero for normal return,
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J if the J-th eigenval ue has not been
determ ned after a total of 30*N iterations.
The ei genval ues should be correct for indices
| ERR+1, IERR+2, ..., N

Calls CSROOT for conplex square root.
Calls PYTHAG A B) for sqrt(A**2 + B**2).
Calls CDIV for conpl ex division.

Questions and comments should be directed to B. S. Garbow,
APPLI ED MATHEMATI CS DI VI SI ON, ARGONNE NATI ONAL LABORATORY

***REFERENCES B. T. Snith, J. M Boyle, J. J. Dongarra, B. S. Garbow,
Y. Ikebe, V. C. Klema and C. B. Mler, Mitrix Eigen-
system Routines - ElI SPACK Gui de, Springer-Verl ag,
1976.

***ROUTI NES CALLED CDIV, CSROOT, PYTHAG

***REVI SI ON HI STORY ( YYMVDD)

760101 DATE WRI TTEN

890531 Changed all specific intrinsics to generic. (WRB)
890831 Modified array declarations. (VRB)

890831 REVI SI ON DATE from Version 3.2

891214 Prol ogue converted to Version 4.0 format. (BAB)
920501 Reformatted the REFERENCES section. (WRB)

END PROLOGUE
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COMQR?2

SUBROQUTINE COMR2 (NM N, LOW I1GH ORTR ORTlI, HR H, W W,
ZR, ZI, 1ERR)

***BEA N PROLOGUE COVOR2
***PURPOSE Conpute the eigenval ues and ei genvectors of a conpl ex upper

***LI

Hessenberg matri x.
BRARY  SLATEC ( ElI SPACK)

*** CATEGORY D4C2B
* %% TYPE COWPLEX (HQR2-S, COMQR2- Q)

*** KEYWORDS ~El GENVALUES, EI GENVECTORS, ElI SPACK
*** AUTHOR Smith, B. T., et al.

*%* DESCR| PTI ON

This subroutine is a translation of a unitary anal ogue of the
ALGOL procedure COMLR2, NUM MATH. 16, 181-204(1970) by Peters
and W/ ki nson.

HANDBOOK FOR AUTO. COWP., VOL.II-LI NEAR ALGEBRA, 372-395(1971).
The unitary anal ogue substitutes the QR algorithm of Francis
(COw. JOUR 4, 332-345(1962)) for the LR algorithm

This subroutine finds the eigenval ues and ei genvectors
of a COVWPLEX UPPER Hessenberg matrix by the QR

nmet hod. The eigenvectors of a COVWLEX GENERAL matri X
can also be found if CORTH has been used to reduce
this general matrix to Hessenberg form

On | NPUT

NM nmust be set to the row di nension of the two-di nensional
array paranmeters, HR H, ZR and ZlI, as declared in the
calling programdi nension statenent. NMis an | NTEGER
vari abl e.

Nis the order of the matrix H=E(HR H'). N is an | NTEGER
variable. N nust be |less than or equal to NM

LOWVWand I GH are two | NTEGER vari abl es determni ned by the
bal anci ng subroutine CBAL. |If CBAL has not been used,
set LOML1 and I GH equal to the order of the matrix, N

ORTR and ORTI contain information about the unitary trans-
formati ons used in the reduction by CORTH, if perfornmed.
Only elenents LOWthrough | GH are used. |f the eigenvectors
of the Hessenberg natrix are desired, set ORTR(J) and
ORTI(J) to O0.0EO for these elenments. ORTR and ORTI are
one-di mensi onal REAL arrays, dinensioned ORTR(IGH) and

ORTI (1 GH) .

HR and HI contain the real and inmaginary parts, respectively,
of the conpl ex upper Hessenberg matrix. Their |ower
triangl es bel ow t he subdi agonal contain information about
the unitary transformations used in the reduction by CORTH,
if performed. |If the eigenvectors of the Hessenberg matrix
are desired, these elenents may be arbitrary. HR and Hi
are two-di mensi onal REAL arrays, dinensioned HR(NM N) and

H (NM N).
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On QUTPUT

ORTR, ORTIl, and the upper Hessenberg portions of HR and HI
have been destroyed.

WR and W contain the real and inmginary parts, respectively,

of the eigenval ues of the upper Hessenberg matrix. If an
error exit is nade, the eigenval ues should be correct for
indices |ERR+1, IERR+2, ..., N WR and W are one-

di mensi onal REAL arrays, dinmensioned WR(N) and W (N).

ZR and ZI contain the real and inmaginary parts, respectively,
of the eigenvectors. The eigenvectors are unnornalized.
If an error exit is nmade, none of the eigenvectors has been
found. ZR and ZI are two-di nensi onal REAL arrays,
di mensi oned ZR(NM N) and ZI (NM N).

IERR is an I NTEGER flag set to
Zero for normal return,
J if the J-th eigenval ue has not been
determ ned after a total of 30*N iterations.
The ei genval ues should be correct for indices
| ERR+1, TERR+2, ..., N, but no eigenvectors are
conput ed.

Cal |l s CSROOT for conpl ex square root.
Calls PYTHAG(A B) for sqgrt(A**2 + B**2).
Calls CDIV for conpl ex division.

Questions and conmments should be directed to B. S. Garbow,
APPLI ED MATHEMATI CS DI VI SI ON, ARGONNE NATI ONAL LABORATORY

***REFERENCES B. T. Snmith, J. M Boyle, J. J. Dongarra, B. S. Garbow,
Y. lkebe, V. C. Klema and C. B. Mler, Mitrix Eigen-
system Routi nes - EI SPACK Gui de, Springer-Verl ag,
1976.

***ROUTI NES CALLED CDIV, CSROOT, PYTHAG

***REVI SI ON HI STORY ( YYMVDD)

760101 DATE WRI TTEN

890531 Changed all specific intrinsics to generic. (WRB)
890831 Modified array declarations. (VRB)

890831 REVI SI ON DATE from Version 3.2

891214 Prol ogue converted to Version 4.0 format. (BAB)
920501 Reformatted the REFERENCES section. (WRB)

END PROLOGUE
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CORTB

SUBROUTI NE CORTB (NM LOW ICGH AR Al, ORTR ORTlI, M ZR Z)

***BEG N PROLOGUE CORTB

***PURPOSE Form the eigenvectors of a conplex general matrix from
ei genvectors of upper Hessenberg matrix output from
CORTH.

***| | BRARY  SLATEC ( El SPACK)

*** CATEGORY DACA

***TYPE COWPLEX (ORTBAK-S, CORTB-CQ)

*** KEYWORDS EI GENVALUES, EI GENVECTORS, EI SPACK

***AUTHOR Smith, B. T., et al.

*** DESCRI PTI ON

This subroutine is a translation of a conpl ex anal ogue of

the ALGOL procedure ORTBAK, NUM MATH. 12, 349-368(1968)

by Martin and W1 ki nson.

HANDBOOK FOR AUTO. COWP., VOL.II-LI NEAR ALGEBRA, 339-358(1971).

This subroutine forms the eigenvectors of a COVPLEX GENERAL
matri x by back transforning those of the corresponding
upper Hessenberg matrix determ ned by CORTH.

On | NPUT

NM nust be set to the row di mension of the two-dinensional
array paraneters, AR, Al, ZR and ZI, as declared in the
calling program di nension statenment. NMis an | NTEGER
vari abl e.

LONVand | GH are two | NTECGER vari abl es determ ned by the
bal anci ng subroutine CBAL. |If CBAL has not been used,
set LOML and I GH equal to the order of the matrix.

AR and Al contain information about the unitary trans-
formations used in the reduction by CORTH in their
strict lower triangles. AR and Al are two-dinmensional
REAL arrays, dinensioned ARCNM IGH) and Al (NM | GH).

ORTR and ORTI contain further information about the unitary
transformati ons used in the reduction by CORTH Only
el ements LOWthrough I GH are used. ORTR and ORTI are
one-di nensi onal REAL arrays, dinensioned ORTR(IGH) and

ORTI (I GH) .

Mis the nunmber of columms of Z=(ZR ZlI) to be back transforned.

Mis an | NTEGER vari abl e.

ZR and ZI contain the real and inmaginary parts, respectively,
of the eigenvectors to be back transfornmed in their first
M colums. ZR and ZI are two-di nensional REAL arrays,
di rensioned ZR(NM M and ZI(NM M.

On QUTPUT

ZR and ZI contain the real and inmagi nary parts, respectively,

of the transfornmed eigenvectors in their first M colums.
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ORTR and ORTI have been altered.
Not e that CORTB preserves vector Euclidean norms.

Questions and conmments should be directed to B. S. Garbow,
APPLI ED MATHEMATI CS DI VI SI ON, ARGONNE NATI ONAL LABORATORY

***REFERENCES B. T. Snith, J. M Boyle, J. J. Dongarra, B. S. Garbow,
Y. Ikebe, V. C. Klema and C. B. Mler, Mutrix Eigen-
system Routi nes - ElI SPACK Cui de, Springer-Verl ag,
1976.

*** ROUTI NES CALLED ( NONE)

***REVI SI ON HI STORY ( YYMVDD)

760101 DATE WRI TTEN

890831 Modified array declarations. (VRB)

890831 REVI SI ON DATE from Version 3.2

891214 Prol ogue converted to Version 4.0 format. (BAB)
920501 Reformatted the REFERENCES section. (WRB)

END PROLOGUE
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CORTH

SUBROUTI NE CORTH (NM N, LOW IGH AR Al, ORTR ORTI)
*** BEG N PROLOGUE CORTH
***PURPOSE Reduce a conplex general matrix to conpl ex upper Hessenberg
formusing unitary simlarity transformations.
***| | BRARY  SLATEC ( El SPACK)
*** CATEGORY D4C1B2
*** TYPE COVWPLEX (ORTHES-S, CORTH C)
*** KEYWORDS EI GENVALUES, EI GENVECTORS, EI SPACK
*** AUTHOR Smith, B. T., et al.
*** DESCRI PTI ON

This subroutine is a translation of a conpl ex anal ogue of

the ALGOL procedure ORTHES, NUM MATH. 12, 349-368(1968)

by Martin and W1 ki nson.

HANDBOOK FOR AUTO. COWP., VOL.II-LI NEAR ALGEBRA, 339-358(1971).

G ven a COVPLEX GENERAL matrix, this subroutine
reduces a submatrix situated in rows and col ums
LOWVthrough | GH to upper Hessenberg form by
unitary simlarity transformations.

On | NPUT

NM nust be set to the row di mension of the two-dinensional
array paranmeters, AR and Al, as declared in the calling
program di nension statenent. NMis an | NTECER vari abl e.

Nis the order of the matrix A=(AR Al). N is an | NTEGER
variable. N nust be less than or equal to NM

LOWVWand IGH are two | NTEGER vari abl es determi ned by the
bal anci ng subroutine CBAL. |If CBAL has not been used,
set LOML1 and I GH equal to the order of the matrix, N

AR and Al contain the real and inmginary parts, respectively,
of the conplex input matrix. AR and Al are two-di nensional
REAL arrays, dinensioned ARCNM N) and Al (NM N).

On QUTPUT

AR and Al contain the real and inmginary parts, respectively,
of the Hessenberg matrix. Information about the unitary
transformati ons used in the reduction is stored in the
remai ning triangl es under the Hessenberg matri x.

ORTR and ORTI contain further information about the unitary
transformations. Only elements LOWthrough | GH are used.
ORTR and ORTI are one-dinmensional REAL arrays, dinensioned
ORTR(I GH) and ORTI (1 GH).

Calls PYTHAG A B) for sqgrt(A**2 + B**2).

Questions and conmments should be directed to B. S. Garbow,
APPLI ED MATHEMATI CS DI VI SI ON, ARGONNE NATI ONAL LABORATORY
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***REFERENCES B. T. Smith, J. M Boyle, J. J. Dongarra, B. S. Garbow,
Y. Ikebe, V. C Klema and C. B. Mler, Mitrix Eigen-
system Routines - ElI SPACK Gui de, Springer-Verl ag,
1976.

*** ROUTI NES CALLED PYTHAG

***REVI SI ON HI STORY ( YYMVDD)

760101 DATE WRI TTEN

890831 Modified array declarations. (WRB)

890831 REVI SI ON DATE from Version 3.2

891214 Prol ogue converted to Version 4.0 format. (BAB)
920501 Reformatted the REFERENCES section. (WRB)

END PROLOGUE
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COSDG

FUNCTI ON COSDG ( X)

***BEG N PROLOGUE COSDG

***PURPOSE Conpute the cosine of an argunent in degrees.

***| | BRARY  SLATEC ( FNLI B)

*** CATEGORY C4A

*** TYPE SI NGLE PRECI SI ON (COSDG- S, DCOSDG- D)

*** KEYWORDS COSI NE, DECGREES, ELEMENTARY FUNCTI ONS, FNLI B,
TRI GONOVETRI C

*** AUTHOR Ful l erton, W, (LANL)

*** DESCRI PTI ON

COsDE X) eval uates the cosine for real X in degrees.

*** REFERENCES  ( NONE)

*** ROUTI NES CALLED ( NONE)

***REVI SI ON HI STORY ( YYMVDD)
770601 DATE WRI TTEN
890531 Changed all specific intrinsics to generic. (WRB)
890531 REVI SI ON DATE from Version 3.2
891214 Prol ogue converted to Version 4.0 format. (BAB)
END PROLOGUE
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COSQB

SUBRQUTI NE COSB (N, X, WSAVE)
***BEG N PROLOGUE COS(B
***PURPOSE Conpute the unnormalized inverse cosine transform
***] | BRARY  SLATEC ( FFTPACK)
*** CATEGORY J1A3
***TYPE SI NGLE PREC!I SI ON ( COSQB- S)
*** KEYWORDS FFTPACK, | NVERSE COSI NE FOURI ER TRANSFORM
*** AUTHOR Swar ztrauber, P. N., (NCAR
*** DESCRI PTI ON

Subroutine COSQB conputes the fast Fourier transformof quarter
wave data. That is, COSQB conputes a sequence fromits
representation in terns of a cosine series with odd wave nunbers.
The transformis defined bel ow at output paranmeter X

COSB is the unnormalized inverse of COSQF since a call of COSB
followed by a call of COSQF will multiply the input sequence X
by 4*N.

The array WSAVE which is used by subroutine COS@B nust be
initialized by calling subroutine COSQ (N, WSAVE) .

| nput Paraneters

N the length of the array X to be transfornmed. The nethod
is nost efficient when Nis a product of small prines.

X an array which contains the sequence to be transforned

WSAVE a work array which nmust be di nensioned at | east 3*N+15
in the programthat calls COS@. The WSBAVE array nust be
initialized by calling subroutine COSQ (N, WSAVE), and a
di fferent WSAVE array nust be used for each different
value of N. This initialization does not have to be
repeated so long as N remmi ns unchanged. Thus subsequent
transforms can be obtained faster than the first.

Qut put Paraneters
X For I=1,...,N
X(1)= the sumfrom K=1 to K=N of
2* X(K)*COS((2*K-1)*(1-21)*PI/ (2*N))
A call of COSQB followed by a call of
COsQF will multiply the sequence X by 4*N.
Therefore COSQF is the unnornalized inverse
of COSQ@B.

WSAVE contains initialization cal cul ati ons whi ch must not
be destroyed between calls of COS@ or COSCF.

***REFERENCES P. N. Swar ztrauber, Vectorizing the FFTs, in Parall el
Comput ations (G Rodrigue, ed.), Academic Press,
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1982, pp. 51-83.
***ROUTI NES CALLED COS(B1
***REVI S| ON HI STORY  ( YYMVDD)
790601 DATE WRI TTEN
830401 Modified to use SLATEC library source file format.
860115 Modified by Ron Boisvert to adhere to Fortran 77 by
(a) changing dunmy array size declarations (1) to (*),
(b) changing definition of variable TSQRT2 by using
FORTRAN intrinsic function SQRT instead of a DATA
st at enent .
861211 REVI SI ON DATE from Version 3.2
881128 Modified by Dick Valent to neet prol ogue standards.
891214 Prol ogue converted to Version 4.0 format. (BAB)
920501 Reformatted the REFERENCES section. (WRB)
END PROLOGUE
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COSQF

SUBRQUTI NE COSQF (N, X, WSAVE)
*** BEG N PROLOGUE COSQF
***PURPOSE Conpute the forward cosine transformw th odd wave nunbers.
***] | BRARY  SLATEC ( FFTPACK)
*** CATEGORY J1A3
***TYPE SI NGLE PREC!I SI ON ( COSQF- S)
*** KEYWORDS COSI NE FOURI ER TRANSFORM  FFTPACK
*** AUTHOR Swar ztrauber, P. N., (NCAR
*** DESCRI PTI ON

Subrouti ne COSQF conputes the fast Fourier transformof quarter
wave data. That is, COSQF conputes the coefficients in a cosine
series representation with only odd wave nunbers. The transform
is defined bel ow at Qutput Paraneter X

COSQF is the unnormalized inverse of COSQB since a call of COSQF
followed by a call of COS@B will multiply the input sequence X
by 4*N.

The array WSAVE which i s used by subroutine COSQF nust be
initialized by calling subroutine COSQ (N, WSAVE) .

| nput Paraneters

N the length of the array X to be transfornmed. The nethod
is nost efficient when Nis a product of small prines.

X an array which contains the sequence to be transforned

WSAVE a work array which nmust be di nensioned at | east 3*N+15
in the programthat calls COSQ-. The WBAVE array nust be
initialized by calling subroutine COSQ (N, WSAVE), and a
di fferent WSAVE array nust be used for each different
value of N. This initialization does not have to be
repeated so long as N remmi ns unchanged. Thus subsequent
transforms can be obtained faster than the first.

Qut put Paraneters

X For I=1,...,N
X(1) = X(1) plus the sumfrom K=2 to K=N of

2* X(K)*COs((2*1-1)*(K-1)*PI/ (2*N))

A call of COSQF followed by a call of
Cos@B will multiply the sequence X by 4*N.
Therefore COSB is the unnormalized inverse
of COSQF.

WSAVE contains initialization cal cul ati ons whi ch must not
be destroyed between calls of COSQF or COS(B.

***REFERENCES P. N. Swar ztrauber, Vectorizing the FFTs, in Parall el
Comput ations (G Rodrigue, ed.), Academic Press,
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1982, pp. 51-83.
***ROUTI NES CALLED COSQF1
***REVI S| ON HI STORY  ( YYMVDD)
790601 DATE WRI TTEN
830401 Modified to use SLATEC library source file format.
860115 Modified by Ron Boisvert to adhere to Fortran 77 by
(a) changing dunmy array size declarations (1) to (*),
(b) changing definition of variable SQRT2 by using
FORTRAN intrinsic function SQRT instead of a DATA
st at enent .
861211 REVI SI ON DATE from Version 3.2
881128 Modified by Dick Valent to neet prol ogue standards.
891214 Prol ogue converted to Version 4.0 format. (BAB)
920501 Reformatted the REFERENCES section. (WRB)
END PROLOGUE
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COSQI

SUBROUTI NE COSQ (N, WBAVE)
***BEG N PROLOGUE COsQ
***PURPOSE I nitialize a work array for COSQF and COS(B.
***| | BRARY  SLATEC ( FFTPACK)
*** CATEGORY J1A3
*** TYPE SI NGLE PRECI SI ON (CCsQ - S)
*** KEYWORDS COSI NE FOURI ER TRANSFORM  FFTPACK
*** AUTHOR Swar ztrauber, P. N., (NCAR
*** DESCRI PTI ON

Subroutine COSQ initializes the work array WBAVE which is used in
both COSQF1 and COS@B1l. The prine factorization of N together with
a tabulation of the trigononmetric functions are conputed and
stored in WSAVE.

I nput Par anet er

N the length of the array to be transforned. The nethod
is nost efficient when Nis a product of small prines.

Qut put Par anet er

WEAVE a work array which nust be di nensioned at | east 3*N+15.
The same work array can be used for both COSQF1 and COSQB1
as long as N remai ns unchanged. Different WSAVE arrays
are required for different values of N. The contents of
WBAVE rust not be changed between calls of COSQF1 or COSQBL.

*** REFERENCES P. N. Swarztrauber, Vectorizing the FFTs, in Parall el
Comput ations (G Rodrigue, ed.), Acadenic Press,
1982, pp. 51-83.
*** ROUTI NES CALLED RFFTI
***REVI SI ON HI STORY ( YYMVDD)
790601 DATE WRI TTEN
830401 Modified to use SLATEC |library source file fornmat.
860115 Modified by Ron Boisvert to adhere to Fortran 77 by
(a) changing dunmmy array size declarations (1) to (*),
(b) changing references to intrinsic function FLOAT
to REAL, and
(c) changing definition of variable PIH by using
FORTRAN intrinsic function ATAN i nstead of a DATA
st at enent .
881128 Modified by Dick Valent to neet prol ogue standards.
890531 Changed all specific intrinsics to generic. (WRB)
890531 REVI SI ON DATE from Version 3.2
891214 Prol ogue converted to Version 4.0 format. (BAB)
920501 Reformatted the REFERENCES section. (WRB)
END PROLOGUE

S ATEC2 (AAAAAA through DOUPAK) - 341



COST

SUBRQUTI NE COST (N, X, WSAVE)
*** BEG N PROLOGUE COST
***PURPOSE Conpute the cosine transformof a real, even sequence.
***] | BRARY  SLATEC ( FFTPACK)
*** CATEGORY J1A3
***TYPE SI NGLE PREC!I SI ON ( COST- S)
*** KEYWORDS COSI NE FOURI ER TRANSFORM  FFTPACK
*** AUTHOR Swar ztrauber, P. N., (NCAR
*** DESCRI PTI ON

Subroutine COST conputes the discrete Fourier cosine transform
of an even sequence X(I). The transformis defined bel ow at out put
paranmeter X

COST is the unnormalized inverse of itself since a call of COST
foll owed by another call of COST will rmultiply the input sequence
X by 2*(N-1). The transformis defined bel ow at output paraneter X

The array WSAVE which is used by subroutine COST nust be
initialized by calling subroutine COSTI (N, WSAVE) .

| nput Paraneters
N the length of the sequence X. N nmust be greater than 1.
The nmethod is nost efficient when NN1 is a product of
smal | prines.
X an array which contains the sequence to be transforned
WEAVE a work array which nust be di nensioned at | east 3*N+15
in the programthat calls COST. The WSAVE array nust be
initialized by calling subroutine COSTI (N, WSAVE), and a
di fferent WSAVE array nust be used for each different
value of N. This initialization does not have to be
repeated so long as N remai ns unchanged. Thus subsequent
transforms can be obtained faster than the first.
Qut put Paraneters
X For 1=1,...,N
X(1) = X(1)+(-1)**(1-1)*X(N)
+ the sumfromK=2 to K=N-1
2*X(K)*COS((K-1)*(1-1)*PI/ (N-1))
A call of COST foll owed by another call of
COST will multiply the sequence X by 2*(N-1).
Hence COST is the unnormalized inverse
of itself.

WSAVE contains initialization cal cul ati ons whi ch nust not be
destroyed between calls of COST.

***REFERENCES P. N. Swar ztrauber, Vectorizing the FFTs, in Parall el
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Comput ations (G Rodrigue, ed.), Acadenic Press,
1982, pp. 51-83.

**xROUTI NES CALLED RFFTF
***REVI S| ON HI STORY  ( YYMVDD)

790601 DATE WRI TTEN

830401 Modified to use SLATEC |library source file format.

860115 Modified by Ron Boisvert to adhere to Fortran 77 by
changi ng dummy array size declarations (1) to (*)

861211 REVI SI ON DATE from Version 3.2

881128 Modified by Dick Valent to neet prol ogue standards.

891214 Prol ogue converted to Version 4.0 format. (BAB)

920501 Reformatted the REFERENCES section. (WRB)

END PROLOGUE
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COSTI

SUBROUTI NE COSTI (N, WBAVE)
***BEG N PROLOGUE COSTI
***PURPCSE Initialize a work array for COST.
***] | BRARY  SLATEC ( FFTPACK)
*** CATEGORY J1A3
*** TYPE SI NGLE PRECI SI ON ( COSTI - S)
*** KEYWORDS COSI NE FOURI ER TRANSFORM  FFTPACK
*** AUTHOR Swar ztrauber, P. N., (NCAR
*** DESCRI PTI ON

Subroutine COSTI initializes the array WSAVE which is used in
subroutine COST. The prinme factorization of N together with
a tabulation of the trigononmetric functions are conputed and
stored in WSAVE.

I nput Par anet er

N the length of the sequence to be transforned. The nethod
is nost efficient when NN1 is a product of small prines.

Qut put Par anet er

WEAVE a work array which nust be di nensioned at | east 3*N+15.
Different WSAVE arrays are required for different val ues
of N. The contents of WSAVE nust not be changed between
call s of COST.

***REFERENCES P. N. Swar ztrauber, Vectorizing the FFTs, in Parallel
Comput ations (G Rodrigue, ed.), Academ c Press,
1982, pp. 51-83.
***ROUTI NES CALLED RFFTI
***REVI S| ON HI STORY  ( YYMVDD)
790601 DATE WRI TTEN
830401 Modified to use SLATEC library source file format.
860115 Modified by Ron Boisvert to adhere to Fortran 77 by
(a) changing dunmy array size declarations (1) to (*),
(b) changing references to intrinsic function FLOAT
to REAL, and
(c) changing definition of variable Pl by using
FORTRAN intrinsic function ATAN i nstead of a DATA
st at enent .
881128 Modified by Dick Valent to neet prol ogue standards.
890531 Changed all specific intrinsics to generic. (WRB)
890531 REVI SI ON DATE from Version 3.2
891214 Prol ogue converted to Version 4.0 format. (BAB)
920501 Reformatted the REFERENCES section. (WRB)
END PROLOGUE

S ATEC2 (AAAAAA through DOUPAK) - 344



COT

FUNCTI ON COT ( X)
***BEG N PROLOGUE COT
***PURPOSE Conput e the cotangent.

*** || BRARY

SLATEC (FNLI B)

*** CATEGORY C4A

*%* TYPE

SI NGLE PRECI SI ON (COT-S, DCOT-D, CCOT-C)

*** KEYWORDS COTANGENT, ELEMENTARY FUNCTI ONS, FNLI B, TRI GONOVETRI C
*** AUTHOR Ful l erton, W, (LANL)
*** DESCRI PTI ON

COr(X) cal culates the cotangent of the real argument X. X is in

units of

Series for

radi ans.

Cor on the interval 0. to 6.25000D 02

with weighted error

| og weighted error
significant figures required
deci mal pl aces required

*+* REFERENCES ~ ( NONE)
*+* ROUTI NES CALLED CSEVL, INITS, RLMACH, XERVBG
*+*REVI S| ON HI STORY  ( YYMVDD)

770601 DATE WRI TTEN

890531 Changed all specific intrinsics to generic. (WRB)
890531 REVI SI ON DATE from Version 3.2

891214 Prol ogue converted to Version 4.0 format. (BAB)
900315 CALLs to XERROR changed to CALLs to XERVBG  (THJ)
920618 Renpbved space fromvariable names. (RWC, WRB)
END PROLOGUE
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CPBCO

SUBROUTI NE CPBCO (ABD, LDA, N, M RCOND, Z, |NFO

*** BEG N PROLOGUE CPBCO

***PURPOSE Factor a conplex Hermitian positive definite matrix stored
in band formand estimate the condition nunber of the
mat ri x.

***| | BRARY  SLATEC (LI NPACK)

*** CATEGORY D2D2

***TYPE COWPLEX (SPBCO- S, DPBCO D, CPBCO Q)

*** KEYWORDS BANDED, CONDI TI ON NUMBER, LI NEAR ALGEBRA, LI NPACK,

MATRI X FACTORI ZATI ON, POSI Tl VE DEFI NI TE
*** AUTHOR Mdler, C B., (U of New Mexico)
*** DESCRI PTI ON

CPBCO factors a conplex Hernitian positive definite matrix
stored in band formand estimates the condition of the matri x.

If RCOND is not needed, CPBFA is slightly faster.
To solve A*X = B, follow CPBCO by CPBSL.

To conpute | NVERSE(A)*C , follow CPBCO by CPBSL.
To conpute DETERM NANT(A) , follow CPBCO by CPBDI .

On Entry
ABD COVWPLEX(LDA, N
the matrix to be factored. The colums of the upper
triangle are stored in the colums of ABD and the
di agonal s of the upper triangle are stored in the
rows of ABD . See the comments below for details.
LDA | NTEGER
the | eadi ng di nmension of the array ABD .
LDA nust be .GEE M+ 1 .
N | NTEGER
the order of the matrix A .
M | NTEGER
t he nunber of diagonal s above the main di agonal.
0O .LEE M.LT. N.
On Return
ABD an upper triangular matrix R, stored in band
form so that A = CTRANS(R) *R .
If INFO.NE. O, the factorization is not conplete.
RCOND  REAL

an estimate of the reciprocal condition of A .

For the system A*X = B, relative perturbations

in A and B of size EPSILON nmay cause

relative perturbations in X of size EPSILONV RCOND .

If RCOND is so small that the |ogical expression
1.0 + RCOND .EQ 1.0

is true, then A may be singular to working

precision. In particular, RCOND is zero if

exact singularity is detected or the estimate
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underflows. |If INFO.NE. 0, RCOND is unchanged.

z COVPLEX( N)
a work vector whose contents are usually uni nportant.
If A is singular to working precision, then Z is
an approximate null vector in the sense that
NORM A*Z) = RCOND* NORM A) * NORM Z)
If INFO.NE O, Z is unchanged.

I NFO | NTEGER

=0 for normal return.

= K signals an error condition. The |eading m nor

of order K is not positive definite.

Band Storage

If A is a Hernmitian positive definite band matri x,
the follow ng program segnent will set up the input.

M = (band wi dt h above di agonal)
DO20J =1, N
11 = MAX(1, J-M
DO10 I =11, J
K= 1-J+M+l
ABD(K,J) = A(l,J)
10 CONTI NUE
20 CONTI NUE

This uses M+ 1 rows of A, except for the Mby M
upper left triangle, which is ignored.

Exanple: If the original matrix is

11 12 13 0 0 O
12 22 23 24 0 O
13 23 33 34 35 O
0 24 34 44 45 46
0O O 35 45 55 56
0O O O 46 56 66

then N=6, M=2 and ABD should contain

* * 13 24 35 46
* 12 23 34 45 56
11 22 33 44 55 66

***REFERENCES J. J. Dongarra, J. R Bunch, C. B. Mdler, and G W
Stewart, LINPACK Users' Cuide, SIAM 1979.
*** ROUTI NES CALLED CAXPY, CDOTC, CPBFA, CSSCAL, SCASUM
***REVI SI ON HI STORY ( YYMVDD)
780814 DATE WRI TTEN
890531 Changed all specific intrinsics to generic. (WRB)
890831 Modified array declarations. (VRB)
890831 REVI SI ON DATE from Version 3.2
891214 Prol ogue converted to Version 4.0 format. (BAB)
900326 Renoved duplicate information from DESCRI PTI ON section
(V\RB)
920501 Reformatted the REFERENCES section. (WRB)
END PROLOGUE
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CPBDI

SUBROUTI NE CPBDI (ABD, LDA, N, M DET)

***BEA N PROLOGUE CPBDI

***PURPOSE Conpute the determinant of a conplex Hernmitian positive
definite band matrix using the factors conputed by CPBCO or
CPBFA.

***| | BRARY  SLATEC (LI NPACK)

*** CATEGORY D3D2

***TYPE COWPLEX (SPBDI -S, DPBDI-D, CPBDI-C)

*** KEYWORDS BANDED, DETERM NANT, | NVERSE, LI NEAR ALGEBRA, LI NPACK,

MATRI X, PCSI Tl VE DEFI NI TE
*** AUTHOR Mdler, C B., (U of New Mexico)
*** DESCRI PTI ON

CPBDI conputes the determ nant

of a conplex Hermitian positive definite band matrix
using the factors conputed by CPBCO or CPBFA.

If the inverse is needed, use CPBSL N tines.

On Entry
ABD COVPLEX(LDA, N)
the output from CPBCO or CPBFA.
LDA | NTEGER
the | eadi ng di nension of the array ABD .
N | NTEGER
the order of the matrix A .
M | NTEGER
t he nunber of diagonals above the main diagonal.
On Return
DET REAL( 2)

determ nant of original matrix in the form
determ nant = DET(1) * 10.0**DET(2)

with 1.0 .LE. DET(1) .LT. 10.0

or DET(1) .EQ 0.0 .

***REFERENCES J. J. Dongarra, J. R Bunch, C. B. Mdler, and G W
Stewart, LINPACK Users' Cuide, SIAM 1979.
*** ROUTI NES CALLED ( NONE)
***REV] S| ON HI STORY  ( YYMVDD)
780814 DATE WRI TTEN
890831 Modified array declarations. (VRB)
890831 REVI SI ON DATE from Version 3.2
891214 Prol ogue converted to Version 4.0 format. (BAB)
900326 Renoved duplicate infornmation from DESCRI PTI ON secti on.
(VRB)
920501 Reformatted the REFERENCES section. (WRB)
END PROLOGUE
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CPBFA

SUBRQUTI NE CPBFA (ABD, LDA, N, M INFO

***BEG N PROLOGUE CPBFA

***PURPOSE Factor a conplex Hermitian positive definite matrix stored
in band form

***] | BRARY  SLATEC (LI NPACK)

*** CATEGORY D2D2

***TYPE COWLEX ( SPBFA-S, DPBFA-D, CPBFA-Q)

*** KEYWORDS BANDED, LI NEAR ALGEBRA, LI NPACK, MATRI X FACTORI ZATI ON,

POSI TI VE DEFI NI TE
*** AUTHOR Mler, C B., (U of New Mexico)
*** DESCRI PTI ON

CPBFA factors a conplex Hermitian positive definite nmatrix
stored in band form

CPBFA is usually called by CPBCO, but it can be called
directly with a saving intinme if RCOND is not needed.

On Entry
ABD COVPLEX(LDA, N)
the matrix to be factored. The colums of the upper
triangle are stored in the colums of ABD and the
di agonal s of the upper triangle are stored in the
rows of ABD . See the comments below for details.
LDA | NTEGER
the | eadi ng di nension of the array ABD .
LDA nust be .GEE M+ 1 .
N | NTEGER
the order of the matrix A .
M | NTEGER
t he nunber of diagonals above the nmin diagonal.
0O .LE. M.LT. N.
On Return
ABD an upper triangular matrix R, stored in band
form so that A = CTRANS(R)*R .
| NFO | NTEGER

0 for normal return.
K if the leading mnor of order K is not
positive definite.

Band Storage

If A is a Hernitian positive definite band matrix,
the followi ng program segnment will set up the input.

M = (band wi dth above di agonal)
DO20J =1, N

11 = MAX(1, J-M

Do10 1 =11, J
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K = 1-J+M1
ABD(K, J) = A(l,J)

10  CONTI NUE

20 CONTI NUE

***REFERENCES J. J. Dongarra, J. R Bunch, C. B. Mdler, and G W
Stewart, LINPACK Users' Cuide, SIAM 1979.
***ROUTI NES CALLED CDOTC
***REVI S| ON HI STORY  ( YYMVDD)
780814 DATE WRI TTEN
890531 Changed all specific intrinsics to generic. (WRB)
890831 Modified array declarations. (VRB)
890831 REVI SI ON DATE from Version 3.2
891214 Prol ogue converted to Version 4.0 format. (BAB)
900326 Renoved duplicate infornmation from DESCRI PTI ON secti on.
(VRB)
920501 Reformatted the REFERENCES section. (WRB)
END PROLOGUE
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CPBSL

SUBROUTI NE CPBSL (ABD, LDA, N, M B)

***BEG N PROLOGUE CPBSL

***PURPOSE Sol ve the conplex Hernmitian positive definite band system
using the factors conputed by CPBCO or CPBFA.

***| | BRARY  SLATEC (LI NPACK)

*** CATEGORY D2D2

*** TYPE COWLEX (SPBSL-S, DPBSL-D, CPBSL-CQC)

*** KEYWORDS BANDED, LI NEAR ALGEBRA, LI NPACK, NATRI X,
PCsI Tl VE DEFI NI TE, SOLVE

*** AUTHOR Mler, C B., (U of New Mexico)

*** DESCRI PTI ON

CPBSL sol ves the conplex Hermitian positive definite band
system A*X = B
using the factors conmputed by CPBCO or CPBFA.

On Entry
ABD COWPLEX(LDA, N
the output from CPBCO or CPBFA.
LDA | NTEGER
the | eading dinension of the array ABD .
N | NTEGER
the order of the matrix A .
M | NTEGER
t he nunber of diagonals above the nmin diagonal.
B COVPLEX( N)
the right hand side vector.
On Return
B the solution vector X.

Error Condition

A division by zero will occur if the input factor contains

a zero on the diagonal. Technically this indicates
singularity but it is usually caused by inproper subroutine
argunments. It will not occur if the subroutines are called

correctly and INFO .EQ O .

To conpute |INVERSE(A) * C where C is a matrix
with P colums
CALL CPBCQO( ABD, LDA, N, RCOND, Z, | NFO
IF (RCOND is too small .OR. INFO.NE. 0) GO TO ...
DO10J =1, P
CALL CPBSL(ABD, LDA, N, C(1, J))
10 CONTI NUE

***REFERENCES J. J. Dongarra, J. R Bunch, C. B. Mder, and G W
Stewart, LINPACK Users' Guide, SIAM 1979.
*** ROUTI NES CALLED CAXPY, CDOTC
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***REVI SI ON HI STORY ( YYMVDD)

780814 DATE WRI TTEN

890531 Changed all specific intrinsics to generic. (WRB)

890831 Modified array declarations. (VRB)

890831 REVI SI ON DATE from Version 3.2

891214 Prol ogue converted to Version 4.0 format. (BAB)

900326 Renopved duplicate informati on from DESCRI PTI ON secti on.
(V\RB)

920501 Reformatted the REFERENCES section. (WRB)

END PROLOGUE
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CPOCO

SUBROUTI NE CPOCO (A, LDA, N, RCOND, Z, |NFO
***BEG N PROLOGUE CPQOCO
***PURPOSE Factor a conplex Hermitian positive definite matrix
and estimate the condition nunber of the matrix.
***| | BRARY  SLATEC (LI NPACK)
*** CATEGORY D2D1B
*** TYPE COWLEX (SPCCO- S, DPOCO- D, CPOCO Q)
*** KEYWORDS CONDI TI ON NUMBER, LI NEAR ALGEBRA, LI NPACK,
MATRI X FACTORI ZATI ON, POCsI TI VE DEFI NI TE
*** AUTHOR Mler, C B., (U of New Mexico)
*** DESCRI PTI ON

CPCCO factors a conplex Hermitian positive definite nmatrix
and estinmates the condition of the matrix.

If RCOND is not needed, CPOFA is slightly faster.
To solve A*X =B, follow CPOCO by CPOSL.

To conpute |INVERSE(A)*C , follow CPOCO by CPOSL.
To conpute DETERM NANT(A) , follow CPOCO by CPODI.
To conpute | NVERSE(A) , follow CPOCO by CPODI.

On Entry

A COWPLEX(LDA, N)
the Hernmitian matrix to be factored. Only the
di agonal and upper triangle are used.

LDA | NTEGER
the | eading dinension of the array A .

N | NTEGER
the order of the matrix A .

On Return

A an upper triangular matrix R so that A =
CTRANS(R) *R where CTRANS(R) is the conjugate
transpose. The strict lower triangle is unaltered.
If INFO.NE. O, the factorization is not conplete.

RCOND  REAL
an estimate of the reciprocal condition of A .
For the system A*X = B, relative perturbations
in A and B of size EPSILON nmay cause
relative perturbations in X of size EPSILONV RCOND .
If RCOND is so small that the |ogical expression
1.0 + RCOND .EQ 1.0

is true, then A may be singular to working
precision. In particular, RCOND is zero if
exact singularity is detected or the estimate
underflows. |If INFO.NE. 0, RCOND is unchanged.

z COVPLEX( N)
a work vector whose contents are usually uninportant.
If A is close to a singular matrix, then Z is
an approximate null vector in the sense that

S ATEC2 (AAAAAA through D9UPAK) - 353



NORM A*Z) = RCOND* NORM A) * NORM Z)
If INFO.NE O, Z is unchanged.

| NTEGER

= 0 for normal return.

= K signals an error condition. The |eading m nor
of order K is not positive definite.

***REFERENCES J. J. Dongarra, J. R Bunch, C. B. Mdler, and G W

Stewart, LINPACK Users' Cuide, SIAM 1979.

***ROUTI NES CALLED CAXPY, CDOTC, CPOFA, CSSCAL, SCASUM
***REVI SI ON HI STORY ( YYMVDD)

780814
890531
890831
890831
891214
900326

920501

DATE WRI TTEN

Changed all specific intrinsics to generic. (WRB)

Modi fi ed array declarations. (WRB)

REVI SI ON DATE from Version 3.2

Prol ogue converted to Version 4.0 format. (BAB)
Renmoved duplicate information from DESCRI PTI ON secti on.
(VRB)

Ref ormatt ed t he REFERENCES section. (WRB)

END PROLOGUE
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CPODI

SUBRQUTI NE CPODI (A, LDA, N, DET, JOB)

*** BEG N PROLOGUE CPQDI

***PURPOSE Conpute the determ nant and inverse of a certain conplex
Herm tian positive definite matrix using the factors
conputed by CPOCO, CPOFA, or CORDC.

***| | BRARY  SLATEC (LI NPACK)

*** CATEGORY D2D1B, D3D1B

***TYPE COWPLEX (SPODI -S, DPODI-D, CPODI-C)

*** KEYWORDS DETERM NANT, | NVERSE, LI NEAR ALGEBRA, LI NPACK, MATRI X,
PCSI TI VE DEFI NI TE

*** AUTHOR Mdler, C B., (U of New Mexico)

*** DESCRI PTI ON

CPODI conputes the determ nant and inverse of a certain
conplex Hermitian positive definite matrix (see bel ow)
using the factors conputed by CPOCO CPOFA or CQRDC.

On Entry

A COVPLEX(LDA, N)
the output A from CPOCO or CPCFA
or the output X from CQRDC.

LDA | NTEGER
the | eadi ng di nmension of the array A .

N | NTEGER
the order of the matrix A .

JOB | NTEGER
=11 bot h determ nant and inverse.
=01 i nverse only.
= 10 determ nant only.

On Return

A I f CPOCO or CPCFA was used to factor A then
CPODI produces the upper half of | NVERSE(A)
If CORDC was used to deconpose X then
CPODI produces the upper half of | NVERSE( CTRANS( X) * X)
where CTRANS(X) is the conjugate transpose.
El emrents of A below the diagonal are unchanged.
If the units digit of JOB is zero, A is unchanged.

DET REAL( 2)

determnant of A or of CTRANS(X)*X if requested.
O herwi se not referenced.

Determinant = DET(1) * 10.0**DET(2)

with 1.0 .LE. DET(1) .LT. 10.0

or DET(1) .EQ 0.0 .

Error Condition
a division by zero will occur if the input factor contains
a zero on the diagonal and the inverse is requested.
It will not occur if the subroutines are called correctly
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and if CPOCO or CPCFA has set INFO .EQ O .

***REFERENCES J. J. Dongarra, J. R Bunch, C. B. Mdler, and G W
Stewart, LINPACK Users' Cuide, SIAM 1979.
***ROUTI NES CALLED CAXPY, CSCAL
***REVI SI ON HI STORY ( YYMVDD)
780814 DATE WRI TTEN
890831 Modified array declarations. (WRB)
890831 REVI SI ON DATE from Version 3.2
891214 Prol ogue converted to Version 4.0 format. (BAB)
900326 Renpved duplicate infornmation from DESCRI PTI ON secti on.
(WRB)
920501 Reformatted the REFERENCES section. (WRB)
END PROLOGUE
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CPOFA

SUBRQUTI NE CPOFA (A, LDA, N, INFO
***BEG N PROLOGUE CPOFA

*** PURPOSE
*** || BRARY
*** CATEGORY
***TYPE

*** KEYWORDS

*** AUTHOR
***DESCRI PT

Factor a conmplex Hermitian positive definite matri x.

SLATEC ( LI NPACK)
D2D1B
COWLEX (SPCFA-S, DPCFA-D, CPCFA- Q)
LI NEAR ALGEBRA, LI NPACK, MATRI X FACTORI ZATI ON,
PCsI Tl VE DEFI NI TE

Moler, C. B., (U of New Mexico)

| ON

CPOFA factors a conplex Hernitian positive definite matrix.

CPOFA is usually called by CPOCO, but it can be called
directly with a saving in tine if RCOND is not needed.
(Time for CPOCO) = (1 + 18/ N)*(Time for CPOFA)

On Entry
A COVPLEX(LDA, N)
the Hermitian matrix to be factored. Only the
di agonal and upper triangle are used.
LDA | NTEGER
the | eadi ng di nmension of the array A .
N | NTEGER
the order of the matrix A .
On Return
A an upper triangular matrix R so that A =
CTRANS(R) *R where CTRANS(R) is the conjugate
transpose. The strict lower triangle is unaltered.
If INFO.NE. O, the factorization is not conplete.
| NFO

for normal return.
signals an error condition. The |eading mnor
of order K is not positive definite.

NTEGER
0
K

***REFERENCES J. J. Dongarra, J. R Bunch, C. B. Mder, and G W

Stewart, LINPACK Users' Cuide, SIAM 1979.

*** ROUTI NES CALLED CDOTC
***REVI SI ON HI STORY ( YYMVDD)
780814 DATE WRI TTEN
890831 Modified array declarations. (VRB)
890831 REVI SI ON DATE from Version 3.2
891214 Prol ogue converted to Version 4.0 format. (BAB)
900326 Renoved duplicate infornmation from DESCRI PTI ON secti on.
(VRB)
920501 Reformatted the REFERENCES section. (WRB)
END PROLOGUE
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CPOFS

SUBROUTI NE CPOFS (A, LDA, N, V, ITASK, |IND, WORK)
***BEG N PROLOGUE CPOFS
***PURPOSE Sol ve a positive definite symmetric conpl ex system of

i near equati ons.

***| | BRARY  SLATEC
*** CATEGORY D2D1B
*** TYPE COWPLEX (SPOFS-S, DPOFS-D, CPOFS-Q)
*** KEYWORDS HERM Tl AN, LI NEAR EQUATI ONS, POSI Tl VE DEFI NI TE, SYMVETRI C
*** AUTHOR Voorhees, E. A, (LANL)
*** DESCRI PTI ON

Subroutine CPOFS solves a positive definite symmetric
NxN system of conplex |linear equations using LI NPACK
subroutines CPOCO and CPOSL. That is, if Ais an NxN
conpl ex positive definite symetric matrix and if X and B
are conplex N-vectors, then CPOFS sol ves the equation

A* X=B.

Care should be taken not to use CPOFS with a non-Herm ti an
matri X.

The matrix Ais first factored into upper and lower tri-
angul ar matrices R and R-TRANSPOSE. These factors are used to
find the solution vector X. An approxi nate condition nunber is
calcul ated to provide a rough estimte of the nunber of

digits of accuracy in the conputed sol ution.

If the equation A*X=B is to be solved for nobre than one vector
B, the factoring of a does not need to be perfornmed again and
the option to only solve (ITASK .GI. 1) will be faster for

the succeeding solutions. |In this case, the contents of A
LDA, and N must not have been altered by the user follow ng
factorization (I TASK=1). IND will not be changed by CPOFS

in this case.

Argunment Description ***

A COVPLEX( LDA, N)
on entry, the doubly subscripted array wi th di nension
(LDA, N which contains the coefficient matrix. Only
t he upper triangle, including the diagonal, of the
coefficient matrix need be entered and will subse-
guently be referenced and changed by the routine.
on return, contains in its upper triangle an upper
triangular matrix R such that A = (R TRANSPCSE) * R .
LDA | NTEGER
the |l eadi ng di mension of the array A LDA nust be great-
er than or equal to N. (terminal error nmessage | ND=-1)
N | NTEGER
the order of the matrix A N nust be greater
than or equal to 1. (terminal error message | ND=-2)
Vv COVPLEX( N)
on entry the singly subscripted array(vector) of di-
nmensi on N which contains the right hand side B of a
system of sinmultaneous |inear equations A*X=B.
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on return, V contains the solution vector, X.
| TASK | NTEGER
if ITASK = 1, the matrix Ais factored and then the
i near equation is sol ved.
if ITASK .GI. 1, the equation is solved using the existing
factored matrix A
if ITASK .LT. 1, then terninal error nessage IND=-3 is
printed.
| ND | NTEGER
GI. 0 INDis a rough estimate of the nunber of digits
of accuracy in the solution, X
LT. O see error nessage corresponding to I ND bel ow.
WORK  COWPLEX(N)
a singly subscripted array of dinension at |east N

Error Messages Printed ***

IND=-1 term nal N is greater than LDA

| ND=-2 terni nal Nis less than 1.

I ND=-3 terninal I TASK is | ess than 1.

I ND=-4 terninal The matrix A is conputationally singular or

is not positive definite. A solution
has not been conputed.

| ND=- 10 war ni ng The sol ution has no apparent significance.
The solution may be inaccurate or the
matrix A may be poorly scal ed.

NOTE- The above terminal (*fatal*) error nessages are
designed to be handl ed by XERMSG i n which
LEVEL=1 (recoverable) and | FLAG2 . LEVEL=0
for warning error nessages from XERVSG.  Unl ess
the user provides otherwi se, an error nessage
will be printed followed by an abort.

***REFERENCES J. J. Dongarra, J. R Bunch, C. B. Mdler, and G W
Stewart, LINPACK Users' Cuide, SIAM 1979.

*** ROUTI NES CALLED CPOCO, CPOSL, RIMACH, XERMSG

***REVI SI ON HI STORY ( YYMVDD)
800516 DATE WRI TTEN
890531 Changed all specific intrinsics to generic. (WRB)
890831 Modified array declarations. (VRB)
890831 REVI SI ON DATE from Version 3.2
891214 Prol ogue converted to Version 4.0 format. (BAB)
900315 CALLs to XERROR changed to CALLs to XERVBG  (THJ)
900510 Convert XERRW calls to XERMSG calls, cvt GOTO s to

| F- THEN- ELSE.  ( RWC)

920501 Reformatted the REFERENCES section. (WRB)
END PROLOGUE
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CPOIR

SUBROUTINE CPAO R (A, LDA, N, V, ITASK, |IND, WORK)

***BEG N PROLOGUE CPO R

***PURPOSE Solve a positive definite Hermtian system of |inear
equations. Iterative refinenent is used to obtain an
error estimate.

***| | BRARY  SLATEC

*** CATEGORY D2D1B

*** TYPE COVPLEX (SPOR-S, CPA R-Q

*** KEYWORDS HERM TI AN, LI NEAR EQUATI ONS, POSI Tl VE DEFI NI TE, SYMVETRI C

*** AUTHOR Voorhees, E. A, (LANL)

*** DESCRI PTI ON

Subroutine CPAOR solves a conpl ex positive definite Hernitian
NxXN system of single precision |linear equations using LI NPACK
subrouti nes CPOFA and CPOSL. One pass of iterative refine-
ment is used only to obtain an estimate of the accuracy. That
is, if Ais an NxN conplex positive definite Hermtian nmatrix
and if X and B are conplex N-vectors, then CPAOR solves the
equati on

A* X=B.

Care should be taken not to use CPOR with a non-Herm tian
matri x.

The matrix Ais first factored into upper and | ower
triangular matrices R and R-TRANSPOSE. These

factors are used to calculate the solution, X

Then the residual vector is found and used

to calculate an estimate of the relative error, |IND

IND estimates the accuracy of the solution only when the
input matrix and the right hand side are represented
exactly in the conmputer and does not take into account
any errors in the input data.

If the equation A*X=B is to be solved for nore than one vector
B, the factoring of A does not need to be perfornmed again and
the option to only solve (ITASK .GI. 1) will be faster for

the succeeding solutions. |In this case, the contents of A
LDA, N, and WORK nust not have been altered by the user
following factorization (I TASK=1). IND will not be changed

by CPOR in this case.

Argunent Description ***
A COVPLEX( LDA, N)
t he doubly subscripted array with di nensi on (LDA N)
whi ch contains the coefficient matrix. Only the
upper triangle, including the diagonal, of the
coefficient matrix need be entered. A is not
altered by the routine.
LDA | NTEGER
the | eadi ng di mension of the array A LDA nust be great-
er than or equal to N (termnal error message | ND=-1)
N | NTEGER
the order of the matrix A. N nust be greater than
or equal to one. (termnal error nessage | ND=-2)
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| TASK

I ND

WORK

COVPLEX( N)
on entry, the singly subscripted array(vector) of di-
nmensi on N which contains the right hand side B of a
system of sinultaneous |inear equations A*X=B.
on return, V contains the solution vector, X.
| NTEGER
if ITASK = 1, the matrix Ais factored and then the
i near equation is solved.
if ITASK .GI. 1, the equation is solved using the existing
factored matrix A (stored in WORK).
if ITASK .LT. 1, then ternminal termnal error IND=-3 is

printed.
| NTEGER
GI. O INDis a rough estimate of the nunber of digits
of accuracy in the solution, X |ND=75 neans

that the solution vector X is zero.
LT. O see error nessage corresponding to | ND bel ow.
COVPLEX( N* (N+1))
a singly subscripted array of dinmension at |east N (N+1).

Error Messages Printed ***

IND=-1 term nal N is greater than LDA.

I ND=-2 termni nal N is less than one.

| ND=-3 termnal | TASK i s | ess than one.

| ND=-4 terninal The matrix A is conputationally singular
or is not positive definite.
A sol ution has not been conputed.

| ND=- 10 war ni ng The sol ution has no apparent significance.

the solution may be inaccurate or the matrix
a may be poorly scal ed.

NOTE- the above terminal (*fatal*) error nessages are
designed to be handl ed by XERMSG i n which
LEVEL=1 (recoverable) and | FLAG=2 . LEVEL=0
for warning error nessages from XERVSG  Unl ess
the user provides otherw se, an error nmessage
will be printed followed by an abort.

***REFERENCES J. J. Dongarra, J. R Bunch, C. B. Mder, and G W

Stewart, LINPACK Users' Cuide, SIAM 1979.

***ROUTI NES CALLED CCOPY, CPOFA, CPOSL, DCDOT, R1IMACH, SCASUM XERMSG
***REVI SI ON HI STORY ( YYMVDD)

800530 DATE WRI TTEN

890531 Changed all specific intrinsics to generic. (WRB)

890831 Modified array declarations. (VRB)

890831 REVI SI ON DATE from Version 3.2

891214 Prol ogue converted to Version 4.0 format. (BAB)

900315 CALLs to XERROR changed to CALLs to XERVMBG  (THJ)

900510 Convert XERRW calls to XERMSG calls, cvt GOTO s to
| F- THEN- ELSE.  ( RWC)

920501 Reformatted the REFERENCES section. (WRB)

END PROLOGUE
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CPOSL

SUBROUTI NE CPCSL (A, LDA, N, B)
***BEG N PROLOGUE CPOSL
***PURPOSE Sol ve the conplex Hermitian positive definite |inear system
using the factors conputed by CPOCO or CPCFA.
***| | BRARY  SLATEC (LI NPACK)
*** CATEGORY D2D1B
*** TYPE COWLEX (SPOSL-S, DPOSL-D, CPOSL- Q)
*** KEYWORDS LI NEAR ALGEBRA, LI NPACK, NMATRI X, POSITIVE DEFI NI TE, SOLVE
*** AUTHOR Mler, C B., (U of New Mexico)
*** DESCRI PTI ON

CPCSL sol ves the COMWPLEX Hermitian positive definite system
A* X=B
using the factors conmputed by CPOCO or CPCFA.

On Entry
A COVWPLEX(LDA, N
the output from CPOCO or CPCFA.
LDA | NTEGER
the | eading dinension of the array A .
N | NTEGER
the order of the matrix A .
B COVPLEX( N)
the right hand side vector.
On Return
B the solution vector X.

Error Condition

A division by zero will occur if the input factor contains

a zero on the diagonal. Technically this indicates
singularity but it is usually caused by inproper subroutine
argunments. It will not occur if the subroutines are called

correctly and INFO .EQ O .

To conpute |INVERSE(A) * C where C is a matrix
with P colums
CALL CPOCO( A, LDA, N, RCOND, Z, | NFO)
IF (RCOND is too small .OR INFO.NE. 0) GO TO ...
DO10J =1, P
CALL CPOSL(A LDA N, C(1,))
10 CONTI NUE

***REFERENCES J. J. Dongarra, J. R Bunch, C. B. Mdler, and G W
Stewart, LINPACK Users' Cuide, SIAM 1979.
*** ROUTI NES CALLED CAXPY, CDOTC
***REVI SI ON HI STORY ( YYMVDD)
780814 DATE WRI TTEN
890831 Modified array declarations. (WRB)
890831 REVI SI ON DATE from Version 3.2

S ATEC2 (AAAAAA through DOUPAK) - 362



891214 Prol ogue converted to Version 4.0 format. (BAB)

900326 Renoved duplicate infornmation from DESCRI PTI ON secti on.
(VRB)

920501 Reformatted the REFERENCES section. (WRB)

END PROLOGUE
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CPPCO

SUBRQUTI NE CPPCO (AP, N, RCOND, Z, |NFO

*** BEG N PROLOGUE CPPCO

***PURPOSE Factor a conplex Hermitian positive definite matrix stored
in packed formand estimate the condition nunber of the
matri x.

***| | BRARY  SLATEC (LI NPACK)

*** CATEGORY D2D1B

***TYPE COWPLEX (SPPCO- S, DPPCO D, CPPCO Q)

*** KEYWORDS CONDI TI ON NUMBER, LI NEAR ALGEBRA, LI NPACK,

MATRI X FACTORI ZATI ON, PACKED, POSI Tl VE DEFI NI TE
*** AUTHOR Mdler, C B., (U of New Mexico)
*** DESCRI PTI ON

CPPCO factors a conplex Hernitian positive definite matrix
stored in packed formand estimates the condition of the matrix.

If RCOND is not needed, CPPFA is slightly faster.
To solve A*X = B, follow CPPCO by CPPSL.

To conpute |INVERSE(A)*C , follow CPPCO by CPPSL.
To conpute DETERM NANT(A) , follow CPPCO by CPPDI .
To conpute | NVERSE(A) , follow CPPCO by CPPDI.

On Entry

AP COWPLEX (N*(N+1)/2)
the packed formof a Hernmitian matrix A . The
colums of the upper triangle are stored sequentially
in a one-dimensional array of length N-(N+1)/2 .
See comments bel ow for details.

N | NTEGER
the order of the matrix A .

On Return

AP an upper triangular matrix R, stored in packed
form so that A = CTRANS(R)*R .
If INFO.NE O, the factorization is not conplete.

RCOND  REAL
an estimate of the reciprocal condition of A .
For the system A*X = B, relative perturbations
in A and B of size EPSILON nmay cause
relative perturbations in X of size EPSILON RCOND .
If RCOND is so small that the |ogical expression

1.0 + RCOND .EQ 1.0

is true, then A nmay be singular to working
precision. In particular, RCOND is zero if
exact singularity is detected or the estimte
underflows. [If INFO.NE. O , RCOND is unchanged.

Z COVPLEX( N)

a work vector whose contents are usually uninportant.
If A is singular to working precision, then Z is
an approximate null vector in the sense that

NORM A*Z) = RCOND* NORM A) * NORM Z)
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If INFO.NE O, Z is unchanged.
I NFO NTEGER
0 for normal return.
K signals an error condition. The |eading m nor
of order K 1is not positive definite.

Packed Storage

The followi ng program segment will pack the upper
triangle of a Hermtian matri x.

K=20

(
10 CONTI NUE
20 CONTI NUE

***REFERENCES J. J. Dongarra, J. R Bunch, C. B. Mdler, and G W
Stewart, LINPACK Users' Cuide, SIAM 1979.
*** ROUTI NES CALLED CAXPY, CDOTC, CPPFA, CSSCAL, SCASUM
***REVI SI ON HI STORY ( YYMVDD)
780814 DATE WRI TTEN
890531 Changed all specific intrinsics to generic. (WRB)
890831 Modified array declarations. (WRB)
890831 REVI SI ON DATE from Version 3.2
891214 Prol ogue converted to Version 4.0 format. (BAB)
900326 Renpved duplicate infornmation from DESCRI PTI ON secti on.
(VRB)
920501 Reformatted the REFERENCES section. (WRB)
END PROLOGUE
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CPPDI

SUBRQUTI NE CPPDI (AP, N, DET, JOB)
***BEG N PROLOGUE CPPDI

***PURPOSE Conpute the determ nant and inverse of a conplex Hermtian
positive definite matrix using factors from CPPCO or CPPFA.
***| | BRARY  SLATEC (LI NPACK)
*** CATEGORY D2D1B, D3D1B
***TYPE COWLEX (SPPDI -S, DPPDI-D, CPPDI -C)
*** KEYWORDS DETERM NANT, | NVERSE, LI NEAR ALGEBRA, LI NPACK, MATRI X,
PACKED, POCSI TI VE DEFI NI TE
*** AUTHOR Mler, C B., (U of New Mexico)
*** DESCRI PTI ON
CPPDI conputes the determ nant and inverse

of a conplex Hernmitian positive definite matrix
using the factors conmputed by CPPCO or CPPFA .

On Entry
AP COWPLEX (N*(N+1)/2)
the output from CPPCO or CPPFA.
N | NTEGER
the order of the matrix A .
JOB | NTEGER
=11 bot h determ nant and inverse.
=01 i nverse only.
= 10 determ nant only.
On Return
AP t he upper triangular half of the inverse .
The strict lower triangle is unaltered.
DET REAL( 2)

determ nant of original matrix if requested.
O herwi se not referenced.

Determ nant = DET(1) * 10.0**DET(2)

with 1.0 .LE. DET(1) .LT. 10.0

or DET(1) .EQ 0.0 .

Error Condition

Ad

ivision by zero will occur if the input factor contains

a zero on the diagonal and the inverse is requested.
It will not occur if the subroutines are called correctly

and

if CPOCO or CPOFA has set INFO.EQ O .

***REFERENCES J. J. Dongarra, J. R Bunch, C. B. Mler, and G W

*** ROUTI NES

Stewart, LINPACK Users' Cuide, SIAM 1979.
CALLED CAXPY, CSCAL

***REVI SI ON H STORY  ( YYMVDD)

780814
890831
890831
891214

DATE WRI TTEN

Modi fi ed array declarations. (WRB)

REVI SI ON DATE from Version 3.2

Prol ogue converted to Version 4.0 format. (BAB)
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900326 Renoved duplicate infornmation from DESCRI PTI ON secti on.
(VRB)

920501 Reformatted the REFERENCES section. (WRB)

END PROLOGUE
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CPPFA

SUBRQUTI NE CPPFA (AP, N, INFO
***BEG N PROLOGUE CPPFA
***PURPOSE Factor a conplex Hermitian positive definite matrix stored
in packed form
***] | BRARY  SLATEC (LI NPACK)
*** CATEGORY D2D1B
***TYPE COWLEX ( SPPFA-S, DPPFA-D, CPPFA-Q)
*** KEYWORDS LI NEAR ALGEBRA, LI NPACK, NMATRI X FACTORI ZATI ON, PACKED,
POSI TI VE DEFI NI TE
*** AUTHOR Mler, C B., (U of New Mexico)
*** DESCRI PTI ON

CPPFA factors a conplex Hermitian positive definite nmatrix
stored in packed form

CPPFA is usually called by CPPCO, but it can be called
directly with a saving intinme if RCOND is not needed.
(Time for CPPCO = (1 + 18/ N)*(Ti nme for CPPFA)

On Entry
AP COWPLEX (N*(N+1)/2)
the packed formof a Hermitian matrix A . The
colums of the upper triangle are stored sequentially
in a one-dinmensional array of length N-(N+1)/2 .
See conments bel ow for details.
N | NTEGER
the order of the matrix A .
On Return
AP an upper triangular matrix R, stored in packed
form so that A = CTRANS(R) *R .
| NFO | NTEGER

0 for normal return.
K If the leading mnor of order K is not
positive definite.

Packed Storage

The follow ng program segnment will pack the upper
triangle of a Hermtian matrix.
K=0
DO20J =1, N
DO10 I =1, J
K = + 1
AP(K) = A(l,J)
10 CONTI NUE
20 CONTI NUE

***REFERENCES J. J. Dongarra, J. R Bunch, C. B. Mler, and G W
Stewart, LINPACK Users' Cuide, SIAM 1979.
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*** ROUTI NES CALLED CDOTC
***REVI SI ON HI STORY ( YYMVDD)
780814 DATE WRI TTEN
890831 Modified array declarations. (VRB)
890831 REVI SI ON DATE from Version 3.2
891214 Prol ogue converted to Version 4.0 format. (BAB)
900326 Renopved duplicate informati on from DESCRI PTI ON secti on.
(VRB)
920501 Reformatted the REFERENCES section. (WRB)
END PROLOGUE
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CPPSL

SUBROUTI NE CPPSL (AP, N, B)
***BEG N PROLOGUE CPPSL
***PURPOSE Sol ve the conplex Hermitian positive definite system using
the factors conmputed by CPPCO or CPPFA.
***| | BRARY  SLATEC (LI NPACK)
*** CATEGORY D2D1B
*** TYPE COWLEX (SPPSL-S, DPPSL-D, CPPSL-CQC)
*** KEYWORDS LI NEAR ALGEBRA, LI NPACK, NATRI X, PACKED,
PCsI Tl VE DEFI NI TE, SOLVE
*** AUTHOR Mler, C B., (U of New Mexico)
*** DESCRI PTI ON

CPPSL solves the conplex Hermitian positive definite system
A* X=B
using the factors conmputed by CPPCO or CPPFA.

On Entry
AP COWPLEX (N*(N+1)/2)
the output from CPPCO or CPPFA.
N | NTEGER
the order of the matrix A .
B COVPLEX( N)
the right hand side vector.
On Return
B the solution vector X .

Error Condition

A division by zero will occur if the input factor contains

a zero on the diagonal. Technically this indicates
singularity but it is usually caused by inproper subroutine
argunments. It will not occur if the subroutines are called

correctly and INFO .EQ O .

To conpute |INVERSE(A) * C where C is a matrix
with P colums
CALL CPPCQO( AP, N, RCOND, Z, | NFO)
IF (RCOND is too small .OR. INFO.NE. 0) GO TO ...
DO10J =1, P
CALL CPPSL(AP, N, C(1,J))
10 CONTI NUE

***REFERENCES J. J. Dongarra, J. R Bunch, C. B. Mder, and G W
Stewart, LINPACK Users' Cuide, SIAM 1979.
*** ROUTI NES CALLED CAXPY, CDOTC
***REVI SI ON HI STORY ( YYMVDD)
780814 DATE WRI TTEN
890831 Modified array declarations. (VRB)
890831 REVI SI ON DATE from Version 3.2
891214 Prol ogue converted to Version 4.0 format. (BAB)
900326 Renoved duplicate infornation from DESCRI PTI ON secti on.
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(VRB)
920501 Reformatted the REFERENCES section. (WRB)
END PROLOGUE
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CPQR79

SUBROUTI NE CPQR79 (NDEG, COEFF, ROOT, |ERR, WORK)
***BEG N PROLOGUE CPQR79
***PURPOSE Find the zeros of a polynomial with conplex coefficients.
***| | BRARY  SLATEC
*** CATEGORY F1A1B
*** TYPE COWLEX (RPQR79-S, CPQR79-C)
*** KEYWORDS COVPLEX POLYNOM AL, POLYNOM AL ROOTS, POLYNOM AL ZERGCS
*** AUTHOR Vandevender, W H., (SNLA)
*** DESCRI PTI ON

Abst ract
This routine conputes all zeros of a polynom al of degree NDEG
with conpl ex coefficients by conmputing the eigenval ues of the
compani on natri Xx.

Descri ption of Paraneters
The user nust dinmension all arrays appearing in the call |ist
CCEFF( NDEG+1), ROOT(NDEG), WORK(2* NDEG*( NDEG+1))

--1nput - -
NDEG degree of pol ynoni al

COEFF COVWPLEX coefficients in descending order. i.e.
P(Z)= CCEFF(1)*(Z**NDEG + COEFF(NDEG *Z + C(]EFF( NDEG+1)

WWORK REAL work array of dinmension at |east 2*NDEG(NDEG+1)

--Qut put - -
ROOT COVWPLEX vector of roots

| ERR Qut put Error Code
- Normal Code
0 neans the roots were conput ed.
- Abnormal Codes
1 nore than 30 QR iterations on sone eigenval ue of the
conpani on natri x
2 CCEFF(1)=0.0
3 NDEGis invalid (less than or equal to 0)

*** REFERENCES  ( NONE)

*** ROUTI NES CALLED COMQR, XERMSG

***REVI SI ON HI STORY ( YYMVDD)
791201 DATE WRI TTEN
890531 Changed all specific intrinsics to generic. (WRB)
890531 REVI SI ON DATE from Version 3.2
891214 Prol ogue converted to Version 4.0 format. (BAB)
900315 CALLs to XERROR changed to CALLs to XERMSG  (THJ)
900326 Renoved duplicate informati on from DESCRI PTI ON secti on.

(VRB)

911010 Code reworked and sinplified. (RW and WRB)
END PROLOGUE
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CPSI

COWPLEX FUNCTI ON CPSI (ZI N)
***BEG N PROLOGUE CPSI
***PURPOSE Conpute the Psi (or Digamra) function.
***| | BRARY  SLATEC ( FNLI B)
*** CATEGORY C7C
*** TYPE COWLEX (PSI-S, DPSI-D, CPSI-C)
*** KEYWORDS DI GAMVA FUNCTI ON, FNLI B, PSI FUNCTI ON, SPECI AL FUNCTI ONS
*** AUTHOR Ful l erton, W, (LANL)
*** DESCRI PTI ON

PSI (X) calculates the psi (or digamm) function of X PSI(X)
is the logarithm c derivative of the gamma function of X

*** REFERENCES  ( NONE)

***ROUTI NES CALLED CCOTI, R1MACH, XERMSG

***REVI SI ON HI STORY ( YYMVDD)
780501 DATE WRI TTEN
890531 Changed all specific intrinsics to generic. (WRB)
890531 REVI SI ON DATE from Version 3.2
891214 Prol ogue converted to Version 4.0 format. (BAB)
900315 CALLs to XERROR changed to CALLs to XERVBG  (THJ)
900727 Added EXTERNAL statenent. (VRB)
END PROLOGUE
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CPTSL

SUBROQUTI NE CPTSL (N, D, E, B)
***BEG N PROLOGUE CPTSL
***PURPOSE Solve a positive definite tridiagonal linear system
***| | BRARY  SLATEC (LI NPACK)
*** CATEGORY D2D2A

***TYPE COWLEX (SPTSL-S, DPTSL-D, CPTSL-C)
***KEYWORDS LI NEAR ALGEBRA, LI NPACK, MATRI X, POSITIVE DEFI NI TE, SOLVE,
TRI DI AGONAL

*** AUTHOR Dongarra, J., (ANL)
*** DESCRI PTI ON

CPTSL given a positive definite tridiagonal natrix and a right
hand side will find the solution.

On Entry
N | NTEGER
is the order of the tridiagonal matrix.
D COVPLEX( N)
is the diagonal of the tridiagonal matrix.
On output D is destroyed.
E COVPLEX( N)
is the offdiagonal of the tridiagonal natrix.
E(1) through E(N-1) should contain the
of f di agonal .
B COVPLEX( N)
is the right hand side vector.
On Return
B contains the solution.

***REFERENCES J. J. Dongarra, J. R Bunch, C. B. Mder, and G W
Stewart, LINPACK Users' Cuide, SIAM 1979.
*** ROUTI NES CALLED ( NONE)
***REVI SI ON HI STORY ( YYMVDD)
780814 DATE WRI TTEN
890505 REVI SI ON DATE from Version 3.2
891214 Prol ogue converted to Version 4.0 format. (BAB)
900326 Renoved duplicate infornmation from DESCRI PTI ON secti on.
(VRB)
920501 Reformatted the REFERENCES section. (WRB)
END PROLOGUE
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CPZERO

SUBRQUTI NE CPZERO (IN, A, R T, IFLG 9)
***BEG N PROLOGUE CPZERO

***PURPOSE Find the zeros of a polynomial with conplex coefficients.

* %% || BRARY SLATEC

*** CATEGORY F1A1B

*** TYPE COWPLEX (RPZERC S, CPZERO O

*** KEYWORDS POLYNOM AL ROOTS, PCLYNOM AL ZERGCS, REAL ROOTS
*** AUTHOR Kahaner, D. K., (NBS)

*** DESCRI PTI ON

Find the zeros of the conpl ex polynom al
P(Z2)= A(1)*Z**N + A(2)*Z**(N-1) +...+ A(N+1)

| nput . ..
IN = degree of P(2)
A = conpl ex vector containing coefficients of P(2),
A(l) = coefficient of Z**(N+1-i)
N word conpl ex vector containing initial estinmates for
if these are known.
T = 4(N+1) word array used for tenporary storage
IFLG = flag to indicate if initial estinmates of
zeros are input.
If IFLG.EQ O, no estimtes are input.
If IFLG .NE. 0, the vector R contains estinmates of
t he zeros
** WARNI NG ****** |f estimates are input, they nust
be separated, that is, distinct or
not repeated.
S = an N word array

R

Qut put .
R(1) = 1th zero,
S(1') = bound for R(I)
| FLG = error diagnostic
Error Di agnostics...
L

IFLG .EQ O on return, all is well

IFLG .EQ 1 on return, A(1)=0.0 or N=0 on input

IFLG .EQ 2 on return, the programfailed to converge
after 25*N iterations. Best current estinmates of

Zer os

t he

zeros are in R(l). Error bounds are not cal cul at ed.

*** REFERENCES ( NONE)

***ROUTI NES CALLED CPEVL

***REVI S| ON HI STORY  ( YYMVDD)
810223 DATE WRI TTEN
890531 Changed all specific intrinsics to generic. (WRB)
890531 REVI SI ON DATE from Version 3.2
891214 Prol ogue converted to Version 4.0 format. (BAB)
END PROLOGUE
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CQRDC

SUBROUTI NE CQRDC (X, LDX, N, P, QRAUX, JPVT, WORK, JOB)

***BEG N PROLOGUE CQRDC

***PURPOSE Use Househol der transformations to conpute the QR
factorization of an N by P matrix. Colum pivoting is a
users option.

***| | BRARY  SLATEC (LI NPACK)

*** CATEGORY D5

*** TYPE COWLEX (SQRDC-S, DQRDC-D, CQRDC- Q)

*** KEYWORDS LI NEAR ALGEBRA, LI NPACK, MATRI X, ORTHOGONAL TRI ANGULAR,

QR DECOVPOSI Tl ON
*** AUTHOR Stewart, G W, (U of Mryland)
*** DESCRI PTI ON

CQRDC uses Househol der transformations to conmpute the QR
factorization of an N by P matrix X Columm pivoting
based on the 2-nornms of the reduced columms may be
perfornmed at the users option

On Entry
X COVPLEX(LDX, P), where LDX .GE. N
X contains the matri x whose deconposition is to be
conput ed.
LDX | NTEGER.
LDX i s the | eading dinmension of the array X
N | NTEGER
N is the nunber of rows of the matrix X
P | NTEGER
P is the nunber of colums of the matrix X
JVPT | NTEGER(P) .

JVPT contains integers that control the selection
of the pivot colums. The K-th colum X(K) of X
is placed in one of three classes according to the
val ue of JVPT(K)

If JVPT(K) .GT. 0, then X(K) is an initial
col um.

If JVPT(K) .EQ O, then X(K) is a free column.
If JVPT(K) .LT. 0, then X(K) is a final columm.

Bef ore the deconposition is conputed, initial colunns
are noved to the beginning of the array X and fi nal
colums to the end. Both initial and final colums
are frozen in place during the conputation and only
free columms are noved. At the K-th stage of the
reduction, if X(K) is occupied by a free colum

it is interchanged with the free colum of | argest
reduced norm JVPT is not referenced if

JOB .EQ O
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WORK ~ COMPLEX(P).

JOoB

On Ret

WORK is a work array. WORK is not referenced if

JOB . EQ O.
| NTEGER.
JOB is an integer that initiates columm pivoting.
If JOB .EQ O, no pivoting is done.
If JOB .NE. 0O, pivoting is done.
urn
X contains in its upper triangle the upper

triangular matrix R of the QR factorization.
Bel ow its diagonal X contains information from
which the unitary part of the deconposition
can be recovered. Note that if pivoting has
been requested, the deconposition is not that
of the original matrix X but that of X

with its colums pernuted as described by JVPT.

QRAUX  COMPLEX(P).

QRAUX contains further information required to recover
the unitary part of the deconposition.

JVPT JVPT(K) contains the index of the colum of the

original matrix that has been interchanged into
the K-th colum, if pivoting was request ed.

***REFERENCES J. J. Dongarra, J. R Bunch, C. B. Mdler, and G W

*** ROUTI NES

Stewart, LINPACK Users' Cuide, SIAM 1979.
CALLED CAXPY, CDOTC, CSCAL, CSWAP, SCNRWM2

***REVI S| ON HI STORY  ( YYMVDD)

780814
890531
890831
890831
891214
900326

920501
END PROL

DATE WRI TTEN

Changed all specific intrinsics to generic. (WRB)

Modi fied array declarations. (WRB)

REVI SI ON DATE from Version 3.2

Prol ogue converted to Version 4.0 format. (BAB)
Renoved duplicate information from DESCRI PTI ON secti on.
(VRB)

Ref ormatt ed t he REFERENCES section. (WRB)

OGUE
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CORSL

SUBROUTI NE CQRSL (X, LDX, N, K, QRAUX, Y, QY, QrY, B, RSD, XB,
+ JOB, INFO
***BEG N PROLOGUE CQRSL
***PURPOSE Apply the output of CQRDC to conpute coordinate transfor-
mations, projections, and | east squares sol utions.
***| | BRARY  SLATEC (LI NPACK)
*** CATEGORY D9, D2C1

*% % TYPE COVPLEX (SQRSL-S, DQRSL-D, OQRSL- Q)
*** KEYWORDS LI NEAR ALGEBRA, LI NPACK, MATRI X, ORTHOGONAL TRI ANGULAR,
SOLVE

*** AUTHOR Stewart, G W, (U of Mryland)
*** DESCRI PTI ON

CQRSL applies the output of CQRDC to conpute coordinate
transformati ons, projections, and | east squares sol utions.
For K.LE. MN(N,P), let XK be the matrix

XK = (X(JVPT(1)), X(IVPT(2)), ... ,X(IVPT(K)))

formed from colums JVPT(1), ... ,JVPT(K) of the original
Nx Pmtrix X that was input to CQRDC (if no pivoting was
done, XK consists of the first K colums of X in their
original order). CQRDC produces a factored unitary matrix Q
and an upper triangular matrix R such that

XK =Q* (R
(0)
This information is contained in coded formin the arrays
X and QRAUX.
On Entry
X COVPLEX( LDX, P) .
X contains the output of CQRDC.
LDX | NTEGER.
LDX i s the | eading dinension of the array X
N | NTEGER.
N is the nunber of rows of the matrix XK. It nust
have the sanme value as N in CQRDC.
K | NTEGER.

Kis the nunber of colums of the matrix XK. K
must not be greater than (N, P), where P is the
same as in the calling sequence to COQRDC.

QRAUX COWVPLEX(P).
QRAUX contains the auxiliary output from CQRDC.

Y COVPLEX( N)
Y contains an N-vector that is to be nanipul at ed
by CQRSL.

JOB | NTEGER.
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JOB specifies what is to be conputed. JOB has
t he deci mal expansi on ABCDE, with the foll ow ng

meani ng.
If A.NE O, conpute Q.
If B,C,D, or E.NE 0, conpute QrY.
If C.NE 0, conpute B
If D.NE O, conpute RSD .
If E.NE O, conpute XB.

Note that a request to conpute B, RSD, or XB
automatically triggers the conputation of QrY, for
whi ch an array nust be provided in the calling

sequence.
On Return
QY COVPLEX( N)
QY contains @Y, if its conputation has been
request ed.

Qry COVPLEX( N)
QrY contains CTRANS(Q *Y, if its conputation has
been requested. Here CTRANS(Q is the conjugate
transpose of the matrix Q

B COVPLEX( K)
B contains the solution of the |east squares problem

mi ni mi ze NORMR(Y - XK*B),

if its conputation has been requested. (Note that

if pivoting was requested in CQRDC, the J-th
component of B will be associated with colum JVPT(J)
of the original matrix X that was input into CQRDC.)

RSD COVPLEX( N)
RSD contains the | east squares residual Y - XK*B
if its conputation has been requested. RSD is
al so the orthogonal projection of Y onto the
ort hogonal conpl ement of the colum space of XK

XB COVPLEX( N)
XB contains the | east squares approxi mati on XK*B
if its conputation has been requested. XB is also
t he orthogonal projection of Y onto the colum space
of X

| NFO | NTEGER
INFO is zero unless the conputation of B has
been requested and R is exactly singular. In
this case, INFOis the index of the first zero
di agonal elenent of Rand Bis left unaltered.

The paraneters QY, QIY, B, RSD, and XB are not referenced
if their conputation is not requested and in this case

can be replaced by dummy variables in the calling program
To save storage, the user may in sone cases use the sane
array for different paraneters in the calling sequence. A
frequently occurring exanple is when one wi shes to conpute
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any of B, RSD, or XB and does not need Y or QIY. In this
case one may identify Y, QrY, and one of B, RSD, or XB, while
provi di ng separate arrays for anything else that is to be
conputed. Thus the calling sequence

CALL CQRSL( X, LDX, N, K, QRAUX, Y, DUM Y, B, Y, DUM 110, | NFO

wWill result in the conputation of B and RSD, with RSD
overwiting Y. Mre generally, each itemin the follow ng
list contains groups of permssible identifications for

a single calling sequence.

1. (Y, QTY,B) (RSD) (XB) (QV)
2. (Y,QIY,RSD) (B) (XB) (QY)
3. (Y,QrY,XB) (B) (RSD) (QY)
4. (Y,Qv) (QrTY,B) (RSD) (XB)
5. (Y, Q) (QTY,RSD) (B) (XB)
6. (Y, Q) (QrY,XB) (B) (RSD

In any group the value returned in the array allocated to
the group corresponds to the | ast nenber of the group.

***REFERENCES J. J. Dongarra, J. R Bunch, C. B. Mdler, and G W
Stewart, LINPACK Users' Cuide, SIAM 1979.
***ROUTI NES CALLED CAXPY, CCOPY, CDOTC
***REVI SI ON HI STORY ( YYMVDD)
780814 DATE WRI TTEN
890531 Changed all specific intrinsics to generic. (WRB)
890831 Modified array declarations. (VRB)
890831 REVI SI ON DATE from Version 3.2
891214 Prol ogue converted to Version 4.0 format. (BAB)
900326 Renopved duplicate infornmati on from DESCRI PTI ON secti on.
(V\RB)
920501 Reformatted the REFERENCES section. (WRB)
END PROLOGUE

SLATEC2 (AAAAAA through D9UPAK) - 380



CROTG

SUBROUTI NE CROTG (CA, CB, C, 9)
***BEA N PROLOGUE CROTG
*** PURPOSE Construct a G vens transformation.
***| | BRARY SLATEC ( BLAS)
*** CATEGORY D1B10
*** TYPE COWPLEX (SROTG'S, DROTG D, CROIG O
*** KEYWORDS BLAS, d VENS ROTATI ON, G VENS TRANSFORNMATI ON,
LI NEAR ALGEBRA, VECTOR
** % AUTHOR  ( UNKNOWN)
*** DESCRI PTI ON

Compl ex G vens transfornation

Construct the G vens transfornmation

(C S)
G = ( ), C*2 + ABS(S)**2 =1,
(-S ©O

whi ch zeros the second entry of the conplex 2-vector (CA CB)**T
The quantity CA/ ABS(CA) *NORM CA, CB) overwites CA in storage.

| nput :
CA (Conpl ex)
CB ( Conpl ex)

Cut put :
CA ( Conpl ex) CA/ ABS( CA) * NORM CA, CB)
C (Real)
S (Conpl ex)

*** REFERENCES  ( NONE)

*** ROUTI NES CALLED ( NONE)

***REVI SI ON HI STORY ( YYMVDD)
790101 DATE WRI TTEN
890531 Changed all specific intrinsics to generic. (WRB)
890531 REVI SI ON DATE from Version 3.2
891214 Prol ogue converted to Version 4.0 format. (BAB)
END PROLOGUE
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CSCAL

SUBROUTI NE CSCAL (N, CA, CX, | NCX)
*** BEG N PROLOGUE CSCAL
***PURPOSE Multiply a vector by a constant.
***| | BRARY  SLATEC ( BLAS)
*** CATEGORY D1A6
*** TYPE COWPLEX (SSCAL-S, DSCAL-D, CSCAL-CQC)
*** KEYWORDS BLAS, LI NEAR ALGEBRA, SCALE, VECTOR
*** AUTHOR Lawson, C. L., (JPL)
Hanson, R J., (SNLA)
Kincaid, DD R, (U of Texas)
Krogh, F. T., (JPL)
*** DESCRI PTI ON

BLAS Subprogram
Descri ption of Paraneters

- -1l nput - -
N nunber of elements in input vector(s)
CA complex scale factor
CX complex vector with N el ements
I NCX storage spaci ng between el enents of CX

-- Qut put - -
CX complex result (unchanged if N .LE 0)

Repl ace conpl ex CX by conpl ex CA*CX
For I = 0 to N1, replace CX(I X+l *I NCX) with CA*CX(Il X+l *1 NCX),
where I X =1 if INCX.CGE 0, else | X = 1+(1-N) *I NCX

***REFERENCES C. L. Lawson, R J. Hanson, D. R Kincaid and F. T.
Krogh, Basic |inear al gebra subprograns for Fortran
usage, Al gorithm No. 539, Transactions on Mathenati cal
Software 5, 3 (Septenber 1979), pp. 308-323.

*** ROUTI NES CALLED ( NONE)

***REVI SI ON HI STORY ( YYMVDD)

791001 DATE WRI TTEN

890831 Modified array declarations. (WRB)

890831 REVI SI ON DATE from Version 3.2

891214 Prol ogue converted to Version 4.0 format. (BAB)

900821 Modified to correct problemw th a negative increnent.
(WRB)

920501 Reformatted the REFERENCES section. (WRB)

END PROLOGUE
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CSEVL

FUNCTI ON CSEVL (X, CS, N
***BEA N PROLOGUE CSEVL
***PURPOSE Eval uate a Chebyshev seri es.

*** || BRARY

SLATEC (FNLI B)

*** CATEGCORY C3A2

*%* TYPE

SI NGLE PRECI SI ON (CSEVL-S, DCSEVL- D)

*** KEYWORDS CHEBYSHEV SERI ES, FNLI B, SPECI AL FUNCTI ONS
*** AUTHOR Ful l erton, W, (LANL)
*** DESCRI PTI ON

Eval uate the N-term Chebyshev series CS at X. Adapted from
a nmethod presented in the paper by Broucke referenced bel ow.

| nput Argunents --

X val ue at which the series is to be eval uated.

CS array of Nterms of a Chebyshev series. In evaluating
CS, only half the first coefficient is sunmed.

N nunber of ternms in array CS

***REFERENCES R. Broucke, Ten subroutines for the manipul ation of

Chebyshev series, Al gorithm 446, Comruni cations of
the A CM 16, (1973) pp. 254-256.

L. Fox and |I. B. Parker, Chebyshev Polynomals in
Nuneri cal Analysis, Oxford University Press, 1968,
page 56.

***ROUTI NES CALLED RI1IMACH, XERMSG
***REVI SI ON HI STORY ( YYMVDD)

770401 DATE WRI TTEN

890831 Modified array declarations. (VRB)

890831 REVI SI ON DATE from Version 3.2

891214 Prol ogue converted to Version 4.0 format. (BAB)

900315 CALLs to XERROR changed to CALLs to XERVBG  (THJ)

900329 Prol ogued revised extensively and code rewitten to all ow
X to be slightly outside interval (-1,+1). (WRB)

920501 Reformatted the REFERENCES section. (WRB)

END PROLOGUE
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CSICO

SUBROUTI NE CSI CO (A, LDA, N, KPVT, RCOND, 2)

***BEG@ N PROLOGUE CSI CO

***PURPOSE Factor a conplex symetric matrix by elinmination with
symmetric pivoting and estimate the condition nunber of the
mat ri x.

***| | BRARY  SLATEC (LI NPACK)

*** CATEGORY D2C1

*** TYPE COWPLEX (SSICO'S, DSICO- D, CH COC, CsICO Q)

*** KEYWORDS CONDI TI ON NUMBER, LI NEAR ALGEBRA, LI NPACK

MATRI X FACTCORI ZATI ON, SYMVETRI C
*** AUTHOR Moler, C. B., (U of New Mxico)
*** DESCRI PTI ON

CSI CO factors a conplex symetric matrix by elimnation with
symmetric pivoting and estinmates the condition of the matrix.

If RCOND is not needed, CSIFA is slightly faster
To solve A*X =B, follow CSICO by CSI SL.

To conpute |INVERSE(A)*C , follow CSICO by CSISL.
To conpute | NVERSE(A) , follow CSICO by CSIDI

To conmpute DETERM NANT(A) , follow CSICO by CSID

On Entry
A COVWPLEX(LDA, N
the symmetric matrix to be factored.
Only the diagonal and upper triangle are used.
LDA | NTEGER
the |l eading dinension of the array A .
N | NTEGER
the order of the matrix A .
On Return
A a bl ock diagonal matrix and the rmultipliers which
were used to obtain it.
The factorization can be witten A = U*D*TRANS(U)
where U is a product of pernutation and unit
upper triangular matrices , TRANS(U) is the
transpose of U, and D is block diagonal
with 1 by 1 and 2 by 2 bl ocks.
KVPT | NTEGER( N)
an i nteger vector of pivot indices.
RCOND  REAL

an estimate of the reciprocal condition of A .

For the system A*X = B, relative perturbations

in A and B of size EPSILON nmay cause

relative perturbations in X of size EPSILOV RCOND

If RCOND is so small that the | ogical expression
1.0 + RCOND .EQ 1.0

is true, then A may be singular to working

precision. In particular, RCOND is zero if

S ATEC2 (AAAAAA through DOUPAK) - 384



exact singularity is detected or the estimte
under f | ows.

COVPLEX( N)
a work vector whose contents are usually uninportant.
If A is close to a singular matrix, then Z is
an approximate null vector in the sense that
NORM A*Z) = RCOND* NORM A) * NORM Z)

***REFERENCES J. J. Dongarra, J. R Bunch, C. B. Mder, and G W

Stewart, LINPACK Users' Cuide, SIAM 1979.

***ROUTI NES CALLED CAXPY, CDOTU, CSIFA, CSSCAL, SCASUM
***REVI SI ON HI STORY ( YYMVDD)

780814

DATE WRI TTEN

890531 Changed all specific intrinsics to generic. (WRB)

890831 Modified array declarations. (WRB)

891107 Corrected category and nodified routine equival ence
list. (WRB)

891107 REVI SI ON DATE from Version 3.2

891214 Prol ogue converted to Version 4.0 format. (BAB)

900326 Renoved duplicate infornmation from DESCRI PTI ON secti on.
(VRB)

920501 Reformatted the REFERENCES section. (WRB)

END PROLOGUE
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CSIDI

SUBROUTINE CSI DI (A, LDA, N, KPVT, DET, WORK, JOB)
***BEA N PROLOGUE CsSI DI
***PURPOSE Conpute the determinant and inverse of a conplex symetric
matri x using the factors from CSI FA
***| | BRARY  SLATEC (LI NPACK)
*** CATEGORY D2Cl1, D3C1

***TYPE COWLEX (SSID -S, DSID -D, CHD -C, CsSlID -C)
***KEYWORDS DETERM NANT, | NVERSE, LI NEAR ALGEBRA, LI NPACK, MATRI X,
SYMVETRI C

*** AUTHOR Bunch, J., (UCSD)
*%* DESCRI PT| ON

CSI DI conputes the determ nant and inverse
of a conplex symmetric matrix using the factors from CSI FA

On Entry
A COVPLEX(LDA, N)
the output from CSIFA
LDA | NTEGER
the | eadi ng dinmension of the array A .
N | NTEGER
the order of the matrix A .
KVPT | NTEGER( N)

the pivot vector from CSIFA

WWORK COWPLEX( N)
work vector. Contents destroyed.

JOB | NTEGER
JOB has the deci mal expansion AB where
If B .NE O, the inverse is conputed,
If A.NE 0, the determinant is conputed,

For exanple, JOB = 11 gives both.
On Return
Vari abl es not requested by JOB are not used.
A contains the upper triangle of the inverse of
the original matrix. The strict lower triangle
i s never referenced.
DET COWPLEX( 2)
determ nant of original matrix.
Determ nant = DET(1) * 10.0**DET(2)
with 1.0 .LE. ABS(DET(1)) .LT. 10.0
or DET(1) = 0.0.
Error Condition
A division by zero may occur if the inverse is requested
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and CSICO has set RCOND .EQ 0.0

or

CSIFA has set INFO.NE O .

***REFERENCES J. J. Dongarra, J. R Bunch, C. B. Mder, and G W

Stewart, LINPACK Users' Cuide, SIAM 1979.

***ROUTI NES CALLED CAXPY, CCOPY, CDOTU, CSWAP
***REVI SI ON HI STORY ( YYMVDD)

780814 DATE WRI TTEN

890531 Changed all specific intrinsics to generic. (WRB)

890831 Modified array declarations. (WRB)

891107 Corrected category and nodified routine equival ence
list. (WRB)

891107 REVI SI ON DATE from Version 3.2

891214 Prol ogue converted to Version 4.0 format. (BAB)

900326 Renoved duplicate infornmation from DESCRI PTI ON secti on.
(VRB)

920501 Reformatted the REFERENCES section. (WRB)

END PROLOGUE

S ATEC2 (AAAAAA through D9UPAK) - 387



CSIFA

SUBROUTI NE CSI FA (A, LDA, N, KPVT, |INFO
***BEG N PROLOGUE CSI FA
***PURPOSE Factor a conplex symetric matrix by elinmination with
synmetric pivoting.
***| | BRARY  SLATEC (LI NPACK)
*** CATEGORY D2C1
*** TYPE COWPLEX (SSI FA-S, DSIFA-D, CH FA-C, CSIFA-Q)
*** KEYWORDS LI NEAR ALGEBRA, LI NPACK, MATRI X FACTORI ZATI ON, SYMVETRI C
*** AUTHOR Bunch, J., (UCSD)
*** DESCRI PTI ON

CSIFA factors a conplex symetric matrix by elimnation
with symretric pivoting.

To solve A*X =B, follow CSIFA by CSI SL.

To conpute | NVERSE(A)*C , follow CSIFA by CSI SL.
To conpute DETERM NANT(A) , follow CSIFA by CSIDI.
To conpute |INVERSE(A) , follow CSIFA by CsSID

On Entry
A COVPLEX(LDA, N)
the symmetric matrix to be factored.
Only the diagonal and upper triangle are used.
LDA | NTEGER
the | eading dinmension of the array A .
N | NTEGER
the order of the matrix A .
On Return
A a bl ock diagonal matrix and the nultipliers which
were used to obtain it.
The factorization can be witten A = U*D*TRANS(U)
where U is a product of permutation and unit
upper triangular matrices , TRANS(U) is the
transpose of U, and D is block diagonal
with 1 by 1 and 2 by 2 bl ocks.
KVPT | NTEGER(N)
an i nteger vector of pivot indices.
I NFO | NTEGER

0 normal val ue.

K if the K-th pivot block is singular. This is
not an error condition for this subroutine,
but it does indicate that CSISL or CSID rmay
divide by zero if called.

***REFERENCES J. J. Dongarra, J. R Bunch, C. B. Mdler, and G W
Stewart, LINPACK Users' Cuide, SIAM 1979.
***ROUTI NES CALLED CAXPY, CSWAP, | CAVAX
***REVI S| ON HI STORY  ( YYMVDD)
780814 DATE WRI TTEN
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890531 Changed all specific intrinsics to generic. (WRB)

890831 Modified array declarations. (WRB)

891107 Corrected category and nodified routine equival ence
list. (WRB)

891107 REVI SI ON DATE from Version 3.2

891214 Prol ogue converted to Version 4.0 format. (BAB)

900326 Renopved duplicate informati on from DESCRI PTI ON secti on.
(VRB)

920501 Reformatted the REFERENCES section. (WRB)

END PROLOGUE

S ATEC2 (AAAAAA through D9UPAK) - 389



CSINH

COVPLEX FUNCTI ON CSI NH (2)
***BEA N PROLOGUE CSI NH
***PURPOSE Conpute the conpl ex hyperbolic sine.
***| | BRARY  SLATEC ( FNLI B)
*** CATEGORY CAC
*** TYPE COWPLEX (CSI NH Q)
*** KEYWORDS ELEMENTARY FUNCTI ONS, FNLI B, HYPERBOLI C S| NE
*** AUTHOR Fullerton, W, (LANL)
*** DESCRI PTI ON

CSINH(Z) cal cul ates the conpl ex hyperbolic sine of conplex
argunment Z. Zis in units of radi ans.

*** REFERENCES  ( NONE)

*** ROUTI NES CALLED ( NONE)

***REVI SI ON HI STORY ( YYMVDD)
770401 DATE WRI TTEN
890531 Changed all specific intrinsics to generic. (WRB)
890531 REVI SI ON DATE from Version 3.2
891214 Prol ogue converted to Version 4.0 format. (BAB)
END PROLOGUE
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CSISL

SUBROUTI NE CSISL (A, LDA, N, KPVT, B)
***BEG N PROLOGUE CSI SL
***PURPOSE Sol ve a conplex symmetric systemusing the factors obtai ned
from CSI FA.
***| | BRARY  SLATEC (LI NPACK)
*** CATEGORY D2C1
*** TYPE COWPLEX (SSI SL-S, DSISL-D, CH SL-C, CslSL-0Q)
*** KEYWORDS LI NEAR ALGEBRA, LI NPACK, MATRI X, SOLVE, SYMMETRI C
*** AUTHOR Bunch, J., (UCSD)
*** DESCRI PTI ON

CSI SL solves the conpl ex synmetric system
A* X=B
using the factors conputed by CSIFA.

On Entry
A COVPLEX(LDA, N)
the output from CSIFA
LDA | NTEGER
the | eading dinension of the array A .
N | NTEGER
the order of the matrix A .
KVPT | NTEGER(N)
the pivot vector from CSIFA
B COVPLEX( N)
the right hand side vector.
On Return
B the solution vector X.

Error Condition

A division by zero may occur if CSICO has set RCOND .EQ 0.0
or CSIFA has set INFO.NE. 0 .

To conpute |INVERSE(A) * C where C is a matrix
with P colums
CALL Csl FA(A, LDA, N, KVPT, | NFO
If (INFO.NE. 0) GO TO...
DO10J =1, P
CALL CSISL(A LDA N, KVPT, C(1,j))
10 CONTI NUE

***REFERENCES J. J. Dongarra, J. R Bunch, C. B. Mdler, and G W
Stewart, LINPACK Users' Cuide, SIAM 1979.
*** ROUTI NES CALLED CAXPY, CDOTU
***REVI SI ON HI STORY ( YYMVDD)
780814 DATE WRI TTEN
890531 Changed all specific intrinsics to generic. (WRB)
890831 Modified array declarations. (VRB)
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891107 Corrected category and nodified routine equival ence
list. (VRB)

891107 REVI SI ON DATE from Version 3.2

891214 Prol ogue converted to Version 4.0 format. (BAB)

900326 Renpved duplicate infornmation from DESCRI PTI ON secti on.
(WRB)

920501 Reformatted the REFERENCES section. (WRB)

END PROLOGUE
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CSPCO

SUBROUTI NE CSPCO (AP, N, KPVT, RCOND, 2)
***BEG N PROLOGUE CSPCO
***PURPOSE Factor a conplex symetric matrix stored in packed form

*** Ll BRARY

by
con

elimnation with symetric pivoting and estimate the
diti on nunber of the matrix.

SLATEC ( LI NPACK)

*** CATEGCRY D2C1

COWLEX (SSPCO- S, DSPCO- D, CHPCO C, CSPCO Q)
***KEYWORDS CONDI TI ON NUMBER, LI NEAR ALGEBRA, LI NPACK,
MATRI X FACTORI ZATI ON, PACKED, SYMMETRIC
***AUTHOR Moler, C. B., (U of New Mexico)

***DESCRI PTI ON

*** TYPE

CSPCO factors a conplex symretric matri x stored in packed
formby elimnation with synmetric pivoting and estimates
the condition of the matrix.

| f
To
To
To
To

On

RCOND
sol ve
comput e
conmput e
conmput e
Entry

AP

Ret urn

AP

KVPT

RCOND

is not needed, CSPFA is slightly faster.
A*X = B, follow CSPCO by CSPSL.
| N\VERSE(A) *C , follow CSPCO by CSPSL.
| NVERSE(A) , foll ow CSPCO by CSPDI .
DETERM NANT(A) , follow CSPCO by CSPDI .

COVPLEX (N*(N+1)/2)

the packed formof a symetric matrix A . The
colums of the upper triangle are stored sequentially
in a one-dinensional array of length N<(N+1)/2 .

See coments bel ow for details.

| NTEGER
the order of the matrix A .

a bl ock diagonal matrix and the nmultipliers which
were used to obtain it stored in packed form

The factorization can be witten A = U*D*TRANS(U)
where U is a product of pernutation and unit
upper triangular matrices , TRANS(U) is the
transpose of U, and D is block diagonal

with 1 by 1 and 2 by 2 bl ocks.

| NTEGER(N)
an i nteger vector of pivot indices.

REAL

an estimate of the reciprocal condition of A .

For the system A*X = B, relative perturbations

in A and B of size EPSILON nmay cause

relative perturbations in X of size EPSILON RCOND .

If RCOND is so small that the | ogical expression
1.0 + RCOND .EQ 1.0

is true, then A may be singular to working

precision. In particular, RCOND is zero if
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exact singularity is detected or the estimte
under f | ows.

Z COVPLEX( N)
a work vector whose contents are usually uninportant.
If A is close to a singular matrix, then Z is
an approximate null vector in the sense that
NORM A*Z) = RCOND* NORM A) * NORM Z)

Packed Storage

The foll owi ng program segnent wi |l pack the upper
triangle of a symmetric matrix.
K=0
DO 20 J =1, N
DoO10 I =1, J
K = + 1
AP(K) = A(1,J)
10 CONTI NUE
20 CONTI NUE

***REFERENCES J. J. Dongarra, J. R Bunch, C. B. Mdler, and G W
Stewart, LINPACK Users' Cuide, SIAM 1979.
*** ROUTI NES CALLED CAXPY, CDOTU, CSPFA, CSSCAL, SCASUM
***REVI SI ON HI STORY ( YYMVDD)
780814 DATE WRI TTEN
890531 Changed all specific intrinsics to generic. (WRB)
890831 Modified array declarations. (VRB)
891107 Corrected category and nodified routine equival ence
list. (WRB)
891107 REVI SI ON DATE from Version 3.2
891214 Prol ogue converted to Version 4.0 format. (BAB)
900326 Renpved duplicate infornmati on from DESCRI PTI ON secti on.
(V\RB)
920501 Reformatted the REFERENCES section. (WRB)
END PROLOGUE
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CSPDI

SUBROUTI NE CSPDI (AP, N, KPVT, DET, WORK, JOB)

***BEG N PROLOGUE CSPDI

***PURPOSE Conpute the determinant and inverse of a conplex symetric
matri x stored in packed formusing the factors from CSPFA.

***| | BRARY  SLATEC (LI NPACK)

*** CATEGORY D2Cl1, D3C1

*** TYPE COVWPLEX (SSPDI -S, DSPDI-D, CHPDI-C, CSPD -C)

*** KEYWORDS DETERM NANT, | NVERSE, LI NEAR ALGEBRA, LI NPACK, MATRI X,

PACKED, SYMVETRI C
*** AUTHOR Bunch, J., (UCSD)
*** DESCRI PTI ON

CSPDI conputes the determ nant and inverse
of a conplex symmetric matrix using the factors from CSPFA,
where the matrix is stored in packed form

On Entry
AP COWPLEX (N*(N+1)/2)
t he out put from CSPFA.
N | NTEGER
the order of the matrix A .
KVPT | NTEGER( N)

the pivot vector from CSPFA

WWORK COVPLEX( N)
work vector. Contents ignored.

JOB | NTEGER
JOB has the deci mal expansion AB where
if B.NE O, the inverse is conputed,
if A.NE O, the determi nant is conputed.

For exanmple, JOB = 11 gives both.
On Return
Vari abl es not requested by JOB are not used.

AP contains the upper triangle of the inverse of
the original matrix, stored in packed form
The colums of the upper triangle are stored
sequentially in a one-dinmensional array.

DET COVPLEX( 2)
determ nant of original matrix.
Determ nant = DET(1) * 10.0**DET(2)
with 1.0 .LE. ABS(DET(1)) .LT. 10.0
or DET(1) = 0.0.

Error Condition

A division by zero will occur if the inverse is requested
and CSPCO has set RCOND .EQ 0.0
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or CSPFA has set INFO .NE. O .

***REFERENCES J. J. Dongarra, J. R Bunch, C. B. Mdler, and G W
Stewart, LINPACK Users' Cuide, SIAM 1979.
*** ROUTI NES CALLED CAXPY, CCOPY, CDOTU, CSWAP
***REVI SI ON HI STORY ( YYMVDD)
780814 DATE WRI TTEN
890531 Changed all specific intrinsics to generic. (WRB)
890831 Modified array declarations. (WRB)
891107 Corrected category and nodified routine equival ence
list. (WRB)
891107 REVI SI ON DATE from Version 3.2
891214 Prol ogue converted to Version 4.0 format. (BAB)
900326 Renoved duplicate infornmation from DESCRI PTI ON secti on.
(VRB)
920501 Reformatted the REFERENCES section. (WRB)
END PROLOGUE
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CSPFA

SUBROUTI NE CSPFA (AP, N, KPVT, |INFO
***BEG N PROLOGUE CSPFA
***PURPOSE Factor a conplex symmetric nmatrix stored in packed form by
elimnation with symretric pivoting.
***| | BRARY  SLATEC (LI NPACK)
*** CATEGORY D2C1

***TYPE COWLEX ( SSPFA-S, DSPFA-D, CHPFA-C, CSPFA-Q)
***KEYWORDS LI NEAR ALGEBRA, LI NPACK, MATRI X FACTORI ZATI QN, PACKED
SYMVETRI C

*** AUTHOR Bunch, J., (UCSD)
*%* DESCRI PT| ON

CSPFA factors a conplex symetric matrix stored in
packed formby elimnation with symretric pivoting.

To solve A*X = B, follow CSPFA by CSPSL.

To compute | NVERSE(A)*C , follow CSPFA by CSPSL.
To conpute DETERM NANT(A) , foll ow CSPFA by CSPDI
To conpute | NVERSE(A) , follow CSPFA by CSPDI

On Entry

AP COWPLEX (N*(N+1)/2)
the packed formof a symetric matrix A . The
colums of the upper triangle are stored sequentially
in a one-dinmensional array of length N-(N+1)/2 .
See conments bel ow for details.

N | NTEGER
the order of the matrix A .

On Return

AP a bl ock diagonal matrix and the nultipliers which
were used to obtain it stored in packed form
The factorization can be witten A = U*D*TRANS(U)
where U is a product of permutation and unit
upper triangular matrices , TRANS(U) is the
transpose of U, and D is block diagonal
with 1 by 1 and 2 by 2 bl ocks.

KVPT | NTEGER( N)
an i nteger vector of pivot indices.

I NFO | NTEGER

0 normal val ue.

K if the K-th pivot block is singular. This is
not an error condition for this subroutine,
but it does indicate that CSPSL or CSPDI may
divide by zero if called.

Packed Storage

The follow ng program segnent will pack the upper
triangle of a symmetric matri x.

S ATEC2 (AAAAAA through DOUPAK) - 397



(
10 CONTI NUE
20 CONTI NUE

***REFERENCES J. J. Dongarra, J. R Bunch, C. B. Mdler, and G W

Stewart, LINPACK Users' Cuide, SIAM 1979.

***ROUTI NES CALLED CAXPY, CSWAP, | CAMAX
***REVI SI ON HI STORY ( YYMVDD)

780814 DATE WRI TTEN

890531 Changed all specific intrinsics to generic. (WRB)

890831 Modified array declarations. (WRB)

891107 Corrected category and nodified routine equival ence
list. (WRB)

891107 REVI SI ON DATE from Version 3.2

891214 Prol ogue converted to Version 4.0 format. (BAB)

900326 Renoved duplicate infornmation from DESCRI PTI ON secti on.
(VRB)

920501 Reformatted the REFERENCES section. (WRB)

END PROLOGUE
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CSPSL

SUBROUTI NE CSPSL (AP, N, KPVT, B)
***BEG N PROLOGUE CSPSL
***PURPOSE Sol ve a conplex symmetric systemusing the factors obtai ned
from CSPFA.
***| | BRARY  SLATEC (LI NPACK)
*** CATEGORY D2C1
*** TYPE COWPLEX (SSPSL-S, DSPSL-D, CHPSL-C, CSPSL-C)
*** KEYWORDS LI NEAR ALGEBRA, LI NPACK, NATRI X, PACKED, SCOLVE, SYMVETRIC
*** AUTHOR Bunch, J., (UCSD)
*** DESCRI PTI ON

CSI SL solves the conpl ex synmetric system
A* X=B
using the factors conputed by CSPFA.

On Entry
AP COVPLEX( N* ( N+1) / 2)
t he out put from CSPFA.
N | NTEGER
the order of the matrix A .
KVPT | NTEGER(N)
the pivot vector from CSPFA
B COVPLEX( N)
the right hand side vector.
On Return
B the solution vector X.

Error Condition

A division by zero may occur if CSPCO has set RCOND .EQ 0.0
or CSPFA has set INFO.NE O

To conpute |INVERSE(A) * C where C is a matrix
with P colunmms
CALL CSPFA( AP, N, KVPT, | NFO)
IF (INFO.NE. 0) GO TO...
DO10J =1, P
CALL CSPSL( AP, N, KVPT, C(1, J))
10 CONTI NUE

***REFERENCES J. J. Dongarra, J. R Bunch, C. B. Mdler, and G W
Stewart, LINPACK Users' Cuide, SIAM 1979.
***ROUTI NES CALLED CAXPY, CDOTU
***REVI S| ON HI STORY  ( YYMVDD)
780814 DATE WRI TTEN
890531 Changed all specific intrinsics to generic. (WRB)
890831 Modified array declarations. (VRB)
891107 Corrected category and nodified routine equival ence
list. (VRB)
891107 REVI SI ON DATE from Version 3.2
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891214 Prol ogue converted to Version 4.0 format. (BAB)

900326 Renoved duplicate infornmation from DESCRI PTI ON secti on.
(VRB)

920501 Reformatted the REFERENCES section. (WRB)

END PROLOGUE
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CSROT

SUBROUTI NE CSROT (N, CX, INCX, CY, INCY, C, Y9
*** BEG N PROLOGUE CSROT
***PURPOSE Apply a plane G vens rotation.
***| | BRARY  SLATEC ( BLAS)
*** CATEGORY D1B10
*** TYPE COWPLEX (SROT-S, DROT-D, CSROT-C)
*** KEYWORDS BLAS, G VENS ROTATI ON, G VENS TRANSFORMATI ON,
LI NEAR ALGEBRA, PLANE ROTATI ON, VECTOR
*** AUTHOR Dongarra, J., (ANL)
*** DESCRI PTI ON

CSROT applies the conplex Gvens rotation

(X)) ( C9(X
(V) =(-SO(Y)

N tinmes where for | =0,...,N1

X = CX(LX+l *1 NCX)
Y = CY(LY+l *I NCY),

where LX = 1 if INCX .GE. 0, else LX = 1+(1-N)*INCX, and LY is
defined in a simlar way using | NCY.

Argunment Description
N (integer) nunber of elements in each vector
CX (conpl ex array) beginning of one vector

INCX (integer) nmenory spacing of successive elenents
of vector CX

CY (conplex array) beginning of the other vector

INCY (integer) nmenory spacing of successive el enents
of vector CY

C (real) ~cosine termof the rotation
S (real) sine termof the rotation.

***REFERENCES J. J. Dongarra, J. R Bunch, C. B. Mler, and G W
Stewart, LINPACK Users' Cuide, SIAM 1979.
*** ROUTI NES CALLED ( NONE)
***REVI SI ON HI STORY ( YYMVDD)
810223 DATE WRI TTEN
890831 Modified array declarations. (WRB)
890831 REVI SI ON DATE from Version 3.2
891214 Prol ogue converted to Version 4.0 format. (BAB)
920310 Corrected definition of LX in DESCRI PTION. (WRB)
920501 Reformatted the REFERENCES section. (WRB)
END PROLOGUE
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CSSCAL

SUBROUTI NE CSSCAL (N, SA, CX, INCX)

*** BEG N PROLOGUE CSSCAL

***PURPOSE Scal e a conpl ex vector.

***| | BRARY  SLATEC ( BLAS)

*** CATEGORY D1A6

*** TYPE COWPLEX ( CSSCAL- Q)

*** KEYWORDS BLAS, LI NEAR ALGEBRA, SCALE, VECTOR

*** AUTHOR Lawson, C. L., (JPL)
Hanson, R J., (SNLA)
Kincaid, DD R, (U of Texas)
Krogh, F. T., (JPL)

*** DESCRI PTI ON

BLAS Subprogram
Descri ption of Paraneters

- -1l nput - -
N nunber of elements in input vector(s)
SA single precision scale factor
CX complex vector with N el ements
I NCX storage spaci ng between el enents of CX

-- Qut put - -
CX scaled result (unchanged if N .LE. 0)

Repl ace conpl ex CX by (single precision SA) * (conplex CX)
For I = 0 to N1, replace CX(I X+l *INCX) with SA * CX(I X+l *1 NCX),
where X =1 if INCX.GE 0, else I X = 1+(1-N)*I NCX

***REFERENCES C. L. Lawson, R J. Hanson, D. R Kincaid and F. T.
Krogh, Basic |inear al gebra subprograns for Fortran
usage, Al gorithm No. 539, Transactions on Mathenati cal
Software 5, 3 (Septenber 1979), pp. 308-323.

*** ROUTI NES CALLED ( NONE)

***REVI SI ON HI STORY ( YYMVDD)

791001 DATE WRI TTEN

890831 Modified array declarations. (WRB)

890831 REVI SI ON DATE from Version 3.2

891214 Prol ogue converted to Version 4.0 format. (BAB)

900821 Modified to correct problemw th a negative increnent.
(WRB)

920501 Reformatted the REFERENCES section. (WRB)

END PROLOGUE
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CSVDC

SUBROUTI NE CSVDC (X, LDX, N, P, S, E, U, LDU, V, LDV, WORK, JOB
+ I NFO)
***BEG N PROLOGUE CSVDC
***PURPOSE Performthe singular val ue deconposition of a rectangul ar
mat ri x.
***| | BRARY  SLATEC (LI NPACK)
*** CATEGORY D6
*** TYPE COWLEX (SSVDC-S, DSVDC-D, CSVDC- Q)
*** KEYWORDS LI NEAR ALGEBRA, LI NPACK, NMATRI X,
SI NGULAR VALUE DECOWVPOSI TI ON
*** AUTHOR Stewart, G W, (U of Mryland)
*** DESCRI PTI ON

CSVDC is a subroutine to reduce a conplex NxP matrix X by
unitary transformations U and V to diagonal form The

di agonal elenents S(I) are the singular values of X The
colums of U are the corresponding |left singular vectors,
and the columms of V the right singular vectors.

On Entry
X COWPLEX(LDX, P), where LDX .GE. N.
X contains the matri x whose singul ar val ue
deconposition is to be conmputed. X is
destroyed by CSVDC.
LDX | NTEGER.
LDX is the | eading dinension of the array X
N | NTEGER.
N is the number of rows of the matrix X
P | NTEGER.
P is the nunber of colums of the matrix X
LDU | NTEGER.
LDU is the | eading dinension of the array U
(see bel ow).
LDV | NTEGER.
LDV is the | eading dinmension of the array V
(see bel ow).
WORK COVPLEX(N) .
WORK is a scratch array.
JOB | NTEGER.
JOB controls the conmputation of the singular
vectors. It has the deci mal expansion AB

with the follow ng nmeani ng

A.EQ O Do not compute the left singular
vect ors.

A.EQ 1 Return the N left singular vectors
in U

A.G 2 Return the first MN(N, P)
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| eft singular vectors in U
B.EQ O Do not conmpute the right singular

vectors.
B.EQ 1 Return the right singular vectors
in V.
On Return
S COWPLEX(MV), where MM = M N(N+1, P).
The first MN(N, P) entries of S contain the
singul ar values of X arranged in descending
order of nmagnitude.
E COVPLEX( P) .
E ordinarily contains zeros. However see the
di scussi on of | NFO for exceptions.
U COWPLEX(LDU, K), where LDU .CGE. N. |If JOBA .EQ 1
then K.EQ N If JOBA .GE 2 then
K.EQ MN(N P).
U contains the matrix of right singular vectors.
Uis not referenced if JOBA .EQ 0. If N.LE P
or if JOBA .GI. 2, then Umy be identified with X
in the subroutine call.
Vv COWPLEX(LDV, P), where LDV .CGE. P.
V contains the matrix of right singular vectors.
Vis not referenced if JOB .EQ 0. If P .LE N,
then V nmay be identified with X in the
subroutine call.
I NFO | NTEGER

The singul ar values (and their correspondi ng
si ngul ar vectors) S(INFO+l1l), S(I NFO+2),...,S(M
are correct (here MEM N(N,P)). Thus if

INFO. EQ O, all the singular values and their
vectors are correct. In any event, the matrix
B = CTRANS(U)*X*V is the bidiagonal nmatrix
with the elements of S on its diagonal and the
el enents of E on its super-diagonal (CTRANS(U)
is the conjugate-transpose of U. Thus the
singul ar values of X and B are the sane.

***REFERENCES J. J. Dongarra, J. R Bunch, C. B. Mler, and G W

Stewart, LINPACK Users' Cuide, SIAM 1979.

***ROUTI NES CALLED CAXPY, CDOTC, CSCAL, CSROT, CSWAP, SCNRM2, SROTG
***REVI SI ON H STORY  ( YYMVDD)

790319

DATE WRI TTEN

890531 Changed all specific intrinsics to generic. (WRB)

890531 REVI SI ON DATE from Version 3.2

891214 Prol ogue converted to Version 4.0 format. (BAB)

900326 Renpved duplicate infornmation from DESCRI PTI ON secti on.
(WRB)

920501 Reformatted the REFERENCES section. (WRB)

END PROLOGUE
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CSWAP

SUBROUTI NE CSWAP (N, CX, INCX, CY, INCY)
***BEG N PROLOGUE CSWAP
***PURPOSE I nterchange two vectors.
***| | BRARY  SLATEC ( BLAS)
*** CATEGORY D1A5
*** TYPE COWPLEX (SSWAP-S, DSWAP-D, CSWAP-C, | SWAP-1)
*** KEYWORDS BLAS, | NTERCHANGE, LI NEAR ALGEBRA, VECTOR
*** AUTHOR Lawson, C. L., (JPL)
Hanson, R J., (SNLA)
Kincaid, DD R, (U of Texas)
Krogh, F. T., (JPL)
*** DESCRI PTI ON

BLAS Subprogram
Descri ption of Paraneters

- -l nput - -
N nunber of elements in input vector(s)
CX complex vector with N el enents
I NCX storage spaci ng between el enments of CX
CY complex vector with N el enments
I NCY storage spacing between el ements of CY

--Qut put - -
CX input vector CY (unchanged if N .LE. 0)
CY input vector CX (unchanged if N .LE. 0)

I nt erchange conpl ex CX and conpl ex CY

For I = 0 to N1, interchange CX(LX+l*INCX) and CY(LY+l *I NCY),
where LX = 1 if INCX .GE 0, else LX = 1+(1-N)*INCX, and LY is
defined in a simlar way using |INCY.

***REFERENCES C. L. Lawson, R J. Hanson, D. R Kincaid and F. T.
Krogh, Basic |inear al gebra subprograns for Fortran
usage, Al gorithm No. 539, Transactions on Mt hemati cal
Software 5, 3 (Septenber 1979), pp. 308-323.

*** ROUTI NES CALLED ( NONE)

***REVI S| ON HI STORY  ( YYMVDD)

791001 DATE WRI TTEN

890831 Modified array declarations. (VRB)

890831 REVI SI ON DATE from Version 3.2

891214 Prol ogue converted to Version 4.0 format. (BAB)
920310 Corrected definition of LX in DESCRI PTION. (VRB)
920501 Reformatted the REFERENCES section. (WRB)

END PROLOGUE
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CSYMM

$SUBRCUTINE CSYMM (SIDE, UPLO, M N, ALPHA, A, LDA, B, LBD, BETA,
C, LDC)
***BEG N PROLOGUE CSYMM
***PURPOSE Multiply a conplex general matrix by a conplex symetric
mat ri x.
***| | BRARY  SLATEC ( BLAS)
*** CATEGORY D1B6
*** TYPE COVWPLEX (SSYMV'S, DSYMMV D, CSYMM C)
***KEYWORDS LEVEL 3 BLAS, LI NEAR ALGEBRA
***AUTHOR Dongarra, J., (ANL)
Duff, I., (AERE)
Du Croz, J., (NAG
Hammarl i ng, S. (NAG
*** DESCRI PTI ON

CSYMM perfornms one of the matrix-matrix operations
C := al pha*A*B + beta*C,
or

C := al pha*B*A + beta*C,

where al pha and beta are scalars, Ais a symmetric matrix and B and

Care mby n matrices.

Par anmet er s

SIDE - CHARACTER*1.
On entry, SIDE specifies whether the symetric matrix

appears on the left or right in the operation as follows:

SIDE ="'L" or "I’

al pha*A*B + beta*C,
S| DE

'R or 'r' C := al pha*B*A + beta*C,
Unchanged on exit.

UPLO - CHARACTER*1.

On entry, UPLO specifies whether the upper or |[|ower

triangular part of the symetric matrix A is to
referenced as foll ows:

UPLO="'U or '"u Only the upper triangular part of the
symmetric matrix is to be referenced.

UPLO ="'L" or 'I' Only the lower triangular part of the
symmetric matrix is to be referenced.

Unchanged on exit.

M - | NTEGER
On entry, M specifies the nunber of rows of the matrix C.
M nust be at |east zero.
Unchanged on exit.
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LDA

LDB

BETA

| NTEGER

On entry, N specifies the nunber of colums of the matrix C
N rmnust be at |east zero.

Unchanged on exit.

COWPLEX .
On entry, ALPHA specifies the scal ar al pha.
Unchanged on exit.

COMPLEX array of DIMENSION ( LDA, ka ), where ka is
m when SIDE ='L' or 'I' and is n otherw se.
Before entry with SIDE="'L" or 'I', the mby m part of

the array A nmust contain the symetric matrix, such that
when UPLO ="'U or 'u', the leading mby mupper triangul ar
part of the array A nust contain the upper triangular part
of the symetric matrix and the strictly |ower triangular
part of A is not referenced, and when UPLO="'L' or 'I",
the leading mby m lower triangular part of the array A
must contain the Ilower triangular part of the symmetric
matrix and the strictly upper triangular part of A is not
ref erenced.

Before entry with SIDE='R or 'r', the n by n part of
the array A nust contain the symmetric matrix, such that
when UPLO="'U or 'u', the leading n by n upper triangul ar
part of the array A nust contain the upper triangular part
of the symetric matrix and the strictly |ower triangular
part of A is not referenced, and when UPLO="'L' or 'I",
the leading n by n lower triangular part of the array A
must contain the Ilower triangular part of the synmetric
matrix and the strictly upper triangular part of A is not
ref erenced.

Unchanged on exit.

| NTEGER.
On entry, LDA specifies the first dinension of A as declared
inthe calling (sub) program Wwen SIDE ="'L" or 'l' then

LDA nust be at least max( 1, m), otherwi se LDA nust be at
| east max( 1, n ).
Unchanged on exit.

COVPLEX array of DIMENSION ( LDB, n ).

Before entry, the leading mby n part of the array B nust
contain the matrix B

Unchanged on exit.

| NTEGER.
On entry, LDB specifies the first dinension of B as declared
in the calling (sub) program LDB nust be at |east

max( 1, m).
Unchanged on exit.

COVPLEX .

On entry, BETA specifies the scalar beta. Wen BETA is
supplied as zero then C need not be set on input.

Unchanged on exit.

COMPLEX array of DIMENSION ( LDC, n ).
Before entry, the leading mby n part of the array C mnust
contain the matrix C, except when beta is zero, in which
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case C need not be set on entry.
On exit, the array C is overwitten by the mby n updated

mat ri x.

LDC - I NTEGER
On entry, LDC specifies the first dinension of C as declared
in the calling (sub) program LDC nust be at |east

max( 1, m).
Unchanged on exit.

*** REFERENCES Dongarra, J., Du Croz, J., Duff, |I., and Hanmarling, S.
A set of level 3 basic linear al gebra subprograns.
ACM TOVS, Vol. 16, No. 1, pp. 1-17, March 1990.
***ROUTI NES CALLED LSAME, XERBLA
***REVI SI ON HI STORY ( YYMVDD)
890208 DATE WRI TTEN
910605 Modified to neet SLATEC prol ogue standards. Only conment
lines were nodified. (BKS)
END PROLOGUE
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CSYR2K

SUBROUTI NE CSYR2K (UPLO, TRANS, N, K, ALPHA, A, LDA, B, LDB, BETA,

$ C LDO
***BEG N PROLOGUE CSYR2K
***PURPOSE Perform symetric rank 2k update of a conplex symetric
matri x.
***| | BRARY  SLATEC ( BLAS)
*** CATEGORY D1B6
*** TYPE COWLEX (SSYR2-S, DSYR2-D, CSYR2-C, CSYR2K-C)
*** KEYWORDS LEVEL 3 BLAS, LI NEAR ALGEBRA
***AUTHOR Dongarra, J., (ANL)
Duff, 1., (AERE)
Du Croz, J., (NAG
Hammarl i ng, S. (NAG
*** DESCRI PTI ON

CSYR2K perforns one of the symmetric rank 2k operations

C:

al pha*A*B' + al pha*B*A'" + beta*C,

or

C := alpha*A'*B + al pha*B *A + beta*C,

where alpha and beta are scalars, Cis an n by n symetric matrix
and A and B are n by k matrices inthe first case and Kk by n

matrices in the second case.

Par aneters

UPLO - CHARACTER*1.

On entry, UPLO specifies whether the upper or |ower

triangular part of the array C is to be referenced
foll ows:
UPLO="'U or '"u Only the upper triangular part of
is to be referenced.
UPLO = '"L" or 'I' Only the Ilower triangular part of

is to be referenced.
Unchanged on exit.

TRANS - CHARACTER*1.

as

C

C

On entry, TRANS specifies the operation to be perforned as

fol | ows:
TRANS = "N or 'n' C := al pha*A*B' + al pha*B*A" +
bet a* C.
TRANS = 'T" or "t' C .= alpha*A"*B + al pha*B' *A +

bet a*C.
Unchanged on exit.
N - | NTEGER.
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ALPHA

LDA

LDB

BETA

On entry, N specifies the order of the matrix C. N nust be
at | east zero.
Unchanged on exit.

| NTEGER.

On entry with TRANS = 'N or 'n', K specifies the nunber
of colums of the matrices A and B, and on entry wth
TRANS = 'T" or 't', K specifies the nunber of rows of the
matrices A and B. K nust be at |east zero.

Unchanged on exit.

COWPLEX .
On entry, ALPHA specifies the scal ar al pha.
Unchanged on exit.

COMPLEX array of DIMENSION ( LDA, ka ), where ka is
k when TRANS = 'N or 'n', and is n otherw se.

Before entry with TRANS = 'N or 'n', the leading n by k
part of the array A nust contain the matrix A, otherw se
the leading k by n part of the array A nust contain the
matrix A

Unchanged on exit.

| NTEGER

On entry, LDA specifies the first dinension of A as declared
in the calling (sub) program When TRANS ='N or 'n'
then LDA nmust be at least nmax( 1, n ), otherwi se LDA nust
be at least max( 1, k).

Unchanged on exit.

COVPLEX array of DIMENSION ( LDB, kb ), where kb is
k when TRANS = 'N or 'n'", and is n otherw se.

Before entry with TRANS = 'N or 'n', the leading n by k
part of the array B nust contain the matrix B, otherw se
the leading k by n part of the array B nust contain the
matri x B.

Unchanged on exit.

| NTEGER.

On entry, LDB specifies the first dinmension of B as decl ared
in the calling (sub) program Wen TRANS ='N or 'n'
then LDB nust be at least max( 1, n ), otherwise LDB nust
be at least max( 1, k).

Unchanged on exit.

COVPLEX .
On entry, BETA specifies the scalar beta.
Unchanged on exit.

COVPLEX array of DIMENSION ( LDC, n ).

Before entry with UPLO="'U or 'u, the leading n by n
upper triangular part of the array C nust contain the upper
triangular part of the symetric matrix and the strictly
| ower triangular part of Cis not referenced. On exit, the
upper triangular part of the array Cis overwitten by the
upper triangular part of the updated matri x.

Before entry with UPLO="'L" or 'I', the leading n by n
lower triangular part of the array C nust contain the | ower
triangular part of the symetric matrix and the strictly
upper triangular part of Cis not referenced. On exit, the
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| ower triangular part of the array Cis overwitten by the
| ower triangular part of the updated matri x.

LDC - | NTEGER
On entry, LDC specifies the first dinmension of C as decl ared
in the calling (sub) program LDC nust be at |east

max( 1, n ).
Unchanged on exit.

*** REFERENCES Dongarra, J., Du Croz, J., Duff, |I., and Hanmarling, S.
A set of level 3 basic linear al gebra subprograns.
ACM TOVS, Vol. 16, No. 1, pp. 1-17, March 1990.
*** ROUTI NES CALLED LSAME, XERBLA
***REVI SI ON HI STORY ( YYMVDD)
890208 DATE WRI TTEN
910605 Modified to neet SLATEC prol ogue standards. Only coment
lines were nodified. (BKS)
END PROLOGUE
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CSYRK

SUBROUTI NE CSYRK (UPLO, TRANS, N, K, ALPHA, A LDA, BETA, C, LDC)
***BEA N PROLOGUE CSYRK
***PURPOSE Perform symretric rank k update of a conplex symetric
matri x.
***| | BRARY  SLATEC ( BLAS)
*** CATEGORY D1B6
*** TYPE COWPLEX (SSYRK-S, DSYRK-D, CSYRK-C)
*** KEYWORDS LEVEL 3 BLAS, LI NEAR ALGEBRA
*** AUTHOR Dongarra, J., (ANL)
Duff, I., (AERE)
Du Croz, J., (NAG
Hammarli ng, S. (NAG
*** DESCRI PTI ON

CSYRK performs one of the synmetric rank k operations
C := al pha*A*A" + beta*C
or
C := alpha*A *A + beta*C,
where alpha and beta are scalars, Cis an n by n synmmetric matri
and A is an n by k matrix inthe first case and a k by n nmatri

in the second case.

Par anmet er s

UPLO - CHARACTER*1.

X
X

On entry, UPLO specifies whether the upper or |ower
triangular part of the array C is to be referenced as

foll ows:
UPLO="'U or 'u Only the wupper triangular part of
is to be referenced.
UPLO = '"L" or 'I' Only the Ilower triangular part of

is to be referenced.
Unchanged on exit.

TRANS - CHARACTER*1.

C

C

On entry, TRANS specifies the operation to be perforned as

foll ows:

TRANS = 'N or 'n’ C .= al pha*A*A' + beta*C

TRANS = 'T" or 't'

al pha*A' *A + beta*C.
Unchanged on exit.

N - | NTEGER

On entry, N specifies the order of the matrix C. N nust be

at | east zero.
Unchanged on exit.
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| NTEGER.

On entry with TRANS = 'N or 'n', K specifies the nunber
of col umms of the matri x A and on entry wth
TRANS = 'T" or '"t', K specifies the nunber of rows of the

matri x A. K nust be at | east zero.
Unchanged on exit.

ALPHA COVPLEX .
On entry, ALPHA specifies the scal ar al pha.
Unchanged on exit.

A COVPLEX array of DIMENSION ( LDA, ka ), where ka is
k when TRANS = 'N or 'n', and is n otherw se.
Before entry with TRANS = 'N or 'n', the leading n by k
part of the array A nust contain the matrix A, otherw se
the leading k by n part of the array A nust contain the
matrix A
Unchanged on exit.

LDA | NTEGER.
On entry, LDA specifies the first dinmension of A as decl ared
in the calling (sub) program Wen TRANS ='N or 'n'
then LDA nust be at least max( 1, n ), otherwi se LDA nust
be at least max( 1, k).
Unchanged on exit.

BETA COVPLEX .
On entry, BETA specifies the scalar beta.
Unchanged on exit.

C COVPLEX array of DIMENSION ( LDC, n ).
Before entry with UPLO="'U or 'u, the leading n by n
upper triangular part of the array C nust contain the upper
triangular part of the symmetric matrix and the strictly
| ower triangular part of Cis not referenced. On exit, the
upper triangular part of the array Cis overwitten by the
upper triangular part of the updated matri x.
Before entry with UPLO="'L" or 'I', the leading n by n
lower triangular part of the array C nust contain the | ower
triangular part of the symetric matrix and the strictly
upper triangular part of Cis not referenced. On exit, the
| ower triangular part of the array Cis overwitten by the
| ower triangular part of the updated matri x.

LDC | NTEGER.
On entry, LDC specifies the first dinmension of C as decl ared
in the calling (sub) program LDC nust be at |east
max( 1, n ).
Unchanged on exit.

*** REFERENCES Dongarra, J., Du Croz, J., Duff, |I., and Hanmarling, S.

A set of level 3 basic linear al gebra subprograns.
ACM TOWVS, Vol. 16, No. 1, pp. 1-17, March 1990.

***ROUTI NES CALLED LSAME, XERBLA
***REVI SI ON HI STORY ( YYMVDD)
890208 DATE WRI TTEN
910605 Modified to neet SLATEC prol ogue standards. Only coment

lines were nodified. (BKS)

END PROLOGUE
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CTAN

COVPLEX FUNCTI ON CTAN (2)
***BEA N PROLOGUE CTAN
***PURPOSE Conpute the conpl ex tangent.
***| | BRARY  SLATEC ( FNLI B)
*** CATEGORY C4A
*** TYPE COWLEX (CTAN- O
*** KEYWORDS ELEMENTARY FUNCTI ONS, FNLI B, TANGENT, TRI GONOVETRI C
*** AUTHOR Fullerton, W, (LANL)
*** DESCRI PTI ON

CTAN(Z) calculates the conplex trigononetric tangent of conplex
argunment Z. Zis in units of radi ans.

*** REFERENCES  ( NONE)

***ROUTI NES CALLED RI1IMACH, XERCLR, XERMSG

***REVI SI ON HI STORY ( YYMVDD)
770401 DATE WRI TTEN
890531 Changed all specific intrinsics to generic. (WRB)
890531 REVI SI ON DATE from Version 3.2
891214 Prol ogue converted to Version 4.0 format. (BAB)
900315 CALLs to XERROR changed to CALLs to XERVBG  (THJ)
END PROLOGUE
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CTANH

COVPLEX FUNCTI ON CTANH (2)
***BEA N PROLOGUE CTANH
***PURPOSE Conput e the conpl ex hyperbolic tangent.
***| | BRARY  SLATEC ( FNLI B)
*** CATEGORY CAC
*** TYPE COWPLEX (CTANH Q)
*** KEYWORDS ELEMENTARY FUNCTI ONS, FNLI B, HYPERBOLI C TANGENT
*** AUTHOR Fullerton, W, (LANL)
*** DESCRI PTI ON

CTANH( Z) cal cul ates the conpl ex hyperbolic tangent of conpl ex
argunment Z. Zis in units of radi ans.

*** REFERENCES  ( NONE)
*** ROUTI NES CALLED CTAN
***REVI SI ON HI STORY ( YYMVDD)
770401 DATE WRI TTEN
861211 REVI SI ON DATE from Version 3.2
891214 Prol ogue converted to Version 4.0 format. (BAB)
END PROLOGUE
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CTBMV

SUBRQUTI NE CTBW (UPLO, TRANS, DIAG N, K, A, LDA X [|NCX
***BEG N PROLOGUE CTBW
***PURPOSE Ml tiply a conmplex vector by a conmplex triangular band
matri x.
***] | BRARY  SLATEC ( BLAS)
*** CATEGORY Di1B4
***TYPE COWLEX (STBW-S, DTBW-D, CTBW- Q)
*** KEYWORDS LEVEL 2 BLAS, LI NEAR ALGEBRA
***AUTHOR Dongarra, J. J., (ANL)
Du Croz, J., (NAGQ
Hammarling, S., (NAG
Hanson, R J., (SNLA)
*** DESCRI PTI ON

CTBW perfornms one of the matrix-vector operations
X = A*X, or X = A *X, or X .= conjg( A)*x,

where x is an n elenment vector and Ais an n by n unit, or non-unit,
upper or lower triangular band matrix, with ( k + 1 ) diagonals.

Par aneters

UPLO - CHARACTER*1.
On entry, UPLO specifies whether the matrix is an upper or
| ower triangular matrix as foll ows:

UPLO="'U or 'u A is an upper triangular nmatriXx.

UPLO="L" or "I Ais a lower triangular matrix.

Unchanged on exit.
TRANS - CHARACTER* 1.
On entry, TRANS specifies the operation to be perforned as
foll ows:
TRANS = 'N or 'n' X = A*X.
TRANS = 'T" or 't' X 1= A *Xx.
TRANS = "C or 'c' X

conjg( A )*x.
Unchanged on exit.

DIAG - CHARACTER*1.
On entry, DI AG specifies whether or not Ais unit
triangular as foll ows:

DAG="'U or 'u A is assuned to be unit triangul ar.

Dl AG

A is not assuned to be unit
triangul ar.

"N or 'n

Unchanged on exit.
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LDA

| NTEGER

On entry, N specifies the order of the matrix A
N nust be at |east zero.

Unchanged on exit.

| NTEGER

On entry with UPLO="U or 'u, K specifies the nunber of
super-di agonal s of the matrix A

On entry with UPLO="L" or 'I', K specifies the nunber of
sub- di agonal s of the matrix A

K must satisfy 0 .le. K

Unchanged on exit.

COMPLEX array of DIMENSION ( LDA, n ).

Before entry with UPLO="U or 'u, the leading ( k + 1)
by n part of the array A nust contain the upper triangul ar
band part of the matrix of coefficients, supplied colum by
colum, with the | eading diagonal of the matrix in row

( k+1) of the array, the first super-diagonal starting at
position 2 in row k, and so on. The top left k by k triangle
of the array A is not referenced.

The fol |l owi ng program segnment will transfer an upper
triangul ar band matrix from conventional full matrix storage
to band storage:

DO 20, J =1, N
M=K+1-J
DO10, | = MAX( 1, J - K), J

ACM+1, J) =mtrix( 1, J)
10  CONTI NUE
20 CONTI NUE

Before entry with UPLO="L" or 'I', the leading ( k + 1)
by n part of the array A nust contain the |ower triangular
band part of the matrix of coefficients, supplied colum by
colum, with the |eading diagonal of the matrix in row 1 of
the array, the first sub-diagonal starting at position 1 in
row 2, and so on. The bottomright k by k triangle of the
array Ais not referenced.

The foll owi ng program segnment will transfer a | ower
triangul ar band matrix from conventional full matrix storage
to band storage:

DO 20, J =1, N
M=1-J
DO10, | =J, MN( N, J + K)
ACM+ 1, J) =mtrix( I, J)
10  CONTI NUE
20 CONTI NUE

Note that when DIAG = 'U or 'u the elenents of the array A
corresponding to the di agonal elenents of the matrix are not
referenced, but are assunmed to be unity.

Unchanged on exit.

| NTEGER.
On entry, LDA specifies the first dinmension of A as decl ared
in the calling (sub) program LDA nust be at |east
( k +1).
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Unchanged on exit.

X - COWPLEX array of dinmension at | east
(1 +(n-1)*abs( INCX) ).
Before entry, the increnented array X nust contain the n
el enent vector x. On exit, X is overwitten with the
transformed vector Xx.

I NCX - | NTEGER.
On entry, INCX specifies the increment for the el enents of
X. I'NCX must not be zero.
Unchanged on exit.

*** REFERENCES Dongarra, J. J., Du Croz, J., Hammarling, S., and
Hanson, R J. An extended set of Fortran basic linear
al gebra subprograns. ACM TOVS, Vol. 14, No. 1,
. 1-17, March 1988.
***ROUTI NES CALLED LSAME, XERBLA
***REVI SI ON HI STORY ( YYMVDD)
861022 DATE WRI TTEN
910605 Modified to neet SLATEC prol ogue standards. Only coment
lines were nodified. (BKS)
END PROLOGUE
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CTBSV

SUBROUTI NE CTBSV (UPLO, TRANS, DIAG N, K, A LDA X 1NCX)
***BEG N PROLOGUE CTBSV
***PURPOSE Sol ve a conpl ex triangul ar banded system of equati ons.
***| | BRARY  SLATEC ( BLAS)
*** CATEGORY D1B4
*** TYPE COWPLEX (STBSV-S, DTBSV-D, CTBSV-C)
*** KEYWORDS LEVEL 2 BLAS, LINEAR ALGEBRA
*** AUTHOR Dongarra, J. J., (ANL)
Du Croz, J., (NAG
Hammarling, S., (NAQ
Hanson, R J., (SNLA)
*** DESCRI PTI ON

CTBSV solves one of the systens of equations
A*x = b, or A *x = b, or conjg( A )*x = b,
where b and x are n elenment vectors and Ais an n by n unit, or

non-unit, upper or lower triangular band matrix, with ( k + 1)
di agonal s.

No test for singularity or near-singularity is included in this
routine. Such tests nust be performed before calling this routine.

Par aneters

UPLO - CHARACTER*1.
On entry, UPLO specifies whether the matrix is an upper or
| ower triangular matrix as foll ows:

UPLO ="'U or 'u' A is an upper triangular matrix.
UPLO = '"L" or 'I' Ais a lower triangular matrix.
Unchanged on exit.
TRANS - CHARACTER*1.
On entry, TRANS specifies the equations to be sol ved as
foll ows:
TRANS = "N or 'n' A*X = b.
TRANS = 'T' or 't' A *x = b.
TRANS = 'C or 'c' conjg( A )*x = b.
Unchanged on exit.
DI AG - CHARACTER*1.

On entry, DI AG specifies whether or not Ais unit
triangular as follows:

Dl AG

‘U or 'u A is assuned to be unit triangul ar.

Dl AG "N or 'n A is not assuned to be unit
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LDA

triangul ar.
Unchanged on exit.

| NTEGER.

On entry, N specifies the order of the matrix A
N nust be at |east zero.

Unchanged on exit.

| NTEGER.

On entry with UPLO="U or 'u, K specifies the nunber of
super-di agonal s of the matrix A

On entry with UPLO="L" or 'I', K specifies the nunber of
sub-di agonal s of the matrix A

K nust satisfy 0 .le. K

Unchanged on exit.

COVPLEX array of DIMENSION ( LDA, n ).

Before entry with UPLO="'U or 'u', the leading ( k + 1)
by n part of the array A nust contain the upper triangular
band part of the matrix of coefficients, supplied colum by
colum, with the | eading diagonal of the matrix in row

( k+1) of the array, the first super-diagonal starting at
position 2 in row k, and so on. The top left k by k triangle
of the array A is not referenced.

The followi ng program segnment will transfer an upper
triangul ar band matrix fromconventional full matrix storage
to band storage:

DO 20, J =1, N
M=K+1-1J
DO10, | = MAX( 1, J - K), J

ACM+ 1, J) =matrix( I, J)
10 CONTI NUE
20 CONTI NUE

Before entry with UPLO="L" or 'I', the leading ( k + 1)
by n part of the array A nust contain the |ower triangular
band part of the matrix of coefficients, supplied colum by
colum, with the |eading diagonal of the matrix in row 1 of
the array, the first sub-diagonal starting at position 1 in
row 2, and so on. The bottomright k by k triangle of the
array Ais not referenced.

The followi ng program segnment will transfer a | ower
triangul ar band matrix fromconventional full matrix storage
to band storage:

DO 20, J =1, N
M=1- ]
DO 10, | =J, MN( N, J + K)
ACM+ 1, J) =mtrix( I, J)
10 CONTI NUE
20 CONTI NUE

Note that when DIAG = 'U or 'u the elenents of the array A
correspondi ng to the diagonal elenents of the matrix are not
referenced, but are assunmed to be unity.

Unchanged on exit.

| NTEGER.
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On entry, LDA specifies the first dinension of A as declared
in the calling (sub) program LDA nmust be at |east

( k +1).

Unchanged on exit.

X - COWPLEX array of dinension at |east
(1 +( n- 1)*abs( INCX) ).
Before entry, the increnented array X nust contain the n
el enment right-hand side vector b. On exit, X is overwitten
with the solution vector x.

I NCX - | NTEGER
On entry, INCX specifies the increnment for the el enents of
X. I NCX must not be zero.
Unchanged on exit.

*** REFERENCES Dongarra, J. J., Du Croz, J., Hammarling, S., and
Hanson, R J. An extended set of Fortran basic |inear
al gebra subprograns. ACM TOVB, Vol. 14, No. 1,
. 1-17, March 1988.
*** ROUTI NES CALLED LSAME, XERBLA
***REVI SI ON HI STORY ( YYMVDD)
861022 DATE WRI TTEN
910605 Modified to nmeet SLATEC prol ogue standards. Only comment
lines were nodified. (BKS)
END PROLOGUE
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CTPMV

SUBROQUTI NE CTPW (UPLO, TRANS, DIAG N, AP, X, |NCX)

***BEG N PROLOGUE CTPW

***PURPOSE Perform one of the matrix-vector operations.

***| | BRARY  SLATEC ( BLAS)
*** CATEGORY D1B4
*** TYPE COWLEX (STPW-S, DTPW-D, CTPW- Q)
*** KEYWORDS LEVEL 2 BLAS, LI NEAR ALCGEBRA
*** AUTHOR Dongarra, J. J., (ANL)
Du Croz, J., (NAG
Hammarling, S., (NAQ
Hanson, R J., (SNLA)
*** DESCRI PTI ON

CTPW perfornms one of the matrix-vector operations

X = A*X, or X 1= A *Xx, or X 1= conjg( A)*x,

where x is an n elenment vector and Ais an n by n unit,

or

upper or lower triangular matrix, supplied in packed form

Par anmet er s

UPLO - CHARACTER*1.

non-unit,

On entry, UPLO specifies whether the matrix is an upper or

lower triangular matrix as foll ows:

UPLO ="'U or '"u A is an upper triangular matrix.

UPLO ="'L" or 'I' Ais a lower triangular

Unchanged on exit.

TRANS - CHARACTER* 1.

matri x.

On entry, TRANS specifies the operation to be perfornmed as

fol | ows:
TRANS = 'N or 'n' X = A*X.
TRANS = 'T" or 't' X 1= A *X.
TRANS = 'C or 'c' X

conjg( A
Unchanged on exit.

DIAG - CHARACTER*1.

) *X.

On entry, DI AG specifies whether or not Ais unit

triangul ar as foll ows:

DAG="'U or '"u A is assuned to be unit triangul ar.

DAG='N or 'n' A is not assuned to be unit

triangul ar.

Unchanged on exit.
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N - | NTEGER
On entry, N specifies the order of the matrix A
N nust be at |east zero.
Unchanged on exit.

AP - COWPLEX array of DI MENSI ON at | east
((n(n+1))/2).
Before entry with UPLO="'U or 'u, the array AP nust
contain the upper triangular matrix packed sequentially,
colum by columm, so that AP( 1 ) contains a( 1, 1),
AP( 2 ) and AP( 3 ) contain a( 1, 2 ) and a( 2, 2)
respectively, and so on.
Before entry with UPLO="L" or 'lI', the array AP nust
contain the lower triangular nmatrix packed sequentially,
colum by columm, so that AP( 1 ) contains a( 1, 1),
AP( 2 ) and AP( 3 ) contain a( 2, 1) and a( 3, 1)
respectively, and so on.
Note that when DIAG ="'U or 'u', the diagonal elenents of
A are not referenced, but are assuned to be unity.
Unchanged on exit.

X - COWPLEX array of dinmension at | east
(1 +(n-1)*abs( INCX) ).
Before entry, the increnented array X nust contain the n
el enent vector x. On exit, X is overwitten with the
transfornmed vector x.

I NCX - | NTEGER
On entry, INCX specifies the increnment for the el enents of
X. I'NCX must not be zero.
Unchanged on exit.

*** REFERENCES Dongarra, J. J., Du Croz, J., Hammarling, S., and
Hanson, R J. An extended set of Fortran basic linear
al gebra subprograns. ACM TOVS, Vol. 14, No. 1,
pp. 1-17, March 1988.
*** ROUTI NES CALLED LSAME, XERBLA
***REVI SI ON HI STORY ( YYMVDD)
861022 DATE WRI TTEN
910605 Modified to neet SLATEC prol ogue standards. Only coment
lines were nodified. (BKS)
END PROLOGUE

S ATEC2 (AAAAAA through DOUPAK) - 423



CTPSV

SUBRQUTI NE CTPSV (UPLO, TRANS, DIAG N, AP, X, |NCX)
*** BEG N PROLOGUE CTPSV
***PURPOSE Sol ve one of the systenms of equations.
***] | BRARY  SLATEC ( BLAS)
*** CATEGORY D1B4
*** TYPE COWLEX (STPSV-S, DTPSV-D, CTPSV-CQC)
*** KEYWORDS LEVEL 2 BLAS, LI NEAR ALCGEBRA
*** AUTHOR Dongarra, J. J., (ANL)
Du Croz, J., (NAG
Hammarling, S., (NAQ
Hanson, R J., (SNLA)
*** DESCRI PTI ON

CTPSV sol ves one of the systens of equations
A*Xx = b, or A *x = b, or conjg( A")*x = b,

where b and x are n elenment vectors and Ais an n by n unit, or
non-unit, upper or lower triangular nmatrix, supplied in packed form

No test for singularity or near-singularity is included in this
routine. Such tests nust be perforned before calling this routine.

Par aneters

UPLO - CHARACTER*1.
On entry, UPLO specifies whether the matrix is an upper or
| ower triangular matrix as foll ows:

UPLO="'U or 'u A is an upper triangular matrix.
UPLO = '"L" or 'I' Ais a lower triangular matrix.
Unchanged on exit.

TRANS - CHARACTER* 1.
On entry, TRANS specifies the equations to be sol ved as
foll ows:

TRANS = 'N or 'n' A*x = b.

TRANS = 'T' or 't' A *x = b.

TRANS = 'C or 'c' conjg( A )*x = b.
Unchanged on exit.

DIAG - CHARACTER*1.
On entry, DI AG specifies whether or not Ais unit
triangular as follows:

DAG="'U or 'u A is assunmed to be unit triangular.

DI AG A is not assuned to be unit

triangul ar.

"N or 'n
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Unchanged on exit.

N - I NTEGER
On entry, N specifies the order of the matrix A
N nust be at |east zero.
Unchanged on exit.

AP - COWPLEX array of DI MENSI ON at | east
n(n+1))/2).

Before entry with UPLO="'U or 'u, the array AP nust
contain the upper triangular matrix packed sequentially,
colum by columm, so that AP( 1 ) contains a( 1, 1),
AP( 2 ) and AP( 3 ) contain a( 1, 2 ) and a( 2, 2)
respectively, and so on.
Before entry with UPLO="L" or 'I', the array AP nust
contain the |lower triangular matrix packed sequentially,
colum by colum, so that AP( 1 ) contains a( 1, 1),
AP( 2 ) and AP( 3 ) contain a( 2, 1) and a( 3, 1)
respectively, and so on.
Note that when DIAG ="'U or '"u', the diagonal elenents of
A are not referenced, but are assuned to be unity.
Unchanged on exit.

X - COWPLEX array of dinmension at | east
(1 +(n- 1)*abs( INCX) ).
Before entry, the increnmented array X nust contain the n
el enent right-hand side vector b. On exit, X is overwitten
with the solution vector x.

I NCX - | NTEGER
On entry, INCX specifies the increment for the el enents of
X. I'NCX nust not be zero.
Unchanged on exit.

*** REFERENCES Dongarra, J. J., Du Croz, J., Hanmmarling, S., and
Hanson, R J. An extended set of Fortran basic |inear
al gebra subprograns. ACM TOMV5, Vol. 14, No. 1
. 1-17, March 1988.
***ROUTI NES CALLED LSANME, XERBLA
***REVI SI ON HI STORY ( YYMVDD)
861022 DATE WRI TTEN
910605 Modified to neet SLATEC prol ogue standards. Only coment
lines were nodified. (BKS)
END PROLOGUE
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CTRCO

SUBRQUTI NE CTRCO (T, LDT, N, RCOND, Z, JOB)
*** BEG N PROLOGUE CTRCO
***PURPOSE Estimate the condition nunber of a triangular matrix.
***] | BRARY  SLATEC (LI NPACK)
*** CATEGORY D2C3
***TYPE COWPLEX (STRCO S, DTRCO D, CTRCO Q)
*** KEYWORDS CONDI TI ON NUMBER, LI NEAR ALGEBRA, LI NPACK

TRI ANGULAR MATRI X

*** AUTHOR Mler, C B., (U of New Mexico)

***DESCRI PTI ON

CTRCO estinmates the condition of a conplex triangular matrix.

On Entry
T

LDT

JOoB

On Return
RCOND

COVPLEX(LDT, N)

T contains the triangular matrix. The zero
elements of the matrix are not referenced, and
the correspondi ng el ements of the array can be
used to store other infornation.

| NTEGER

LDT is the | eading dinension of the array T.
| NTEGER

N is the order of the system

| NTEGER

=0 T is lower triangular.

= nonzero T is upper triangular.

REAL

an estimate of the reciprocal condition of T .
For the system T*X = B, relative perturbations
in T and B of size EPSILON nmay cause
relative perturbations in X of size EPSILONV RCOND
If RCOND is so small that the |ogical expression
1.0 + RCOND .EQ 1.0
is true, then T nay be singular to working
precision. In particular, RCOND is zero if
exact singularity is detected or the estimte
under f | ows.

COVPLEX( N)

a work vector whose contents are usually uninportant.
If T is close to a singular matrix, then Z is

an approximate null vector in the sense that

NORM A*Z) = RCOND* NORM A) * NORM Z)

***REFERENCES J. J. Dongarra, J. R Bunch, C. B. Mdler, and G W

Stewart, LINPACK Users' Cuide, SIAM 1979.

***ROUTI NES CALLED CAXPY, CSSCAL, SCASUM
***REVI S| ON HI STORY  ( YYMVDD)
780814 DATE WRI TTEN
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890531 Changed all specific intrinsics to generic. (WRB)

890831 Modified array declarations. (WRB)

890831 REVI SI ON DATE from Version 3.2

891214 Prol ogue converted to Version 4.0 format. (BAB)

900326 Renpved duplicate infornmation from DESCRI PTI ON secti on.
(WRB)

920501 Reformatted the REFERENCES section. (WRB)

END PROLOGUE
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CTRDI

SUBRQUTI NE CTRDI (T, LDT, N, DET, JOB, |NFO
***BEG N PROLOGUE CTRDI
***PURPOSE Conpute the determi nant and inverse of a triangular matri x.
***] | BRARY  SLATEC (LI NPACK)
*** CATEGORY D2C3, D3C3
***TYPE COWPLEX (STRDI-S, DTRDI-D, CTRD -Q)
*** KEYWORDS DETERM NANT, | NVERSE, LI NEAR ALGEBRA, LI NPACK

TRI ANGULAR MATRI X

*** AUTHOR Mler, C B., (U of New Mexico)
*** DESCRI PTI ON

CTRDI conputes the determ nant and inverse of a conpl ex
triangular matrix.

On Entry

T COVPLEX( LDT, N)
T contains the triangular matrix. The zero
el ements of the matrix are not referenced, and
the correspondi ng el ements of the array can be
used to store other infornmation.

LDT | NTEGER
LDT is the | eading dinension of the array T.

N | NTEGER
N is the order of the system

JOB | NTEGER
= 010 no det, inverse of |ower triangular
= 011 no det, inverse of upper triangular
= 100 det, no inverse.
= 110 det, inverse of l[ower triangular.
= 111 det, inverse of upper triangular.

On Return

T inverse of original matrix if requested.
O herw se unchanged.

DET COVPLEX( 2)
determ nant of original matrix if requested.
O herwi se not referenced.
Determ nant = DET(1) * 10.0**DET(2)
with 1.0 .LE. CABS1(DET(1)) .LT. 10.0
or DET(1) .EQ 0.0 .

| NFO | NTEGER

I NFO contains zero if the systemis nonsingul ar
and the inverse is requested.

O herwi se | NFO contains the index of

a zero diagonal elenment of T.

***REFERENCES J. J. Dongarra, J. R Bunch, C. B. Mler, and G W
Stewart, LINPACK Users' Cuide, SIAM 1979.
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*** ROUTI NES CALLED CAXPY, CSCAL
***REVI SI ON HI STORY ( YYMVDD)
780814 DATE WRI TTEN
890831 Modified array declarations. (VRB)
890831 REVI SI ON DATE from Version 3.2
891214 Prol ogue converted to Version 4.0 format. (BAB)
900326 Renopved duplicate informati on from DESCRI PTI ON secti on.
(VRB)
920501 Reformatted the REFERENCES section. (WRB)
END PROLOGUE
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CTRMM

$SUBR(JJTI NE CTRW (SIDE, UPLO, TRANSA, DIAG M N, APLHA, A LDA
B, LDB)
***BEG N PROLOGUE CTRW
***PURPOSE Multiply a conmplex general matrix by a conplex triangular
matri x.
***| | BRARY  SLATEC ( BLAS)
*** CATEGORY D1B6
*** TYPE COWPLEX (STRMWM' S, DTRMM D, CTRMM C)
*** KEYWORDS LEVEL 3 BLAS, LINEAR ALGEBRA
***AUTHOR Dongarra, J., (ANL)
Duff, 1., (AERE)
Du Croz, J., (NAG
Hammarl i ng, S. (NAG
*** DESCRI PTI ON

CTRW perfornms one of the matrix-matrix operations
B : = al pha*op( A )*B, or B : = al pha*B*op( A)

where alpha is a scalar, B is an mby n matrix, A is aunit, or
non-unit, upper or lower triangular matrix and op( A) is one of

op( A) = A or op( A) = A or op( A) =conjg( A ).

Par aneters

SIDE - CHARACTER*1.
On entry, SIDE specifies whether op( A) multiplies B from
the left or right as foll ows:

SIDE ="'L" or "I B : = al pha*op( A )*B.

SIDE ="'R or 'r' B :

al pha*B*op( A).
Unchanged on exit.
UPLO - CHARACTER*1.
On entry, UPLO specifies whether the matrix A is an upper or
lower triangular matrix as follows:
UPLO="'U or '"u A is an upper triangular matrix.

UPLO = '"L" or 'I' Ais a lower triangular matrix.

Unchanged on exit.

TRANSA - CHARACTER* 1.
On entry, TRANSA specifies the formof op( A) to be used in
the matrix nmultiplication as foll ows:

TRANSA = 'N or 'n' op( A) = A
TRANSA = 'T" or 't' op( A) = A .
TRANSA = 'C or 'c' op( A) =conjg( A ).
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Dl AG

ALPHA

LDA

LDB

Unchanged on exit.

CHARACTER* 1.
On entry, DI AG specifies whether or not Ais unit triangular
as foll ows:

DAG="'U or '"u A is assuned to be unit triangul ar.

DAG='N or 'n' A is not assuned to be unit
triangul ar.

Unchanged on exit.

| NTEGER.

On entry, Mspecifies the nunber of rows of B. Mnust be at
| east zero.

Unchanged on exit.

| NTEGER.

On entry, N specifies the nunber of colums of B. N nust be
at | east zero.

Unchanged on exit.

COWPLEX .

On entry, ALPHA specifies the scalar alpha. Wien alphais
zero then A is not referenced and B need not be set before
entry.

Unchanged on exit.

COVPLEX array of DIMENSION ( LDA, k ), where k is m
when SIDE ='L' or 'I' andis n when SIDE='R or 'r'.
Before entry with UPLO="'U or 'u, the Ileading k by k
upper triangular part of the array A nust contain the upper
triangular matrix and the strictly lower triangular part of
A is not referenced.

Before entry with UPLO="'L" or 'I', the Ileading k by k
| ower triangular part of the array A nust contain the |ower
triangular matrix and the strictly upper triangular part of
A is not referenced.

Note that when DIAG="'U or 'u, the diagonal elenents of
A are not referenced either, but are assuned to be unity.
Unchanged on exit.

| NTEGER.
On entry, LDA specifies the first dinmension of A as decl ared
inthe calling (sub) program Wen SIDE ='L' or 'I' then

LDA nust be at least nmax( 1, m), when SIDE='R or 'r'
then LDA nust be at least max( 1, n ).
Unchanged on exit.

COMPLEX array of DIMENSION ( LDB, n ).

Before entry, the leading mby n part of the array B mnust
contain the matrix B, and on exit is overwitten by the
transfornmed matri x.

| NTEGER.
On entry, LDB specifies the first dinmension of B as decl ared
in the calling (sub) program LDB nust be at |east
max( 1, m).
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Unchanged on exit.

*** REFERENCES Dongarra, J., Du Croz, J., Duff, |I., and Hanmarling, S.
A set of level 3 basic linear al gebra subprograns.
ACM TOWVS, Vol . 16, No. 1, pp. 1-17, March 1990.
***ROUTI NES CALLED LSAME, XERBLA
***REVI SI ON HI STORY ( YYMVDD)
890208 DATE WRI TTEN
910605 Modified to neet SLATEC prol ogue standards. Only coment
lines were nodified. (BKS)
END PROLOGUE
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CTRMV

SUBROUTI NE CTRW (UPLO, TRANS, DIAG N, A LDA X [INCX)
***BEG N PROLOGUE CTRW

*** PURPOSE
*** || BRARY

Mul tiply
SLATEC

*** CATEGORY D1B4
COWLEX (STRW-S, DTRW-D, CTRW- Q)
*** KEYWORDS LEVEL 2 BLAS, LI NEAR ALCGEBRA

*** AUTHOR Dongarra, J. J., (ANL)

*%* TYPE

Du Croz,
Hanmmar | i n

a conmpl ex vector by a conplex triangular matriX.
( BLAS)

J., (NAG
g, S., (NAG

Hanson, R J., (SNLA)
*** DESCRI PTI ON

CTRW perfornms one of the matrix-vector operations

X = A*X, or

X 1= A *Xx, or X 1= conjg( A)*x,

where x is an n elenent vector and Ais an n by n unit, or non-unit,
upper or lower triangular matrix.

Par anmet er s

TRANS -

DAG -

CHARACTER* 1.
On entry, UPLO specifies whether the matrix is an upper or
lower triangular matrix as foll ows:
UPLO ="'U or '"u A is an upper triangular matrix.
UPLO ="'L" or 'I' Ais a lower triangular matrix.
Unchanged on exit.
CHARACTER* 1.
On entry, TRANS specifies the operation to be perfornmed as
foll ows:
TRANS = 'N or 'n' X 1= A*X.
TRANS = 'T" or 't' X 1= A *Xx.
TRANS = 'C or 'c' X := conjg( A )*x.
Unchanged on exit.
CHARACTER* 1.
On entry, DI AG specifies whether or not Ais unit
triangul ar as foll ows:
DAG="'U or '"u A is assuned to be unit triangul ar.
DAG="'N or 'n A is not assuned to be unit
triangul ar.
Unchanged on exit.
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N - | NTEGER
On entry, N specifies the order of the matrix A
N nust be at |east zero.
Unchanged on exit.

A - COWPLEX array of DIMENSION ( LDA, n ).
Before entry with UPLO='U or 'u', the leading n by n
upper triangular part of the array A nust contain the upper
triangular matrix and the strictly lower triangular part of
A is not referenced.
Before entry with UPLO="L" or 'I', the leading n by n
| ower triangular part of the array A nust contain the | ower
triangular matrix and the strictly upper triangular part of
A is not referenced.
Note that when DIAG ="'U or '"u', the diagonal elenents of
A are not referenced either, but are assuned to be unity.
Unchanged on exit.

LDA - I NTEGER
On entry, LDA specifies the first dinmension of A as declared
in the calling (sub) program LDA nust be at |east
max( 1, n).
Unchanged on exit.

X - COWPLEX array of dinmension at | east
(1 +(n- 1)*abs( INCX) ).
Before entry, the increnmented array X nust contain the n
el enment vector x. On exit, Xis overwitten with the
transfornmed vector x.

I NCX - | NTEGER
On entry, INCX specifies the increment for the el enents of
X. I'NCX nust not be zero.
Unchanged on exit.

*** REFERENCES Dongarra, J. J., Du Croz, J., Hanmmarling, S., and
Hanson, R J. An extended set of Fortran basic |inear
al gebra subprograns. ACM TOMV5, Vol. 14, No. 1
. 1-17, March 1988.
***ROUTI NES CALLED LSANME, XERBLA
***REVI SI ON HI STORY ( YYMVDD)
861022 DATE WRI TTEN
910605 Modified to neet SLATEC prol ogue standards. Only coment
lines were nodified. (BKS)
END PROLOGUE
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CTRSL

SUBROUTI NE CTRSL (T, LDT, N, B, JOB, |INFO
*** BEG N PROLOGUE CTRSL
***PURPOSE Sol ve a systemof the form T*X=B or CTRANS(T)*X=B, where
Tis atriangular matrix. Here CTRANS(T) is the conjugate
transpose.

* %% || BRARY
** * CATEGORY
*** TYPE

* %% KEYWORDS

SLATEC ( LI NPACK)

D2C3

COVPLEX ( STRSL-S, DTRSL-D, CTRSL-0Q)

LI NEAR ALGEBRA, LI NPACK, TRI ANGULAR LI NEAR SYSTEM
TRI ANGULAR MATRI X

*** AUTHOR Stewart, G W, (U of Mryland)
*** DESCRI PTI ON

CTRSL sol ves systens of the form

or

T* X=B8B
CTRANS(T) * X = B

where T is a triangular matrix of order N. Here CTRANS(T)
denotes the conjugate transpose of the matrix T.

On Entry
T

LDT

JOoB

On Return
B

I NFO

COVPLEX( LDT, N)

T contains the matrix of the system The zero
elenments of the matrix are not referenced, and
t he correspondi ng el enents of the array can be
used to store other information.

| NTECER
LDT is the | eading dinension of the array T.

| NTEGER
N is the order of the system

COVPLEX(N) .
B contains the right hand side of the system

| NTEGER
JOB specifies what kind of systemis to be sol ved.
If JOBis

00 solve T*X = B,

T triangul ar,
01 solve *X =B, T

*

*

triangul ar,
, T lower triangular,
, T upper triangular.

10 sol ve CTRANS(T)
11 sol ve CTRANS(T)

B contains the solution, if INFO.EQ O.
O herwi se B is unaltered.

| NTEGER
| NFO contains zero if the systemis nonsingul ar.
O herwi se | NFO contains the index of
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the first zero diagonal elenent of T.

***REFERENCES J. J. Dongarra, J. R Bunch, C. B. Mdler, and G W
Stewart, LINPACK Users' Cuide, SIAM 1979.
*** ROUTI NES CALLED CAXPY, CDOTC
***REVI SI ON HI STORY ( YYMVDD)
780814 DATE WRI TTEN
890831 Modified array declarations. (WRB)
890831 REVI SI ON DATE from Version 3.2
891214 Prol ogue converted to Version 4.0 format. (BAB)
900326 Renpved duplicate infornmation from DESCRI PTI ON secti on.
(WRB)
920501 Reformatted the REFERENCES section. (WRB)
END PROLOGUE
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CTRSM

$SUBR(JJTI NE CTRSM (SIDE, UPLO, TRANSA, DIAG M N, ALPHA, A LDA
B, LDB)
*** BEGA N PROLOGUE CTRSM
***PURPOCSE Sol ve a conplex triangul ar system of equations with
mul tiple right-hand sides.
***| | BRARY  SLATEC ( BLAS)
*** CATEGORY D1B6
***TYPE COWPLEX (STRSM'S, DTRSM D, CTRSM C)
*** KEYWORDS LEVEL 3 BLAS, LI NEAR ALGEBRA
***AUTHOR Dongarra, J., (ANL)
Duff, 1., (AERE)
Du Croz, J., (NAG
Hammarl i ng, S. (NAG
*** DESCRI PTI ON

CTRSM sol ves one of the matrix equations
op( A)*X = al pha*B, or X*op( A ) = al pha*B,

where alpha is a scalar, X and B are mby n matrices, Ais a unit,
non-unit, upper or lower triangular matrix and op( A) is one

op( A) = A or op( A) = A or op( A) =conjg( A ).
The matrix X is overwitten on B.

Par anmet er s

SIDE - CHARACTER*1.

On entry, SIDE specifies whether op( A ) appears on the |eft

or right of X as foll ows:

SIDE ='L" or 'I' op( A)*X

al pha*B.
S| DE

'R or 'r' X*op( A)

al pha*B.
Unchanged on exit.

UPLO - CHARACTER*1.

On entry, UPLO specifies whether the matrix A is an upper or

| ower triangular matrix as foll ows:
UPLO ="'U or 'u A is an upper triangular matrix.
UPLO = '"L" or 'I' Ais a lower triangular matrix.
Unchanged on exit.

TRANSA - CHARACTER* 1.

On entry, TRANSA specifies the formof op( A) to be used in

the matrix multiplication as follows:

TRANSA

"N or 'n op( A) A
TRANSA = 'T" or 't' op( A) = A.
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Dl AG

ALPHA

LDA

LDB

TRANSA = 'C or 'c' op( A) =conjg( A ).
Unchanged on exit.

CHARACTER* 1.
On entry, DI AG specifies whether or not Ais unit triangular
as follows:

DAG="'U or '"u A is assuned to be unit triangul ar.

DAG='N or 'n' A is not assuned to be unit
triangul ar.

Unchanged on exit.

| NTEGER.

On entry, Mspecifies the nunber of rows of B. Mnust be at
| east zero.

Unchanged on exit.

| NTEGER.

On entry, N specifies the nunber of colums of B. N nust be
at | east zero.

Unchanged on exit.

COVPLEX .

On entry, ALPHA specifies the scalar alpha. Wien alpha is
zero then A is not referenced and B need not be set before
entry.

Unchanged on exit.

COMPLEX array of DIMENSION ( LDA, k ), where k is m
when SIDE ="'L'" or 'I'" andis n when SIDE='R or 'r'.
Before entry with UPLO='U or 'u, the leading k by k
upper triangular part of the array A nust contain the upper
triangular matrix and the strictly lower triangular part of
A is not referenced.

Before entry with UPLO="'L'" or 'I', the leading k by k
lower triangular part of the array A must contain the | ower
triangular matrix and the strictly upper triangular part of
A is not referenced.

Note that when DIAG ="'U or 'u', the diagonal elenents of
A are not referenced either, but are assuned to be unity.
Unchanged on exit.

| NTEGER.
On entry, LDA specifies the first dinension of A as declared
in the calling (sub) program Wen SIDE ="'L" or 'l' then

LDA nust be at least max( 1, m), when SIDE='R or 'r'
t hen LDA nust be at least max( 1, n ).
Unchanged on exit.

COVPLEX array of DIMENSION ( LDB, n ).

Before entry, the leading mby n part of the array B nust
contain the right-hand side matrix B, and on exit is
overwitten by the solution matrix X

| NTEGER.
On entry, LDB specifies the first dinension of B as declared
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in the calling (sub) program LDB nust be at |east
max( 1, m).
Unchanged on exit.

*** REFERENCES Dongarra, J., Du Croz, J., Duff, |I., and Hanmarling, S.
A set of level 3 basic linear al gebra subprograns.
ACM TOVS, Vol. 16, No. 1, pp. 1-17, March 1990.
***ROUTI NES CALLED LSAME, XERBLA
***REVI SI ON HI STORY ( YYMVDD)
890208 DATE WRI TTEN
910605 Modified to neet SLATEC prol ogue standards. Only conment
lines were nodified. (BKS)
END PROLOGUE
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CTRSV

SUBROUTI NE CTRSV (UPLO, TRANS, DIAG N, A LDA X |INCX
***BEG N PROLOGUE CTRSV
***PURPOSE Sol ve a conplex triangular system of equations.
***| | BRARY  SLATEC ( BLAS)
*** CATEGORY D1B4
*** TYPE COWPLEX (STRSV-S, DTRSV-D, CTRSV-C)
*** KEYWORDS LEVEL 2 BLAS, LINEAR ALGEBRA
*** AUTHOR Dongarra, J. J., (ANL)
Du Croz, J., (NAG
Hammarling, S., (NAQ
Hanson, R J., (SNLA)
*** DESCRI PTI ON

CTRSV solves one of the systens of equations
A*Xx = b, or A *x = b, or conjg( A")*x = b,

where b and x are n el enent vectors and Ais an n by n unit, or
non-unit, upper or lower triangular matrix.

No test for singularity or near-singularity is included in this
routine. Such tests nust be perforned before calling this routine.

Par aneters

UPLO - CHARACTER*1.
On entry, UPLO specifies whether the matrix is an upper or
| ower triangular matrix as foll ows:

UPLO="'U or 'u A is an upper triangular matrix.
UPLO = '"L" or 'I' Ais a lower triangular matrix.
Unchanged on exit.

TRANS - CHARACTER* 1.
On entry, TRANS specifies the equations to be sol ved as
foll ows:

TRANS = 'N or 'n' A*x = b.

TRANS = 'T' or 't' A *x = b.

TRANS = 'C or 'c' conjg( A )*x = b.
Unchanged on exit.

DIAG - CHARACTER*1.
On entry, DI AG specifies whether or not Ais unit
triangular as follows:

DAG="'U or 'u A is assunmed to be unit triangular.

DI AG A is not assuned to be unit

triangul ar.

"N or 'n
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Unchanged on exit.

N - I NTEGER
On entry, N specifies the order of the matrix A
N nust be at |east zero.
Unchanged on exit.

A - COMPLEX array of DIMENSION ( LDA, n ).
Before entry with UPLO="'U or '"u, the leading n by n
upper triangular part of the array A nust contain the upper
triangular matrix and the strictly lower triangular part of
A is not referenced.
Before entry with UPLO="L" or 'I', the leading n by n
| ower triangular part of the array A nust contain the | ower
triangular matrix and the strictly upper triangular part of
A is not referenced.
Note that when DIAG ='U or 'u', the diagonal elenents of
A are not referenced either, but are assuned to be unity.
Unchanged on exit.

LDA - I NTEGER
On entry, LDA specifies the first dinmension of A as decl ared
in the calling (sub) program LDA nust be at | east
max( 1, n ).
Unchanged on exit.

X - COWPLEX array of dinmension at | east
(1 +(n-1)*abs( INCX) ).
Before entry, the increnented array X nust contain the n
el enent right-hand side vector b. On exit, X is overwitten
with the solution vector x.

I NCX - | NTEGER
On entry, INCX specifies the increment for the el enents of
X. I'NCX must not be zero.
Unchanged on exit.

*** REFERENCES Dongarra, J. J., Du Croz, J., Hammarling, S., and
Hanson, R J. An extended set of Fortran basic linear
al gebra subprograns. ACM TOVS, Vol. 14, No. 1,
. 1-17, March 1988.
*** ROUTI NES CALLED LSAME, XERBLA
***REVI SI ON HI STORY ( YYMVDD)
861022 DATE WRI TTEN
910605 Modified to neet SLATEC prol ogue standards. Only coment
lines were nodified. (BKS)
END PROLOGUE
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CV

REAL FUNCTI ON CV ( XVAL, NDATA, NCONST, NORD, NBKPT, BKPT, W

***BEG N PROLOGUE CV

*** P URPCSE Eval uate the variance function of the curve obtai ned
by the constrained B-spline fitting subprogram FC

***| | BRARY SLATEC

*** CATEGORY L7A3

*** TYPE SINGLE PRECI SI ON (CV-S, DCV-D)

*** KEYWORDS ANALYSI S OF COVARI ANCE, B-SPLI NE,
CONSTRAI NED LEAST SQUARES, CURVE FI TTI NG

*** AUTHOR Hanson, R J., (SNLA)

*** DESCRI PTI ON

CV( ) is a companion function subprogramfor FC( ). The
docunmentation for FC( ) has conplete usage instructions.

CV( ) is used to evaluate the variance function of the curve
obt ai ned by the constrained B-spline fitting subprogram FC( ).
The variance function defines the square of the probable error

of the fitted curve at any point, XVAL. One can use the square
root of this variance function to determine a probable error band
around the fitted curve.

CV( ) is used after a call to FC( ). MODE, an input variable to
FC( ), is used to indicate if the variance function is desired.
In order to use CV( ), MODE nust equal 2 or 4 on input to FC( ).
MODE is al so used as an output flag fromFC( ). Check to nmake
sure that MODE = 0 after calling FC( ), indicating a successful
constrained curve fit. The array SDDATA, as input to FC( ), nust
al so be defined with the standard deviation or uncertainty of the
Y values to use CV( ).

To evaluate the variance function after calling FC( ) as stated
above, use CV( ) as shown here

VAR=CV( XVAL, NDATA, NCONST, NORD, NBKPT, BKPT, W
The variance function is given by

VAR=(transpose of B(XVAL))*C*B( XVAL)/ MAX( NDATA- N, 1)
where N = NBKPT - NORD.
The vector B(XVAL) is the B-spline basis function val ues at
X=XVAL. The covariance matrix, C, of the solution coefficients
accounts only for the | east squares equations and the explicitly
stated equality constraints. This fact nmust be consi dered when
interpreting the variance function froma data fitting problem
that has inequality constraints on the fitted curve.
Al'l the variables in the calling sequence for CV( ) are used in
FC( ) except the variable XVAL. Do not change the val ues of these
vari abl es between the call to FC( ) and the use of CV( ).
The following is a brief description of the variabl es
XVAL The point where the variance is desired.
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NDATA  The nunber of discrete (X Y) pairs for which FC( )
cal cul ated a pi ece-w se pol ynom al curve.

NCONST The nunber of conditions that constrained the B-spline in
FC( ).

NCRD The order of the B-spline used in FC( ).
The val ue of NORD nust satisfy 1 < NORD < 20 .

(The order of the spline is one nore than the degree of

t he piece-wi se polynom al defined on each interval. This
is consistent with the B-spline package convention. For
exanpl e, NORD=4 when we are using piece-w se cubics.)

NBKPT  The nunmber of knots in the array BKPT(*).
The val ue of NBKPT nust satisfy NBKPT .GE. 2*NORD.

BKPT(*) The real array of knots. Normally the problemdata
interval will be included between the |imts BKPT(NORD)
and BKPT( NBKPT-NORD+1). The additional end knots

BKPT(1),1=1,...,NORD-1 and | =NBKPT- NORD+2, ..., NBKPT, are
required by FC( ) to conpute the functions used to fit
t he dat a.

W *) Real work array as used in FC( ). See FC( ) for the

required length of W*). The contents of W?*) nust not
be nodified by the user if the variance function is
desi red.

***REFERENCES R. J. Hanson, Constrained | east squares curve fitting
to discrete data using B-splines, a users guide,
Report SAND78-1291, Sandi a Laboratories, Decenber
1978.
***ROUTI NES CALLED BSPLVN, SDOT
***REVI SI ON HI STORY ( YYMVDD)
780801 DATE WRI TTEN
890531 Changed all specific intrinsics to generic. (WRB)
890531 REVI SI ON DATE from Version 3.2
891214 Prol ogue converted to Version 4.0 format. (BAB)
920501 Reformatted the REFERENCES section. (WRB)
END PROLOGUE
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D1MACH

DOUBLE PRECI SI ON FUNCTI ON D1MACH (1)
*** BEG N PROLOGUE D1MACH
***PURPOSE Return floating point nmachi ne dependent constants.
***] | BRARY  SLATEC
*** CATEGORY R1
*** TYPE DOUBLE PRECI SI ON (RIMACH S, D1MACH- D)
*** KEYWORDS MACHI NE CONSTANTS
*** AUTHOR Fox, P. A, (Bell Labs)
Hall, A D., (Bell Labs)
Schryer, N L., (Bell Labs)
*** DESCRI PTI ON

DIMACH can be used to obtain machi ne-dependent paraneters for the
| ocal machine environment. It is a function subprogramw th one
(i nput) argument, and can be referenced as foll ows:

D = DIMACH(I)

where I=1,...,5. The (output) value of D above is deternined by
the (input) value of I. The results for various values of | are
di scussed bel ow.

DIMACH( 1) = B**(EM N-1), the smallest positive nagnitude.
DIMACH( 2) = B**EMAX*(1 - B**(-T)), the largest nmmagnitude.
DIMACH( 3) = B**(-T), the smallest relative spacing.

DIMACH( 4) = B**(1-T), the largest relative spacing.

DLIMACH( 5) = LOGLO(B)

Assume doubl e precision nunbers are represented in the T-digit,
base-B form

sign (B**E)*( (X(1)/B) + ... + (X(T)/B**T) )

where O .LE. X(I) .LT. Bfor I=1,...,T, 0 .LT. X(1), and
EMN .LE E .LE EMAX

The values of B, T, EM N and EMAX are provided in | 1MACH as

foll ows:

| IMACH(10) = B, the base.

| IMACH(14) = T, the nunber of base-B digits.
| IMACH(15) = EM N, the small est exponent E.
| IMACH( 16) = EMAX, the | argest exponent E.

To alter this function for a particular environnent, the desired
set of DATA statements should be activated by renoving the C from
colum 1. Also, the values of DIMACH(1) - DLMACH(4) shoul d be
checked for consistency with the | ocal operating system

***REFERENCES P. A Fox, A D. Hall and N. L. Schryer, Framework for
a portable library, ACM Transactions on Mathemati cal
Software 4, 2 (June 1978), pp. 177-188.
*** ROUTI NES CALLED XERMSG
***REVI SI ON HI STORY ( YYMVDD)
750101 DATE WRI TTEN
890213 REVI SI ON DATE from Version 3.2
891214 Prol ogue converted to Version 4.0 format. (BAB)
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900315 CALLs
900618 Added
900723 Added
900911 Added
910710 Added
911114 Added
920121 Added
920229 Added

to XERROR changed to CALLs to XERVMSG  (THJ)
DEC RI SC constants. (WRB)

| BM RS 6000 constants. (WRB)

SUN 386i constants. (WRB)

HP 730 constants. (SMR)

Convex | EEE constants. (WRB)

SUN -r8 conpiler option constants. (WRB)
Touchstone Delta i 860 constants. (WRB)

920501 Reformatted the REFERENCES section. (WRB)

920625 Added

( BKS,
930201 Added
END PROLOGUE

CONVEX -p8 and -pd8 conpiler option constants.
\RB)
DEC Al pha and SE@ constants. (RW and WRB)
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D9PAK

DOUBLE PRECI SI ON FUNCTI ON DOPAK (Y, N)
***BEA N PROLOGUE DOPAK
***PURPOSE Pack a base 2 exponent into a floating point nunber.
***| | BRARY  SLATEC ( FNLI B)
*** CATEGORY A6B
*** TYPE DOUBLE PRECI SI ON ( ROPAK-S, D9PAK- D)
*** KEYWORDS FNLI B, PACK
*** AUTHOR Ful l erton, W, (LANL)
*** DESCRI PTI ON

Pack a base 2 exponent into floating point nunber X. This routine is
al nrost the inverse of DOUPAK. It is not exactly the inverse, because
ABS(X) need not be between 0.5 and 1.0. If both DOPAK and 2.d0**N
were known to be in range we coul d conmpute

DOPAK = X *2.0d0**N

*** REFERENCES ( NONE)

*** ROUTI NES CALLED D1MACH, DOUPAK, | 1MACH, XERMSG

***REVI SI ON HI STORY ( YYMVDD)
790801 DATE WRI TTEN
890531 Changed all specific intrinsics to generic. (VWRB)
890911 Renoved unnecessary intrinsics. (\WRB)
891009 Corrected error when XERRCR cal l ed. (WRB)
891009 REVI SI ON DATE from Version 3.2
891214 Prol ogue converted to Version 4.0 format. (BAB)
900315 CALLs to XERROR changed to CALLs to XERVBG  (THJ)
901009 Routine used |I1MACH(7) where it should use | 1MACH(10),

Corrected (RWD)

END PROLOGUE
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DOUPAK

SUBROUTI NE DOUPAK (X, Y, N)
***BEA N PROLOGUE D9UPAK
***PURPOSE Unpack a floating point nunber X so that X = Y*2**N.
***| | BRARY  SLATEC ( FNLI B)
*** CATEGORY A6B
*** TYPE DOUBLE PRECI SI ON ( ROUPAK- S, D9UPAK- D)
*** KEYWORDS FNLI B, UNPACK
*** AUTHOR Fullerton, W, (LANL)
*** DESCRI PTI ON

Unpack a floating point nunber X so that X = Y*2.0**N, where
0.5 .LE. ABS(Y) .LT. 1.0.

*** REFERENCES  ( NONE)
*** ROUTI NES CALLED ( NONE)
***REVI SI ON HI STORY ( YYMVDD)
780701 DATE WRI TTEN
890531 Changed all specific intrinsics to generic. (WRB)
890531 REVI SI ON DATE from Version 3.2
891214 Prol ogue converted to Version 4.0 format. (BAB)
900820 Corrected code to find Y between 0.5 and 1.0 rather than
between 0.05 and 1.0. (WRB)
END PROLOGUE
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Disclaimer

This document was prepared as an account of work sponsored by an agency of the United States
Government. Neither the United States Government nor the University of California nor any of their
employees, makes any warranty, express or implied, or assumes any legal liability or responsibility for the
accuracy, completeness, or usefulness of any information, apparatus, product, or process disclosed, or
representsthat itsuse would not infringe privately owned rights. Reference herein to any specific commercial
products, process, or service by trade name, trademark, manufacturer, or otherwise, does not necessarily
constitute or imply its endorsement, recommendation, or favoring by the United States Government or the
University of California. The views and opinions of authors expressed herein do not necessarily state or
reflect those of the United States Government thereof, and shall not be used for advertising or product
endorsement purposes. (C) Copyright 1996 The Regents of the University of California. All rightsreserved.
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Structural Keyword Index

Keywor d Descri ption
entire This entire docunent.
title The nane of this document.
scope Topi cs covered in SLATEC2.
availability Machi nes on which these routi nes run
who Who to contact for assistance.
i ntroduction Bri ef overview of SLATEC2; and
ot her SLATEC docunent ati on.
i ndex This structural keyword i ndex.
dat e The | atest revision date for SLATEC2.
revisi ons Revi sion history of this docunent.

In addition, the name of every subroutine described in SLATEC2 isthe keyword and link for retrieving
its description. Included are:

Routi ne Gans Function

Narme Cat . Per f or ned

AAAAAA 7 docunent ati on

ACCSH c el ement ary-functions, special-functions
Al c el enent ary-functions, special-functions
Al E c el enent ary-functions, special-functions
ALBETA ¢ el enent ary-functions, special-functions
ALGAMS ¢ el enent ary-functions, special-functions
ALl c el ementary-functions, special-functions
ALNGAM ¢ el ement ary-functions, special-functions
ALNREL c el enent ary-functions, special-functions
ASI NH c el enent ary-functions, special-functions
ATANH c el enent ary-functions, special-functions

AVI NT h2 gquadrature, definite-integrals
BAKVEC ei spack
BALANC ei spack
BALBAK  ei spack
BANDR ei spack
BANDV ei spack

BESI C el enent ary-functions, special-functions
BESI O c el ementary-functions, special-functions
BESIOE ¢ el ement ary-functions, special-functions
BESI 1 c el enent ary-functions, special-functions
BESI1E ¢ el enent ary-functions, special-functions
BESJ c el enent ary-functions, special-functions
BESJO C el enent ary-functions, special-functions
BESJ1 c el ementary-functions, special-functions
BESK c el ement ary-functions, special-functions
BESKO c el enent ary-functions, special-functions
BESKOE ¢ el enent ary-functions, special-functions
BESK1 c el enent ary-functions, special-functions
BESKIE ¢ el enent ary-functions, special-functions
BESKES ¢ el ementary-functions, special-functions
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DDODOOODOOOOOO

ei spack
i 2
do
do
ei spack

e NesNsNoNeNosNoNeoNoNe RO NONONONONONON NN

o
[y
Q

ei spack
ei spack

OO0 ™77 00~"T0000000

el enent ary-functions, special-functions
el enent ary-functions, special-functions
el enent ary-functions, special-functions
el ementary-functions, special-functions
el ementary-functions, special-functions
el ement ary-functions, special-functions
i nterpol ation

el enent ary-functions, special-functions
el enent ary-functions, special-functions
el ementary-functions, special-functions
i nterpol ation

i nterpol ation

partial -di fferential -equations
overdet erm ned-systens, | east-squares
overdet erm ned-systens, | east-squares

el ement ary-functions, special-functions
docunent ati on

i nterpol ation

nt er pol ati on

nt er pol ati on

nt er pol ati on

nt er pol ati on

nt er pol ati on

nt er pol ati on

ordi nary-differential -equati ons

el ementary-functions, special-functions
el ementary-functions, special-functions
el ement ary-functions, special-functions
el enent ary-functions, special-functions
el enent ary-functions, special-functions
el enent ary-functions, special-functions
el ementary-functions, special-functions
el ementary-functions, special-functions
el ement ary-functions, special-functions
el enent ary-functions, special-functions
vect or - oper ati ons

el ementary-functions, special-functions
el ement ary-functions, special-functions
el enent ary-functions, special-functions
el enent ary-functions, special-functions
el enent ary-functions, special-functions
el ementary-functions, special-functions
el ementary-functions, special-functions
partial -differential -equations

el enent ary-functions, special-functions
el enent ary-functions, special-functions
chol esky- operations

chol esky- operations

chol esky-operati ons

chol esky- operati ons

vect or - oper ati ons

el enent ary-functions, special-functions
el enent ary-functions, special-functions
vect or - operati ons

vect or - operati ons

vect or - operations
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CH DI

CHI FA
CH SL
CHKDER
CHPCO
CHPDI
CHPEA
CHPW
CHPR
CHPR2
CHPSL

CINVIT
CLBETA
CLNGAM
CLNREL
CLOGLO
CVGNBN
CNBCO

CNBDI
CNBFA

—RRR RRR

spack

npack
npack
npack
npack
npack
npack
npack

oOo———————0o0@p———n ———

B——

I i npack
d2

d2

dib

dib

dib

dib

I i npack
l'i npack
ei spack
dib

dib

dib

dib

dib

dib

dib

e

e

I i npack
l'i npack
d4

l'i npack
I i npack
f
I i npack
l'i npack
l'i npack
dib

dib

dib

I i npack
c

ei spack

OO0 ~TOOO0OO0O
NWNDN

ordi nary-differential -equations

ordi nary-differential -equations

ordi nary-differential -equations

el ementary-functions, special-functions
fast-fourier-transforns
fast-fourier-transforns
fast-fourier-transforns

el enent ary-functions, special-functions
el ementary-functions, special-functions
gener al - band

gener al - band

gener al - band

gener al - band

gener al - band

gener al

gener a

ei genval ues, ei genvectors

gener al

I i near - equati ons

| i near - equati ons

mat ri x- operati ons

matri x- operati ons

mat ri x- oper ati ons

mat ri x- operati ons

gener al

general -tridi agona

matri x- operati ons
mat ri x- oper ati ons
mat ri x- operati ons
nmat ri x- operati ons
mat ri x- operati ons
mat ri x- operati ons
matri x- operati ons

i nterpol ation

i nterpol ation

conpl ex-herm tian
conpl ex-herm tian
ei genval ues, eigenvectors
conpl ex-herm tian
conpl ex-herm tian
nonl i near - equati ons
conpl ex-herm tian
conpl ex-herm tian
conpl ex-herm tian
matri x- operati ons
mat ri x- oper ati ons
mat ri x- operati ons
conpl ex-herm tian
el enent ary-functions, special-functions

el ementary-functions, special-functions
el ement ary-functions, special-functions
el enent ary-functions, special-functions
el enent ary-functions, special-functions
partial -differential -equations

[ i near-equations

determ nants

| i near - equati ons
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CSl DI

CSI NH
CSISL

CSPDI
CSPFA
CSPSL

CSSCAL
CGSvDC

CSYWM
CSYRZ2K
CSYRK
CTAN
CTANH
CcTBW

d2

d2

d2

ei spack
ei spack
ei spack
ei spack
ei spack
ei spack
ei spack
ei spack

i1

PR

npack
npack
npack
npack
npack
npack
npack

SN — = —

i npack
i npack
i npack
i npack
npack

i npack

—_—Oth———— — 0 ——— — — — —

ds5
dla
dla

npack
npack
npack

npack
npack
npack
npack
npack

T T T TO0O 0

o
=
Q

dla

[eX
(o]

dla
dib
dib
dib

o0

dib

| i near - equati ons
| i near - equati ons
| i near - equati ons

el ement ary-functions, special-functions
fast-fourier-transforns
fast-fourier-transforns
fast-fourier-transforns
fast-fourier-transforns
fast-fourier-transforns

el ement ary-functions, special-functions
herm ti an-positive-definite-band

herm ti an- positive-definite-band

herm ti an- posi tive-definite-band

herm ti an- posi tive-definite-band

herm tian-positive-definite
hermtian-positive-definite

herm tian-positive-definite

| i near - equati ons

| i near - equati ons

herm tian-positive-definite

herm tian-positive-definite
hermtian-positive-definite

herm ti an-positive-definite

herm tian-positive-definite

nonl i near - equati ons

el ementary-functions, special-functions
positive-definite-tridi agona

nonl i near - equat i ons

gr - deconposition

gr - deconposition

vect or-operations

vect or - operati ons

el ementary-functions, special-functions
synmetric

symmetric

symetric

el enent ary-functions, special-functions
symetric

symmetric

synmetric

symmetric

symetric

vect or - operati ons

vect or - operations

si ngul ar - val ue- deconposi ti on

vect or - operations

mat ri x- operati ons

nmat ri x- operati ons

mat ri x- operati ons

el ementary-functions, special-functions
el ementary-functions, special-functions
mat ri x- oper ati ons
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dib

dib

dib

l'i npack
| i npack
dib

dib

I i npack
dib

dib

I

ri

a

mat ri x- operati ons
nmat ri x- operati ons
mat ri x- operati ons
triangul ar
triangul ar

nmat ri x- oper ati ons
mat ri x- operati ons
triangul ar

mat ri x- operati ons
mat ri x- operati ons
statistics
machi ne- const ant s
arithmetic-functions
arithnmetic-functions
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Date and Revisions

Revi si on Keyword
dat e af fect ed

18Mar 96 entire

31Cct 91 backgr ound
| oadi ng-sl at ec
entire

30Nov87 entire

26Cct 82 entire

TRG ( 18Mar 96)
UCID-19631,19632,19633

Descri ption of changes

Text updated for SLATEC version 4.1.
Adapt ed for LC (from NERSC).

New keyword for docunment conparisons.
New | oadi ng instructions for UN COS, CSCS.
Text upgraded to cover SLATEC version 4.0.

Text upgraded to cover SLATEC version 3.1.
Page i ndex added;
keyword i ndex expanded.

First edition of new witeup.

Privacy and Legal Notice (URL: http://www.lInl.gov/disclaimer.html)
TRG (18Mar96) Contact on the OCF: Ic-hotline@lInl.gov, on the SCF: |c-hotline@pop.linl.gov
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